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PROCEEDINGS OF 


THE ROYAL SOCIETY. 


Section A — Mathematical and Physical Sciences 


Address of the President , Sir Charles S Sherrington , at the 
Anniversary Meeting , December 1 , 1924 

Tin Amii\ersary Meeting brings the retrospect of the Society’s year It 
calls to mmd tlie names of those whom the twelve months have taken from 
the Fellowship The Society covers a range of scientific subjects which is 
wide and perhaps the more for that, observes at its Anniversary Meeting 
some reference even though brief to the work and endeavour which each name 
on the obituary list has stood for Let me, so well as I may, follow that 
custom, based as it is on the community which, despite difference of individual 
work, binds all the Fellowship together 

Henry Haversjiam Gonw'iN-ArsTEN died in his ninetieth year One of 
the pioneers in the geography of the Himalaya, in that scene of his labours his 
name is signalised by the Godwun-Austen glacier, a tributary of the great Baltova 
glacier which he discovered He was further a faumstic authority, especially 
competent in the Mollusca of India 

Thomas George Bonney, geologist, in his ninety-first year A long life, 
active m many ways It has been remarked of him as a field geologist, by 
one who much later rc-studied areas he had studied, that “ Bonney left little 
for a successor to find out ” He brought into laboratory teaching the micro¬ 
scopic petrology originated by Sorby When lecturer at Cambridge, no fewer 
than six of those who there followed his lectures have, as geologists, entered 
the Fellowship of this Society Bonney in advanced life, making Cambridge 
agam his home, found pleasure in again teaching there as a volunteer demon¬ 
strator m the Geological School 

Georg Hermann Quincke, physicist, elected Foreign Member m 1879, 
indefatigable throughout a long career Known perhaps most widely by the 
researches on surface-tension, which early occupied him, he made observa- 
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2 Anniversary Address by Str C S Sherrington 

turns of much significance m other fields of physics It has been written of 
him by one well able to judge, and from personal knowledge, that “ he was 
an experimenter of the highest rank ” , also that “ for theories he had little 
affection ” 

Thomas Henry Tizard, in his eighty-fifth year, formerly Assistant Hydro- 
grapher of the Navy He was the senior survivor of the old navigating branch 
He was navigaf mg officer on the “Challenger” for the memorable “ Challenger ” 
expedition He brought out a Table of Chords reducing time and labour in 
the chart-room His survey work established the existence of the Wyvillo- 
Thomson Ridge across the Faroe channel, and traced the distribution of tem¬ 
peratures and exchange of Atlantic and Arctic waters occurring there Sur¬ 
veying earned out by him provided a Report of permanent value regarding 
our national highway, the outer estuary of the Thames 

Johnson Symington, many years Professor of Anatomy at Queen’s Univer¬ 
sity, Belfast His work though chiefly m detailed topography, drew attention 
to some essential facts re-establishing the view, advanced by Richard Owen 
and then discredited for thirty years, that the great callosal commissure of the 
brain prominent in the higher mammalia is yet, in the most primitive, not 
present 

Robert Edmund Froupb died in March He had been superintendent at 
Haslar of the Admualty Experimental tank constructed there for experiments 
on ship-models He carried out for more than thirty years observations on 
hull-forms and resistance, and on propeller problems , work of the kind inaugu¬ 
rated by his father, William Froude, likewise Fellow of this Society 

William Mace wen died in March Brilliant surgeon, he advanced scientific 
surgery Early in contact with Lister and Lister's developing views, he 
quickly recognised their truth Relying on them, he boldly trusted the 
reparatory power of nature in ways and to a degree until then scarcely ven¬ 
tured He was of those who earliest proceeded to take surgical action based 
on Venter’s experiments upon the localisation of function of the ape’s brain 
He tracked inflammation of the middle ear to be one of the commonest sources 
of abscess of the brain He represented British surgery at the Australian 
Medical Meeting in Melbourne only last year, 

Grenville Arthur James Cole had been Director of the Geological Survey 
of Ireland since 1906, and since 1890 Professor of Geology m the Royal College 
of Science, Dublin Of London by family and birth, his scientific career began 
m London at the Royal School of Mmes In Ireland he entered ardently mto 
the scientific life of that country, and took prominent part in the work of the 
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Royal Irish Academy He was a facile and attractive writer, part of his 
hbraiy he bequeathed to the University of Liverpool 

Samuel George Shattock had had charge for many years of the pathological 
section of the Hunterian Museum of the Royal College of Surgeons He was 
indeed of the tradition of John Hunter He had early given himself wholly to 
pathology His was a great and ordered storehouse of knowledge on that 
subject, accessible to all who sought it, in morbid anatomy he ranked with 
the supreme masters Single-minded and devoted, his way of life was of the 
amplest, ascetic, but without trace of harshness toward others ft was 
characteristic of him that he could never be induced to wTite a text 
book 

Charles William Andrews, died at the age of fifty-eight His career began 
m school teaching, and then passed to the Department of Geology at the British 
Museum His work, much interrupted by illness and suffering, contributed 
richly to palaeontology to wit, Ins study of the Fayum teitiary mammals, 
establishing inter aim Africa as the original home of the Proboscidia Of his 
Catalogue, published from the British Museum m 1906, the year of Ins election 
to the Fellowship, it has in tribute been said that “ it will leinam always one 
of the classics of vertebrate palaeontology ’ 

James Johnston Hubbub had given reseaich to the chemical constitution 
of alkaloids and to ultra-violet absorption by organic compounds His initiative 
and influence brought about the founding of the first Agricultural Department 
attached to a University or University College, namely, at Bangor, in 1894 
Later, on reorganization of the Government Laboratory, he was the first to 
hold the appointment of Government Chemist His tenure of it covered the 
difficult years of the war 

Jethro Justinian Harris Teall, geologist, and accomplished in all branches 
of that science , for thirteen years Director of the Geological Survey and of the 
Museum of Practical Geology Despite engrossment m administrative duties, 
he had produced the well-known treatise which constituted a stride forward in 
Petrography. His collection of rock specimens, containing rock-slices described 
in his ‘ Petrography/ will have permanent home in the Sedgwick Museum at 
Cambridge He had served twice on this Society’s Council, and had been one 
of the Vice-Presidents of the Society 

In July last, still in full career of active research, died Robert Kidston, 
pal&obotazust The problem of the origin of the seed-plants had especially 
engaged him, and he had had notable success m obtaining evidence regarding 
it In 1904 he showed the great seeds borne on fronds of the leaflets of 
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Neuroptens In conjunction with Prof Lang he furnished a reconstruction in 
detail of the oldest land-plants of which there is any certain knowledge. Hu 
place remains among the historians of the steps of structural change which have 
marked the evolution of the plant kingdom 
William Abbott Herdman, zoologist, for many years Professor of Natural 
History at Liverpool A naturalist who loved the sea as Bailor as well as 
naturalist, marine biology was pre-eminently his study He founded the Marine 
Biological Station at Port Erin, its work and success were his constant care. 
His visits to and his investigation of the Ceylon Pearl Fisheries were the source 
of five volumes issued under the auspices of this Society He, m conjunction 
with Lady Herdman endowed in the University of Liverpool, Chairs of Geology 
and of Oceanography, and last year he gave further £20,000 toward the 
building of the geological laboratory. He was President of the British 
Association in 1921 He served as Foreign Secretary of the Society from 1916 
to 1920 Genial, of buoyant temperament, a keen observer who had travelled 
far with interest in many themes, business-like and shrewd m business, his old 
colleagues and his many friends will long regret and uuss him 
In August passed awav William Haddock Bayliss, physiologist Hardly 
a field of physiology but was touched by some research of his Electrical 
responses of gland and of the heart muscle, vasodilator nerves and reflexes 
operating on the blood vessels, conduction by the spinal roots, the innervation 
intrinsic and extrinsic of the intestine, “ secretin ” and the proof of specific 
chemical messengers, “ hormones,” connecting and co-ordinating the activities 
of separate organs, osmotic pressure of colloids as studied m solutions of 
colloidal dye-stuffs, all these were items, and though of high importance, yet 
but items of the work accomplished by him A lovable and ideal colleague, 
much of his work was done in collaboration. He was one of the key figures 
maintaining the physiological endeavour of our time His steadiness and 
height of scientific aim made part of his inspiring influence The Copley 
Medal of the Society was awarded him in 1919 Although without formal 
medical training he, during the war, devised a procedure for combating shock 
from haemorrhage which was a direct advance in the treatment of an essentially 
clinical and surgical problem His customary approach to a problem was 
from the point of view of general biology—a point of view typically illustrated 
by his book * Principles of General Physiology,’ first issued in 1917, a volume 
novel to physiology m such measure that it may be said hardly to have had 
any actual predecessor The book was dedicated “ to E H 8, my fellow 
worker,” namely, Professor Starling, along with whom so much of his work 
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waa done and so many of hu discoveries were made, that the two names always 
recall, and ever will recall, the one the other 

Sidney Harris Cox Martin, Professor of Clinical Medicine in the University 
of London and Senior Physician to University College Hospital A Report 
from him, based on systematic and prolonged experiments, largely guided the 
conclusions of the Royal Commission on Tuberculosis in 1695 He was 
elected to the Fellowship that same year He served on the Council of the 
Society from 1919 to 1921. 

George Thomas Beilby, inventor in the applications of chemistry to 
industry, and a leader of industry One of his early successes lay in improving 
the practice of oil distillation from the Scottish shales, helping to strengthen 
that industry for a difficult time ahead Again, he met the need for cheap 
cyanide in connection with gold-recovery, by producing a satisfactory process 
and plant 

During the war his scientific and technical knowledge along with his prac¬ 
tical wisdom performed services, still unwritten, for the Trench Warfare 
Committee, and for the Naval Board of Invention and Research In 1917 he 
undertook, as Chairman and Director, the establishing of the Fuel Research 
Station From this he retired last year, the work under his devoted direction 
having reached a stage where organization and general lines of enquiry had been 
established 

During the last thirty years, as and when his scanty leisure allowed, he had 
applied the microscope to metallurgical problems, and done great service by 
drawing attention to the changes wrought on metallic surfaces by mechanical 
working, indeed, he went far to answer the question “ What is a polished 
surface ? ” 

Quiet, unassertive, with a kindly humour, he had too a keen critical faculty 
in regard to shams of all kinds Of his many and generous gifts he never 
dropped a hint, but to one of them the Society’s Pension Fund bears 
witness. 

Walter Hume Long, Viscount Long of WraxaU His public services 
were many, and it may be recalled here that when President of the Board 
of Agriculture, relying on the opinion of his scientific advisers, ho freed this 
country from the scourge of rabies and hydrophobia In accomplishing this 
he had to faoe wide opposition and a petition with 80,000 signatures praying 
for his removal from office. But the measure he took was based with clear 
logic on Pasteur’s proof that rabies is transmitted by inoculation only, and his 
courage persevered m enforcing the Order he had issued until, in due course. 
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aa he and his advisers had foreseen it could do, it had eradicated rabies, and 
with a success enduring practically to the present time He was elected to the 
Society under Statute XII 

John Edward Campbell, mathematician, had taught at Oxford for many 
years His own particular studies had dealt with the theories of continuous 
groups and of contaf t transformations He had completed shortly lieforo Ins 
death the MS of a work upon, differential geometry He was from 1918 to 
1920 President of the London Mathematical Society 

William Hotting Hewslft, botanist, had entered service at Kew m I860, 
and was Keeper of the Horbaiium from 1899 to 1908 In spite of indifferent 
health through much of his earlier life, he contributed consistently work of 
\alue to systematic Botany The “ Challenger” Beport, the Flora Austrahensis, 
the Flora of High Asm, the Flora of Tropical Africa, all bear witness to his 
industry and knowledge 

Archibald Geikie, m his eighty-ninth year, geologist, eminent alike as 
observer, writer and administrator Joining the Survey in 1855, and retiring 
from it as Director-General in the first year of this century, his own pen has 
portrayed the life lie led and the work he did in the Survey throughout that 
lengthy service Widely travelled and an excellent linguist, he was Foreign 
Secretary of the Society from 1889 to 1893 then Secretary from 1903 to 
1908, in which latter year he became President During his Presidency fell 
the 250th Anniversary of the Society, and his organising power and social 
gifts enhanced the success of the commemorative celebration A facile and 
happy speaker, he was also a productive author, and not only in geology but 
in biography and in literary history one of his latent services to the society 
was the biographical notic e he wrote of Sir Alfred Kempe, sometime his fellow' 
Officer m the Society Elected Fellow m 1865, the seniority of the Fellowship 
had come to him two years ago He had received many honours and dis¬ 
tinctions, and his name w T as familiar to scientific circles the world over 

Maurice Fitzmauiucp, engineer, distinguished for a number of great 
engineering works He was Chief Engineer to the Egyptian Government for 
the making of the Assuan Dam, and recently Chairman of the Nile Projects 
Committee of the British Foreign Office He carried out the duplication and 
extension of the whole mam drainage system of London The Rotherhithe 
Tunnel, the new Vauxhall Bridge, the subway under Kingsway, the river 
Embankment by the County Hall are all features of his work for London 
His opimon and experience were authoritative. He was Chairman of the 
Advisory Committee on Naval Works, during the war he advised, from visits 
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of inspection, on the drainage of the British Front in Flanders He was 
President of the Institution of Civil Engineers in 1916-17 

Nor can this list conclude without reminding us that, m April last, death 
cut short the career of one whose name five weeks eaiher had been published 
on the selected list for election to the Fellowship, Nelson Annandale, 
Zoologist Much of his work had been preparatory to a projected compre¬ 
hensive study of the fauna of the rivers and lakes of India His administrative 
ability had gamed for him the Direc torship of the Zoological Survey of India, 
a post he was the first to hold Sadly enough, he was not spared to conduct 
further the work which he had there instituted and developed 

Proceeding to other matters, this year, the Society, at the request of the 
Government, organised through a Committee appointed for the purpose by 
the Society s Council, an Exhibition of Pure Science in the Government 
Building at the British Empire Exhibition This Exhibition of Pure Science 
was planned 1o show, amid the surrounding display of commercial and 
industrial developments, the direction and the contribution towards them made 
by scientific enquiry and modern methods of pure lesearch It is estimated 
that more than three million persons visited the Pure Science Exhibition 
The little volume issued as Handbook for it secured a large sale All goes to 
prove that the Exhibit achieved its aim of bringing before a wide public the 
meaning and importance, of scientific research, and of stimulating general 
interest in pure Science Sir Richard Glaze brook and his colleagues of the 
Committee and with them Mr Martin its Secretary, art* to be congratulated on 
the skill and judgment whuh won well-dcseivcd success for a novel and an 
arduous undertaking 

July last brought the centenaiy celebration of Lord Kelvin’s birth In that 
commemoration the Royal Society co-operated along with other institutions 
and societies united to do honour to an ever memorable name At the instance 
of Dr Russell, President both of the* Physical Society and of the Institution of 
Electrical Engineers, a Committee was formed by the Council, cm it, with Sir 
Richard Glazebrook as Chairman, were represented Universities and Societies 
with which Lord Kelvin had been connected In rcsjionse to the invitations 
from the Committee no fewer than forty-nme Institutions, British and foreign, 
sent delegates to the celebration. It was attended by men eminent m and 
representative of physical science m many lands Sir Joseph Thomson delivered 
the Memorial Oration, the Lord Balfour presided at the Banquet The cele¬ 
bration, neh m its associations, was for no participant more so than for this 
Society, where in such several ways Lord Kelvin’s name endures 
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The year has seen the allocation of a thud Research Professorship provided 
from the munificent gift received from our Fellow, Sir Alfred Yarrow. To tins 
Professorship has been appointed one of those rare sublunary beings who ate 
gifted with both mathematical and experimental ability in almost equal degree. 
Prof. 0. W. Richardson His original contributions to science have been 
remarkable for their variety, their amount, and their value Perhaps his most 
important work of all has been that connected with the emission of electrons 
from hot bodies, a subject he has made particularly his own and to which he has 
given the name of “ thermionics ” On the purely scientific side the subject 
provides a method of testing the extent to which the velocities of free electrons 
conform with Maxwell’s Law of Distribution It has also proved to be of great 
industrial importance, the modem use of thermionic valves in “ wireless ” 
depending to a large extent on the early advances made by Prof Ruhardson. 
Another valuable part of his work has centred round the phenomenon of photo¬ 
electric action. He investigated this both from the theoretical and from the 
experimental standpoints The important experimental results which he and 
his pupils obtained at Princeton m 1911-13 gave almost the first accurate 
knowledge of the broad quantitative facts of photo-electncity, and in its mam 
outlines the subject still stands much where he left it. In 1912-14 he put 
forward a set of ideas which led to important results in connection with the 
photo-electric activity of black-body radiation, the recent important work of 
Kramers and Milne in this field is based upon concepts which are fundamentally 
identical with those put forward by Richardson more than ten years ago 

Prof Richardson has greatly advanced our knowledge of radiation inter¬ 
mediate between the shortest ultra-violet radiation and the longest X-ray 
radiation. There is left now no unexplored range between these two types of 
radiation, the closing of that gap has been in no small measure due to work 
either accomplished by or inspired by our new Research Professor Mention 
should also be made of Prof Richardson’s work on the gyromagnetic effect, 
which he predicted long before it was found experimentally. 

During the war he did valuable work in connection with thermionic valves 
and instruments for the detection of hostile submarines. He is the author of 
two widely read text-books on * The Emission of Electricity from Hot Bodies ’ 
and on' The Electron Theory of Matter.’ Like our two other Yarrow Professors, 
he will continue to work in a laboratory from which he has published a large 
part of his best work. We confidently hope that the freedom from routine 
duties which is secured to him by his appointment to a Yarrow Professorship 
will result in a still greater output of important research on his part. At the 
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same time it w the intention of the Royal Society that their Research Professors 
should be free not only to carry out their own research but also to inspire the 
researches of others Arrangements have been made whereby Prof Richardson 
will continue to supervise a certain amount of graduate research work, and his 
success in guiding and stimulating the researches of others m the past lead 
us to hope that this may be by no means the least valuable part of his work in 
the future 

The rotation of the Foreign Secretaryship of the Society is four-yearly, and 
Sir Arthur Schuster therefore completes to-day his full term in that office 
To his valued services, rendered devotedly, and despite the anxiety and indeed 
Buffering caused him at one time by a dangerous accident, the Society owes 
much; we render him our heartiest thanks It is a great pleasure to me to 
have the privilege of offering them to him 

If I may pass finally for a moment to biological progress which the year 
has witnessed, I would advert to the work which Professor Magnus and his 
collaborators have recently brought to approximate completion, their admir¬ 
able research in nerve-physiology engaging the Utrecht laboratory during 
the past fifteen years Its field has lam m nervous mechanisms which, though 
the highest part of the brain can have touch with them, can yet of themselves 
work wholly reflexly and separably from mind 

A number of simpler acts, studied for the most part m lowlier animal forms, 
have, of course, long been known to stand m that relation to the higher bnun 
But the Utrecht researches prove a like relation, and in the superior mammals, 
for acts surprisingly complex, such as the assumption and maintenance of the 
erect posture, of walking, running, and so forth in all their ordinary completeness. 
Not only have Magnus and his colleagues observed this, but they have analysed 
the reflex processes by which these aots are thus accomplished They have 
traced the seat and nature of the stimuli at work, the principles of the co¬ 
ordination of the nervous arcs and muscles involved, and indeed all the mutual 
interaction whioh grade and secure the nicety of adjustment exhibited in 
such perfection. 

Plant-growth orientates itself in regard to the lme of gravity, geotropum; 
and so in the rabbit, oat, and monkey, standing, walking, running with their 
element m common, the erect attitude, are shown by Magnus and de Kleyn 
to be, shortly said, refined geotropic reflexes. Any position other than the 
erect one excites in the reflex a.™™*.! restoration of its erectness The head, 
for instance, is righted by an act having its unconscious source in the pull 
and pressure of two microscopic stones m a special pair of tiny gravity 
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organs bedded in the skull With righting of the head goes rotation of the 
eyeballB in the opposite sense, keeping the vertical meridian of each retina m 
correspondence with the actual vertical Appropriate reflexes bring the 
whole animal from any other position into the symmetrical ngbt-aide-up one. 
The well-known manoeuvre which enables the cat, when inverted and 
falling from a short height, to right itself in the air during its fall, ali ghting 
squarely on its feet, is shown by Magnus and lus colleagues to be executed 
perfectly by reflex action, after removal of the entire higher brain Detailed 
analysis proves this whole reaction to be a chain of reflexes again essentially 
geotropic 

Following these researches we see, therefore, that it is lesB true to say that 
the higher animal under direction of its mind keeps itself right side up, than 
to say that the animal body by automatic mechanism is kept right side up 
From the animal’s point of view, as a sentient being, for it to be right Bide up 
to the world is, of course, for the world to lie right side up to it In other 
words, the body’s automatism ensures that the mind looking, so to speak, out 
from the body, finds the world nght-side-up By the Utrecht researches 
that relation is shown to be maintained by processes seemingly as non-mental 
as is digestive secretion of the bile Hence, this nght-side-upnesa being settled 
without mind, and indeed pnoi to mind, and naive mind being, whatever 
else it is, utilitarian, the situation has not invited consideration from naive 
mind Mind has not needed, so to say, to think about a relation already 
established and given it from the outset Professor Magnus’s researches enable 
us, therefore, to trace how, in the make-up of mind, nght-side-upnesa of the 
world comes as an innate unargued datum, an immediate intuition, largely 
elusive of mental analysis, because there is wanting direct sense-experience 
of its origin and of its elemental processes, although confusion in mental 
space results when its elements conflict William James, with characteristic 
picturesqueness, wrote that our “ pre-histonc ancestors discovered the common- 
sense concepts,” among them as he says “ one-space ” With that latter we 
may set “ world nght-side-upnesa ” , but as for dating its “ discovery ” to 
our prehistoric ancestors, it, as an immediate intuition, must date back not 
to the merely prehistoric but to the entirely prehuman. 

We muBt now proceed to the presentation of the Medals. The Copley 
Medal is awarded to Sir Edward Sharpey-Schafer 

Sir Edward Sharpey-Schafer’s work, extending from 1874 to the present time, 
has illuminated many parts of physiology, and the field of microecoptoal anatomy 
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no less His earlier experimental researches dealt with the functions of the 
different parts of the brain, and with the anatomy of the paths of conduction 
in the central nervous system In 1894 he discovered, m conjunction with 
Dr George Oliver, the remarkable effects of intravenous injection of extract 
of the adrenal gland, tracing then* source to the small medullary portion of the 
gland, and furnishing in regard to the mode of production of the effects an out 
line analysis which has since then undergone extension rather than revision 
This research proved the sturtmg point for a great volume of work, still fraught 
with consequences of extreme importance to physiology and medicine This 
work on the adrenal was followed by somewhat similar work on another ductless 

t 

gland, the pituitary, which opened a modem chapter of physiological 
knowledge of that organ, again with important consequences to medicine 
In 1909 he gave the Crooman Lecture, on “Functions of the Pituitary 
Body ” 

Reverting to his researches m microscopical anatomy, they have been wide 
and numerous, ranging from demonstration of the nerve-net m the swimming- 
bell of Medusas to the development of the cells of the Wood, and the intimate 
structure of muscle-fibres 

All this large volume of original work, produced unremittingly through 
many years, and containing outstanding discoveries in regard to what, follow¬ 
ing his own term, is now known as Endocrinology, has constituted a great 
and singularly fertile advance in natural knowledge 

The Rumford Medal is awarded to Mr. Charles Vernon Boys 

Mr Vernon Boys has advanced physical science by producing apparatus for 
accurate physical measurements and by making measurements of a high order 
of accuracy He is known for his exceptional constructive ability, and for his 
insight into the adherent difficulties of a problem and the details requiring 
special attention if accurate determinations are to be obtained He invented 
the first method for producing quartz fibres and investigated their elastic 
properties , he showed that they were practically free from fatigue, and demon¬ 
strated how admirably suited they were for the measurement of very small 
forces He measured the extremely minute forces due to the mutual attrac¬ 
tion of small masses, and he made a torsion balance of beautiful design for 
measuring the Constant of Gravitation The value he arrived at for that 
constant greatly surpassed m accuracy all previous results He invented a 
radio-micrometer consisting of a single thermo-junction combined with a single 
loop of silver wire suspended by a fine quartz fibre, and with this he made 
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measurements of the radiation received from the moon and the stars He 
took the first photographs of a bullet m flight and studied the wave 
disturbances produced by them He has made a senes of researches on soap 
bubbles and films Recently he has developed a gas calonmeter which u 
the standard instrument prescribed by the gas referees for ascertaining the 
calonfic value of the gas supplies of towns, work of special appeal m regard 
to a medal commemorative of Count Rumford 

A Royal Medal is awarded to Sir Dugald Clerk. 

In 1882, when the internal-combustion engine was as yet hardly more than 
a scientific toy, Sir Dugald Clerk furnished an important contnbution to the 
theory of the gas engine Four years later he descnbed his experiments on 
tiie explosion of gaseous mixtures, providing data fundamental for the scientific 
development of internal-combustion engines Valuable papers dealing with 
the specific heat of gases and with the experimental determination of the 
variation of the specific heat at high temperature appeared from him in 1896 
mid 1906. As Chairman of the British Association Committee for investigation 
of gaseous explosions, he drew together workers concerned with the thermo¬ 
dynamics of internal-combustion engines, and, up to and into the penod of 
the war, experiments earned out by members of his Committee contributed 
results of high importance. Sir Dugald Clerk himself investigated the effect of 
turbulence m a gas-engme cylinder, and was successful m explaining the difference 
between the rate of combustion of the charge fired in a gas-engme cylinder m 
ordinary conditions of working and the rate of combustion of the charge fired 
in a bomb That to-day the internal-combustion engine is taking the place of 
steam power m smaller ships and in workshops as a prime mover of moderate 
power, and that to-day that engine renders possible the motor-car, the aeroplane 
and the submarine, is due largely to the scientific work of Sir Dugald Clerk. 
Investigations and advances still m progress at the present time may be regarded 
as in many respects the continuation of his experiments and his discoveries 

A Royal Medal is awarded to Dr Henry Hallett Dale. 

The high value and importance of Dr Dale’s researches is illustrated by that 
senes of them whose starting point was an inquiry into the action of Ergot. 
Working with successive collaborators, he showed that histamine, an amine 
denved from Ergot by decarboxylation of amino-acids, produces a condition 
resembling wound shock and toxemic collapse By analytic experiments he 
succeeded in establishing that histamine, while causing spasm of arterial and 
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visceral muscle, conversely paralyses the active contraction of the capillary 
blood vessels, and this analysis was reached at a time when the property of 
contractility of those vessels had not been generally recognized He showed 
that their paralysis is the dominant feature in the shock and is responsible for 
a virtual break-down of the whole blood circulation The contractility of the 
capillary wall was thus revealed as a prime factor in the local regulation of blood 
supply, and as essential to the very mechanics of the circulation He has 
shown further that in histamine “ shock ” we have a paradigm for the shock 
effect of a large class of protein poisons, and also for the grave condition known 
in medicine as secondary surgical shock, toxemic collapse, and anaphylactic 
shock The work has thus furnished a fresh key both for Btudy of the normal 
circulation and also for the problem of a baffling pathological condition. In 
regard to anaphylaxis and immunity he has further been able to give final 
proof that the anaphylactic response is due to a fixation of antigen, not, as 
had been supposed, in the blood or other tissue fluids, but within the cells 
themselves. 

He has done much other work as well, and, as Director of the Department 
of Biochemistry and Pharmacology under the Medical Research Council, has 
contributed public service of great value in regard to applied problems, in clu ding 
the biological testing of salvarsan and the development of methods for the 
production and standardization of insulin 

The Davy Medal is awarded to Professor Arthur George Perkin 

Professor Perkin is distinguished for his researches on the natural organic 
colouring matters—a branch of organic chemistry which he has made his own, 
and enriched by numerous papers, published for the most part in the Journal 
of the Chemical Society, during the past thirty years 

During the course of his researches on Luteolin, Morin, Apigemn, Quercitnn 
and other Flavone compounds, he discovered and investigated certain 
derivatives whioh such dyestuffs form with acids—substances which he was 
able to employ as means for determining the molecular weights of these 
colouring matters He has also carried out important investigations into the 
structures of the glucosides, tannins, catechin and similar compounds closely 
related to the natural colouring matters 

His classical researches on natural mdigo have left few questions unanswered 
as regards the chemical constitution and behaviour of this important product, 
and he was the flint to show that one of the constituents—mdirubin—played 
no part during the process of vat dyeing with this agent He was also the 
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first to prepare m large quantity crystalline Indican—the essential glucoside 
of natural indigo—and to study its properties. 

More recently he has investigated other natural products, notably the 
colounng matter of cotton flowers, and has dealt with the formation and 
structure of the important vat-dyes derived from Benzantbrone. 

The Darwin Medal is awarded to Professor Thomas Hunt Morgan 

Prof Morgan, of Columbia University, New York, is an illustrious Zoologist 
Since 1888 he has, with untftmg industry and enthusiasm, given research to 
the theory of organic evolution Among the earlier of his researches were 
those on the structure and development of invertebrates and of the frog, 
and his investigations on regeneration His studies on polarity, on fertiliza¬ 
tion, and later on gynandromorphism and sex determination, mark distinct 
advances in knowledge The discovery of two kinds of spermatozoa in 
phylloxera and observations on chromosomes in these and other insects helped 
to elucidate the nature of the determination of sex in parthenogenesis Of 
late years Prof Morgan has devoted himself to the *>tudy of heredity in various 
animals, and especially m the fly, Drosophila The results obtained by him and 
his collaborators have thrown light on the relation of the factors of heredity 
to the chromosomes, on sex-linked and sex-limited characters, and other 
difficult problems in heredity Indeed, these researches mark an advance in 
the science of heredity with winch the name of T H Morgan will always 
remain associated 
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On the Total Reflexion of Light , 

By Sir Arthur Schuster, For Sec R S 

(Received October 21, 1924 ) 

1 The theory of so-called total reflexion deserves greater attention than it 
has hitherto received, and this applies more particularly to the oscillating 
disturbance which penetrates into the optically lighter medium at or beyond the 
critical angle In the generally accepted equations, this disturbance appears 
as a progressive wave propagated parallel to the interface, and it is not clear 
how this wave is connected with the incident light from which it must ultimately 
derive its energy This uncertainty arises from the primary assumption of the 
theory, that the incident wave as well as the refracting surface have infinite 
extension If we remove thi* restriction we are compelled to use approximate 
methods, but the investigation leads to results which are sufficiently definite 
to indicate the limits within which the present theory applies We shall, 
further, be led to the conclusion, that at any rate with finite surfaces, total 
reflexion, m the strict sense of the word, cannot be obtained 

2 In what follows the surface separating the two media is represented by 
x — 0, and the incident plane ivave by 

£ ~ coH (nt my) (1) 

Under these circumstances the hitherto recognized equation for the light ve< tor 
in the second medium, when total reflexion has set in, has the form 

K (^os nt — my) (2) 

At the critical angle where total reflexion begins, a x ~~ 0, and if the electric 
force is at right angles to the plane of incidence, A — 2 Hence, while all the 
energy of the light is supposed to be reflected, a wave of indefinite width traverses 
the medium, in which there should be no light with an amplitude twice as great 
as that of the incident light It will be noticed that the disturbance extends 
in the x direction to infinity without diminution of intensity 

The electric vector in the first medium, taking account of the reflected 
wave, is 

C — 2 cos or cos (nt — my) 

This represents what the late Lord Rayleigh called a corrugated wave. In 
both media the waves are propagated in parallel directions and with the same 
velocity. By Poyntmg’s theorem the energy transmitted through unit surface 
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is equal to the product of the electric and magnetic forces divided by 4ir, when 
these are—as in the present case—at nght angles to each other. The x com¬ 
ponent of the magnetic force is equal to the time integral of — when the 


electric force is confined to the z direction. 

An easy calculation shows that, omitting the divisor 4w, the average 
transmission of energy m the y direction at a distance x is (2m cos* ox)/n in 
the first medium, and 2m jn in the second, the value of m and n being the same 
in both cases 

Let us be clear what this means A beam of light falls on a refracting surface 

at the critical angle and is totally reflected 
(fig 1) The condition of the problem, correctly 
applied in its solution, secures that no energy 
should traverse the refracting surface PQ, and 
yet we find as a result of the mathematical 
analysis an unlimited flow of energy parallel to 
PQ in the second medium, twice as much 
energy per unit surface passing through OB as 
through OS The apparent paradox implied in 
the conclusion will be cleared up m due course 
(see Art 4) It is introduced here as an example of the difficulties into which 
we are led by the assumption of infinitely extended surfaces 

3 My own interpretation of the light which appears in the less dense medium 
beyond the critical angle is, that it is to be regarded as the remnant of the 
diffraction band left behind by the last ray (in the sense of Geometrical 
Optics), when that ray has ceased to be capable of penetrating from one medium 
to the other. If I am nght, it is clear that the edges of the incident beam axe 
the essential factors of the problem, and cannot be left out of account, however 
wide the beam may be 

Starting with incident waves which are still refracted m the normal manner, 
let LM (fig 2) represent the refraoting surface, which may be supposed to be 
limited by two screens LL* and MM t Without troubling about the incident 
beam, we may say that at all points on NM at nght angles to the refracted 
beam the phases are equal The phase at a point K of the refracting surface 
is determined by the optical length of the line KK^ drawn at nght angles to 
NM The optical length from MN to any selected point P is K? + KK.,. 
The angle between KKj and KM is small, and an error of the second order 
only is introduced by measuring optical lengths along a path differing from the 
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actual one by a small quantity of the first order. Hence we may replace KK t 
by KQ. This simplification gives us a clear picture of the effects to be expected 



when the incident light approaches and ultimately passes the critical angle, 
and we shall further justify it by showing, that the amplitude and phase at*the 
refracting surface can be made to agree with the known conditions by a suitable 
adjustment of the amplitude of the incident light 

For analytical purposes the refracting surface may now be removed, and 
the illumination at any point P calculated, by finding the amplitude due to 
a plane wave-front modified by two screens LL X and MM X If P lies between 
A and B we get the effects of the opening MN increased by the additional 
light, which may reach P from that part of the wave which is to the left 
of N. The light between 0 and A may be said to be due to diffraction from 
NM, modified by the obscuring effect of the screen LL t We approach total 
reflexion if we move the point 0 to the right, L being stationary M will 
therefore move towards N, and AB, which represents the part of the field 
that can be reached by the regularly-refracted light, gradually contracts To 
the left of A the diffraction bands will gradually be obscured by LL t The 
problem of refraction is, therefore, reduced to that of diffraction at an obliquely- 
placed rectangular aperture 

We proceed to calculate the amplitude at P by Fresnel’s method Measuring 

von. ovn.—a. o 
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s from P 1( along the wave-front, the effect of the atrip represented by the 
linear element da is, as regards amplitude, known* to be (pA)~* is As regards 
phase we have to shorten p by one-eighth part of a wave-length If oos nt 
represents the light vector at the wave-front, the atrip ds will contribute an 

amount • 

(p A) ’ * ds cos \nt m (p + 8) + *3 


to the light vector at P In tins expression e stands for 45° and m for (2 tc)/X, 
while p S is the distance from P to ds The electric vector at P therefore 
becomes * 


(pA) jeos (nt - mp + t) | cos m8 ds + sm (nt ** mp + e) J sm m8 <fo j (3) 


The next step is to express 8 and the limits of integration in terms of «, changing 
the variable to that usually associated with Fresnel's integrals 
If Q (fig 2) be any point on the wave-front at which a is required, and we 
write r for the radius vector PQ, we have 

(r— P) (' + ?) 


and hence, if a be small compared with p 


8 sss (r —p) ~a*/2p 

Denoting by x v ar a , % the distances from O to A, B, P, respectively, we find 
for the lower limit of the integrals s L =* ar 0 — a^, and for the upper limit 
« 2 — P^ = (x 0 — x x ) plq To change to Fresners variable we must wnte 

a = (npnC 1 )* v 

so that m8 becomes and the limits of integration become 

«i= (*#-**) *s /'p (4) 

v«=(*o—*i)r l \/~f (®) 


4 We shall confine the investigation to the ease of incipient total reflexion. 
The diagram of fig. 2 then simplifies to that of fig. 3, the refrac ting surface 
being coincident with the refracted ray, when it is at the point of extinction, f 


* Schuster, • Phil Magvol 31, p 77 (1891) 

t The diffraction effect of light near the critical angle has been treated already 
experimentally and theoretically, in another method, by B, N Chakravarty, *Roy. Soo. 
ProcA, vol 99, p 80S (1921). 
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la order to establish complete correspondence of the problem of the shadow 
of a screen with that of the light transmitted at incipient total reflexion, 
regard must be had to the amplitude 
which we assign to the incident hght 
This may be determined by the con¬ 
dition that the amplitude at the edge 
of the shadow m one case must agree 
with that at the refracting surface in 
the other With unit amplitude of the 
incident light in both oases, that at 
the edge of the shadow would be one 
half, and that at the refracting surface 2, 

If we assign, therefore, an amplitude 
4 to the incident hght m the problem 
of the shadow, our results will be 
applicable to the problem of total 
reflexion We see by (4) and (5) 

that c, diminishes and r 2 increases with p For a given value of q the lower 
limit approaches zero, and the upper limit becomes infinitely large when p 
is infinitely great With these hmitB (3), replacing p by y, becomes 

V i jcos (rti — my -f- «) |* cob iv 

-f sin (nt — my -j- e) psm j.' (6) 



Pig 3 




Both integrals are now equal to J, and remembering that cos e and sin c are 
both equal to the hght vector after applying, as explained above, the 
factor 4 reduces to 

S = 2 cos (fit ~ my) (6a) 


This is the same equation as that obtained by the current theory, but 
we are now able to give the reason why it fails to be a correct solution of 
our problem, In the case of incipient total reflexion as illustrated in fig 3, 
and x t are both aero and Zg is equal to x. The aero value of the lower 
limit of integration implies that x is infinitely small compared with d \/p'k 
Although it is true that for any given value of x we may make p 
sufficiently large to reduce the lower limit below any assigned value, 
what we really want to know is the change of intensity along x for a given 
value of p. That is how the question would present itself in any actual 
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case If that be so, the lower limit becomes appreciable already for 
small distances of x, and for all values of p that have any experimental 
importance Even with a refracting surface 1 metre long is less than 
a millimetre, and the equations derived from the theory which assumes p to 
be infinitely large are only applicable when x is small compared with that 
value If we further consider that the effective width of the transmitted 
beam increases as the square root of the length of the refracting surface, while 
that of the incident light increases as the length, we shall understand how the 
apparent paradox of paragraph 2 has arisen 
We return to equation (3) As we shall only deal with intensities, the phase 
angle c is immaterial and may be omitted The electric vector now becomes: 

V2 C = cob {nt - my) J cos - v® dv -f am (nt — my) J sw ^ v*dv 

where _ _____ 

v = xV 2 Tty — * V mfny 


With the usual notation 


C = f cos 5 v* dv, 8 = f sin 5 «* dv. 
In-* J o * 


the equation becomes 

V2C = (i— C)cos(«— »y) + (i — 8) sin (n<-my) (7) 

Apart from the numerical factor, this is Fresnel’s well-known expression, but 
it was necessary to go over otherwise well-known ground in order to secure 
numerical accuracy The square of the amplitude is 

H(4- C)* + (i-S)*] 

At the edge of the geometrical shadow, where C and S are aero, the intensity 
is one quarter that of the incident light, and not one half as given by Fresnel 
and others The variables x and y only enter into the result in the com¬ 
bination y®/x, so that y 2 = Ax is the equation to the curves for which the 
intensity has the same value 

5 We are now in a position to determine the flow of energy in a field in which 
the electric vector is that represented by (7) It ib convenient to apply 
Poyntmg’s theorem The magnetic components a and p are determined 
by the well-known relations, which in the case that the electric force is parallel 
to the axis of £ reduce to . 

_da ^ d£ dg dC 

* dt** dx 

t being the time. 



21 


Total Reflexion of Light. 


What ui required, however, is not the absolute value of the transmitted energy 
bat its relation to that of the incident light, a measure of which is conveniently 
given by the square of the amplitude In a simply-penodic wave Poyntmg’s 
theorem gives, with a magnetic force H, the flow of energy as equal to H£/4ic, 
and H is equal to c -1 £, where c is the velooity of light Hence the average 
energy transmitted is (Qttc)" 1 if ^ ib the amplitude of the original light 
which is here taken as being unity. In order to obtain the intensities in terms 
of that of the original light we shall omit the divisor 4u and divide the result 
by 2c We wnte (7) in the form . 

C — X cos Co + Y sin w 

and find 

0 CdK Jt dX dY 

#8= | -Z at — — sin Co-— cos a). 

J dx dx dx 

Omitting penodic terms and replacing am* co and cos 2 co by their average values 

we obtain for the transmitted energy, because c — m -1 n. 


The square brackets on the left-hand side indicate the average value of 
To save repetition of numerical factors, we omit \/2 m (7), providing that 
the final results for the transmitted energy are to be divided by 2 or multi¬ 
plied by 8, according as we deal with the problem of the shadow of a plane 
or with that of total reflexion The transmitted energy in the x direction is 
obtained by substituting the values of X and Y in (7a): 

(8) 

if 


P = <* -S)cos| * - (* -C) sin |«* (9) 


The flux in the y direction is calculated in the same manner, but additional 
terms are introduced because o depends on y. We find 

- *»-i P ^ + (i - C)« + (* -8)» (10) 

dy 

The flux of energy may be divided into two parts, one of which is entirely 
in the direction of the axis of y and the other forms angles with the axes of w 
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and y, the tangents of which are respectively proportional to dvjdac and 


— dvjdy 

If we write / = (V mfny )* so that v =* fz, we obtain / and fx/2y for the flux 
of energy m the x and y directions respectively This leads to the relation 
dy/dz = 2 y/xt which integrates to 

2y*—-x 2 « K 1 


The hyperbolas* so defined* are therefore the lines along which the energy 
travels in this part of the flow But the different components into which the 
flux may be divided have no independent existence and must be combined 
6 The main object of this communication is to elucidate the manner in 
which light traverses a refracting surface at the critical angle, when it is 
supposed to be totally reflected For this purpose we must examine the flow 
of energy in the direction along which x is measured This, according to (9)* 

is (m)~ l P — At the surface of separation x, v, C and Sare all zero, and the 
dx 

expression defining P then gives its value as \ The flow of energy through 
the surface becomes 

(a m )-*|=(2»)- \/“-i y/£ HD 


This is a small fraction when y is greater than a few wave-lengths, and becomes 
insignificant for values of y of the order of magnitude of a millimetre The 
energy enters the field, therefore, mainly through a region closely adjoining 
that edge of the refracting surface which is first intersected by the incident 
wave-front It is to be remarked, however, that though (11) diminishes 
with y, its integral with regard to y increases with that variable, and must be 
taken into account in all questions concerning the total flux For the total 


flux between y — 0 and y — p, we find from (11) the value 



Any 


conclusions on this head are, however subject to certain reservations, to 
which attention is drawn w Art 7 

If we investigate the flow of energy at distances large compared with the 
wave-length, it is found that I. and the first term of 1, are small, and the flow 
is confined to the y direction This seems surprising m view of the circum¬ 
stance that on increasing the distance of the plane at which the li ght, u received, 
the refracted light spreads out laterally We should expect the hnaa of the 
flow to be along the parabolas of constant «, which determine the intensitiee. 
But the angles whioh the tangents to these parabolas form with the axis of 
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x ore determined by dy/dx, which is equal to 2yjx , so that the tangents are 
sensibly coincident with the axis of y because the light is appreciable only 
in the region where x is small 

7 When the incident wave falls on the refracting surface beyond the critical 
angle, the method we have pursued faik, because there is now no wave-front, 
such as MS (fig. 2), at which the phases are equal and from which the optical 
lengths can be measured We are, however, now m a position to extend the 
previous result so as to include the more general case 

Disregarding diffraction, the equations, which I believe were first obtained 
by Stokes, for the disturbance beyond the critical angle, may be written m 
the form 

£ = Re {cos <£ cos (nt — my) - - sin ^ sin (nt -my)} (12) 

where R, <f> and a 1 depend on the angle of incidence, a 1 being zero at incipient 
total reflexion The solution of our problem, taking account of diffraction, 
must satisfy the continuity of the vector at the plane x — 0, and be subject 
to the condition that dC,jdx for x = 0 is sensibly zero except dose to the 
diffracting edge There must also be identity with the previous results at 
the critical angle 

With regard to the strict validity of the results obtained, two reserva¬ 
tions have to be made In the first place the present theory of diffraction 
assumes that the wave motion at the diffracting edge is not altered by 
the introduction of the opaque object which gives rise to the diffraction 
In other words, the surface conditions at the edge of the shadow-throwing 
object are disregarded But, as the late Lord Rayleigh remarks, 4 ' “ except 
perhaps in the case of very fine gratings it is probable that the error thus 
caused is insignificant, for the incorrect estimation of the secondary waves 
will be limited to distances of a few wave-lengths only from the boundary 
of opaque and transparent parts ” 

Lord Rayleighj* himself tried to remove the objection in the case of slits, 
formed by narrow openings in infinitely thin and perfectly conducting sheets 
While it is to be admitted that the significant part of the present investigation 
depends, apparently, on what is happening near the edge of the refracting body, 
it can be urged in answer that the error introduced could only slightly affect 
the mam conclusion, because the total amount of light dissipated into space 
can be calculated from the effects observed at a distance The light that 
enters the second medium may do so m a slightly different maimer from that 

* ‘Scientific Papers,' vol 8, p. 70. 
t 1 Scientific Papers,’ vol< 4, p 383, vol 0, p ISO. 
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which the formula indicate, but its integral amount should be right within 
narrow limits 

The second reservation concerns the division into Fresnel cones, con¬ 
sisting of narrow rectangular lamina The law connecting the amplitude 
at a given point with the distance of that point from the lamina is not 
determined by strictly dynamical principles, but by the condition that the 
effect for the entire wave-front should be correct at small, as well as at large, 
distances The answer to any objection raised on this ground would be, 
that the present theory claims no greater accuracy than that obtained in the 
corresponding problem of the diffraction at the edge of a shadow, which is 
universally accepted as substantially correct 
8 It is of interest to calculate the total energy dissipated mto space when 
regular refraction ceases At incipient total reflexion this mainly depends on 
the integral 

j‘(i-C) l +(i-S) I (te=* -C) 8 +(i-S) , <fo (13) 

We shall replace C and S by the variable P, defined by (9) and first introduced 
by Cauchy, together with another associated function — 

Q — (i — C) cos + ($ - S) sin | o*. (14) 

P and Q are connected by the relations — 

- 4«Q, ^ =s rwP 1, 

froth which it follows that 

P* + Q*~ — 2 j Q do (IB) 

The constant of integration is determined by the circumstance that 
P* + Q*= ($ —C) 1 + (i — 8)* 

is sera when v is infinitely large We may consequently fix the lower and 
higher limits as being infinity and v respectively The total energy then 
becomes, for the region between v *= and v =* », 

Qde dv 

The numerical factor has here been introduced m ac cord anc e with the 
explanation given in Art 4 Q can be expressed in terms of «s"«« 
by powers of c -1 and rapidly converging, if « exceeds values greater than'2. 
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Excluding powers of v~ x greater than 10, we have 

O- 1 -il 

7C*e r 

and the integration leads to 

£ ( i'+«*-£(i- s y 

Q can also be expressed in a senes proceeding by powers of e, but this con¬ 
verges very slowly when v approaches unity and is useless for our present 
purpose. 

In default of any other available method, I have had recourse to 
anthmetical quadrature between v = 0 and v = 2, using for the purpose 
Fresnel’s calculated Table for P 8 + Q® As a check, I have used both methods 
for the interval v = 2 to v = 3, and find that the direct quadrature and the 
formula lead respectively to the almost identical numbers 0*00167 and 0 00166 
Dividing the whole interval between zero and infinity into two parts, I obtain 
for the integral between zero and two the value 0 2690, and between two and 
infinity 0 0503, giving for the total integral 0*3193 Hence, we have for 
the transmitted energy — 

J-=2 554\/^r (16) 

Here p stands for the distance between the refracting edge and the plane at 
which the energy is measured That this distance enters into the result is 
due to the circumstance that although the greater part of the energy enters 
the field close to the edge M (fig 3), there is a residual portion the integral of 
which along M L is not negligible We are able to check our result by 
means of (11), the integral of which with respect to y determines the total 
transmitted energy When the numerical factor is applied, this becomes 

Considering the reservations that have been made, the agreement between 
Ji, the energy entering the field, and J, which is the energy leaving it, is 
better than might have been anticipated. 

The difference would disappear entirely, if it could be proved that * 

£ (i C)* 4* (i — S)*} do= « _1 . 
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We have taken no account of the first term of (10), and this requires justi¬ 
fication Its integral along the plane y — f gives 


J, = -m-i f P ^ dx = 2 (wp)- 1 f Pvdx 
Jo »iy Jo 

= 2 (tup) -1 \/^ | Pv do 


The factor vanes as p~*, so that however high the value of the integral may 
be, we can always choose a value of p sufficiently large to make it negligible 
We may now form an estimate of the hght transmitted at the cntioal angle 
If t denotes the length, measured in the plane of incidence, of the refracting 
surface, the width of the beams incident at the critical angle is t y/1 — p 
and this, in the units here employed, may be taken as the measure of energy 
falling on the surface Taking p to be equal to / the transmitted light is 
2 55 VtX/2 The fractional loss of energy is, therefore, 

2 55 p \ / A/(]I* 1)2/ 


With X “ 5 X 10“ 6 and p — 1 5 this becomes 0 00765 V5/f 
If the length of the refracting surface is 5 centimetres, the hght entering 
the second medium amounts therefore to three-quarters per cent of the incident 
hght, while a length of one centimetre would increase the loss to 1 7 per cent 
The energy entering the second medium must, of course, be taken away from 
the reflected beam, and we must draw the conclusion that the reflexion ceases 


to he total 

It is to be expected that the effect on the reflected beam would show itself 
mainly through the diffraction effects at the upper edge of the refracting surface 
This may be illustrated if we alter the optical arrangement by placing the 

aperture, which limits the beam of 
light, some distance away from the 
refracting surface Let the incident 
wave pass through an aperture A B 
(fig 4) and fall on the refracting surface 
L M at the critical angle The optical 
disturbance will spread laterally by 
diffraction Light passing in the direc¬ 
tion A G, and falling on the surface at an 
angle of incidence smaller than the critical angle, is able to penetrate by 
regular refraction At the other edge, on the contrary, a ray such as BN 
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would be reflected more effectively than B Q, the angle of incidence exceeding 
that of total reflexion The light that penetrates to the right of PQ 
diminishes the reflexion, which must then become smaller than that of the 
incident light 

9 The light reflected at a surface when the angle of incidence exceeds the 
critical angle has been studied by Fresnel and others, with special regard to 
its change of phase Fresnel’s treatment is based on an inspired guess, and 
Lord Kelvin, in his ‘ Baltimore Lectures ’ (p 400), draws forcible attention 
to an error m his results, which was copied by nearly everybody who followed 
in Fresnel’s footsteps In consequence, wrong conclusions were arrived at 
as to which of the two principal components is retarded with respect to the 
other This is a matter of some importance, because the relative retardation 
determines the direction of rotation m the elhptically polarized reflected light, 
and, therefore, can be tested experimentally 
The sourc e of the confusion, as Lord Kelvin points out, is to be found in the 
uncertain choice of the direction m which the luminous displacement ib taken 
to be positive Fresnel’s expression for the amplitude of the reflected light 
in the two principal directions is 

sin (Qj 0 ) tan(0 t 0) 

sin (Oj •+ 0)’ tan (0 t + 6)' 

and may be taken either with the plus or minus sign, provided we adopt 
the same alternative in both cases This follows from the consideration 
that with a diminishing angle of incidence the two expressions must converge 
to the same value If different signs are chosen, an error of two right angles 
in the phase of one of the components occurs, and it is regrettable that this 
mistake also vitiates the only publication which treats the problem from the 
point of view of the electro-magnetic theory of light * 

There » no difficulty when the light vector is at right angles to the plane 
of incidence, and the reader may be referred to the late Lord Rayleigh’s 
article in the ‘ Encyclopedia Bntanmca ’f When the light vector ib in the 
plane of incidence, the directions of the displacements, which are to be taken 
as positive m the inoident, reflected, and refracted wave, are fixed relatively 
to each other by the condition that as the angle between the incident wave-front 
and the surface of separation diminishes the three directions must coincide 
For the electric vector in the first medium, we may write 

gl (-«■+*»-Ml) re i 

* Drude, * Lehrbuoh der OptUc,' p. 277. 
t ‘SwantWo Papers,’ voJ 3, p 184. 
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The vector in the seoond medium is 

r and s are the amplitudes of the reflected and refracted beams, which it is 
our object to determine The refraction takes place at the plane *=>0, and 
an alteration of phase will be indicated if r and s turn out to be complex 
The equations hold at all angles, but, for an incidence greater than the critical 
angle, a' is imaginary and we shall then substitute — %a x Confining ourselves 
to the case of total reflexion, and writing a for aja, we have 

a — (2ttcob 6)1 ?., ax = «*' = (2m cos 0*)/^, 
a = Oxla — (%u cos 0 x )/co8 0 = (tan* 6 — /i“*sec* 6)*. 

With proper attention to the choice of these positive directions* 

( 1 — r) sin Ox = a sm 0 , (1 + r) cos 0 = «cos0j 


Eliminating r we find 


8 = 


2/i 

1 — iju*a * 


(17) 


The first of the surface conditions then leads to 


r s* 1 — 8 



and this reduces to the normal form 



If we denote the phase angle by 28, so that r = cos 28 + * Bin 28, we 
find 




Some care has to be taken in determining the quadrant in which 28 lies, 
having regard to the fact that the tangent of an angle draws no distinction 
between that angle and another differing from it by two Ti g ht anglea At 
incipient total reflexion, where * is sero, and hence cos 28 — 1, the formula 


gives a change of phase of 180° This agrees with the tangent formula applied 
to the critical angle, because the latter is always greater than the p*>i«wMg 
angle at which a reversal of phase takes place. With tutffro of 

incidence x increases and cos 28 beoomes positive when p.V — 1. Ultimately, 
at grazing incidence, all difference m phaee disappears. In view of sin 8 
being always negative, we may interpret the result more conveniently as a 


* Schuster and Nicholson, •Optics,’ p. 840. 
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retardation, which gradually diminishes from it at the critical angle to zero 
at grazing incidence. 

When the electric vector is at right angles to the plane of incidence Lord 
Rayleigh, m the publication already quoted, finds for the reflected vector in 
our notation 

r 1 = (1 + »*)/(! - »«), 


so that if 28] be now the phase vector, 


whence 


cos 28j 


l-a» 
1 -f- oc** 


sin 28] = 


2a 

U + tf)’ 


tan 8] = a 


As a positive 8 denotes an acceleration, the retardation of the vector, when 
the vibration is in the plane of incidence relative to that which holds when it is 
at right angles to that plane, is expressed by 2 (8] — 8), and may be determined 
from 


tan (8] 


_ (tan 8] — tan 8) _ 1 + /AP 
1 + tan 8] tan 8 (ju* — 1 )a 


Substituting the value of a this becomes 

tan (8]-- 8) = cot 0 V{1 —cosec® B] 

Rayleigh, who adopted Fresnel’s expression for 8, and Drude, who fell into 
the error pointed out by Lord Kelvin, give the reciprocal of this expression 
with reversed sign This means that an error of 180° having been committed 
in the phase angle 28, the error m 8 is a right angle, interchanging the tangent 
and cotangent with reversed sign, and confusing the issue as to which com¬ 
ponent is retarded relatively to the other 

It remains to determine the quantities R, <)> and o x in equation (12). The 
exponential factor a lf as appears from the present investigation, is given by 

°i =* (2t» cob 0])/A] = ^ vV sin* 0-1), 

the wave-length Xj being measured m the lighter medium. 

When the light vector is in the plane of incidence R cos ^ and R sin <j> are 
determined by the real and imaginary parts of«in (17), which gives 

R — - j==Js .. , tan —u*% 

Vl + /iV Y 
1 

The corresponding equations, for the case where the vibration is at right 
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an gles to the plane of incidence, are obtained from Lord Rayleigh's 
article, 

w ‘ — 

10 The results of the investigation may now be summed up as follows — 

(a) The light which enters the optically rarer medium at or beyond the 
critical angle is an effect of diffraction originating near the boundary of the 
refracting surface 

(b) The analytical conditions of the problem at incipient total reflexion are 
the same as those applying to the light which penetrates into the geometrical 
shadow of an opaque screen 

(c) The diffracted light derives its energy from the incident beam, and must 
diminish the intensity of the reflected light 

(d) It follows that there can be no total reflexion in the strict sense of the 
word 

(e) The total energy dissipated into space by diffraction increases propor¬ 
tionally to the square root of the length of the refracting surface, measured in 
the plane of incidence 

(/) The ratio of the energy dissipated by diffraction to the total energy of 
the incident light is inversely proportional to the square root of the length of 
the refracting surface, and therefore tends towards zero as the size of the 
refracting surface increases 

(g) At the critical angle the light dissipated by diffraction amounts to about 
1 per cent of the incident light, when the length of the refracting surface is 
3 ems The numerical value is subject to correction depending on the approxi¬ 
mate nature of the investigation 

I have not been able to find in the literature of the subject more than one 
passage in which the difficulties discussed m this communication are recognised 
That passage is contained in Drude’s * Lehrbuch der Optik,’ where it is suggested 
that the light enters the second medium at the edge of one side and returns 
into the first medium at the other The results of this paper support tho 
first, and disprove the second, suggestion* 
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The Structure of the Spectrum of Ionised Nitrogen 

By A Fowler, F R 8, Yarrow Research Professor of die Royal Society, 
Imperial College, South Kensington 

(Received November 10, 1924) 

[Plats 1 ] 

Introductory 

In accordance with recent developments m the analysis of spectra, it is 
to be expected that while the neutral atom of nitrogen (Nl) will yield a spectrum 
derived from systems of terms of even multiplicity, the spectrum of ionised 
nitrogen (N 11 or N + ) will be constituted from terms of odd multiplicity The 
spectrum of doubly-ionised nitrogen (N III or N ++ ) is similarly expected to 
be formed from terms of even multiplicity 
The probable existence of the three types of line spectra representing N I, 
NII and N III has already been pointed out,* but few details regarding the 
regularities in the respective spectra have hitherto been available A spectrum 
which probably represents N I has been described by Stark and Hardtke,t 
but accurate measurements of the lines do not appear to have been made, 
Bowen and Millikan,J however, have attributed to NI two well-known pairs 
of lines in the Schumann region at XX 1746 3, 1742 7, 1494 8 and 1492 8 
implying even multiplicity of the terms involved 

While the present paper has been m preparation, Ruark and his colleagues§ 
have recognised one of the mam groups of N II lines as a multiplet of the type 
known as mp — np', or pp', and have indicated two pairs of lines having the 
separation Av — 61 69 Several lmes m the extreme red have further been 
attributed to NII by Kiess,|| and have been classified as resulting from com¬ 
binations of a triple p term with an « term, another triple p term, and with a 
five-fold d term, all of which belong to quintet systems None of these quintet 
terms have yet been found to be involved m the structure of the spectrum 
from X 6660 to X 2200 which is discussed in the present paper, all the terms 

* Fowler’s * Report on Senes.’ p 165 (1922) 
t ‘ Ann. d. Phys.,’ voL 66, p 363 (1919) 
j ‘ Physical Review,’ vol 24, p 214 (1924) 
i * Sci Pop Bur Stand., Washington,' No. 490 (1924) 

|| ' Soienoc,’ voL 60, p. 249 (Sept, 1924) 
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bo far discovered from groups of lines in this region belong to systems of singlets 
and triplets 

The third spectrum is still under investigation, but there is no doubt that it 
includes a doublet system similar to those of elements of the third group. 

The present communication gives particulars of the regularities which have 
been recognised in the second line spectrum of nitrogen It ib not yet possible 
to give the absolute values of the terms, but the relative values oan be stated 
with considerable accuracy 


Observational Data 

The second line spectrum of nitrogen is well known from its occurrence, in 
company with lines of oxygen, m the spectrum of air which appears in the 
ordinary spark spectra of metals For the present purpose, however, extensive 
observations have also been made of the spectrum of nitrogen m vacuum tubes, 
with the gas at various pressures and under varying conditions of electrical 
discharge In this way it has been possible to separate the different classes 
of lineB and to obtain most of the lmes with sufficient sharpness to permit 
accurate determinations of wave-lengths A few lines which are of importance 
for the analysis of the spectrum do not appear to have been previously recorded 
The spectrum has been investigated over the range X 6650 to X2200, but no 
regularities have yet been traced on the more refrangible side of X 3000 

All the lmes between X6650 and X3000 which have been classified are collected 
m Table I The wave-lengths are on the international scale, and most of them 
have been obtained with adequate dispersion and resolving power Numbers in 
brackets following the wave-lengths indicate intensities, and the wave-numbers 
have been corrected to vacuum in the usual way. Term combinations are 
shown in the final column 

Triplets and MiiUiplets 

The analysis of a spectrum of the kind under consideration is greatly facili¬ 
tated by the assignment of a value to one of the terms, even if it be entirely 
arbitrary A rough approximation to the largest term of Nil, however, 
may be obtained from astrophysical data In a discussion of the spectra of 
stars from the point of view of the stages at which typical attain their 
maximum intensity, m conjunction with ionisation potentials already deter¬ 
mined from the senes of carbon, silicon and other elements, Mi— C H. Payne* 
has estimated the ionisation potential of NII as 24 volts. A value has 
* * Harvard ColL Oba. Circular,’ No. 266 (1624). 



Structure of Spectrum, of Ionised, Nitrogen 
Table I —Classified Lines of NII. 


33 


A, I A (raty ) 

¥ 

Combinations 

A, IA (inty ) 

V 

Combinations 

6061 26(0) 

16770 36 

P 

*4043 106 (8) 

21531 30 

Pi - p't 

6062 67 (3) 

16794 81 

P'l ~ d ’l 

4630 551 (10) 

21689 67 

Pi ~ P\ 

5941 90 (8) 

16824 99 

P i - d\ 

4621 406 (7) 

21632 41 

Pt - JPa 

6040 42 (2) 

10829 18 

P't - <*'a 

4613 884 (6) 

21667 66 

Pt " P't 

5931 90 (7) 

16853 18 

P'i - &'* 

4607 167 (7) 

21699 26 

Pt “ P\ 

5928 02 (4) 

10864 37 

P'x - 

4601 490 (8) 

21726 03 

Pt ~ P'l 

6707 47 (2) 

17333 83 

I* - d. 

4230 90 <6») 

23505 04 

1 * * 

5747 32 (3) 

17391 60 

1* ~ d % 

4227 738 (3ft) 

23646 68 


5730 04 (0) 

17445 23 

Pi " 

4043 54 (2n) 

24723 84 


5710 04 (5) 

17500 33 

P\ - 

4035 090 (3») 

24775 62 


6680 20 (0) 

17681 57 

P* - 




5079 49 (10) 

17602 3) 

Pi ~ d l 

3994 995 (10) 

25024 27 

P - H 

6676 06 (6) 

17613 30 

V* 

3065 861 (5) 

25271 88 

Pt - N 

5660 54 (8) 

17042 57 

Pt — 







3856 07 (3) 

25925 81 

p’t - P*« 

5495 89 (4) 

18190 38 

L Aai A 

3865 08 (3) 

25932 48 

P’t ~ P't 

5480 29(1) 

18242 15 


3847 38 (2) 

25984 37 

P’t — P't 




3842 20 (2) 

26019 40 

P’t -P't 

5073 55(1) 

19704 59 

P * 

3838 30 (4) 

26045 23 

P’t ~ P*. 

1 



3829 80 (3) 

26103 65 

P’t - P't 

5046 02 (5) 

19816 03 

Pi ” * 




5010 54 (44 

18952 39 

Pt ^ 

3616 88(1) 

27647 94 

« -P't 

5002 00 (2) 

10983 81 

Pt ■» 

3609 09 (2) 

27690 93 

» - p>. 




3593 60 (3) 

27819 34 

» 

4810 27 (2) 

20783 07 

rfi - d't 




4803 30 (0) 

20813 22 

d t - d\ 

3437 162(6) 

29085 46 

P -8* 

4793 06 (2) 

20855 00 

rf„ « d\ 

3408 136(3) 

29333 17 

Pt -«* 

4788 13(5) 

20879 18 

rf, - d\ 




4781 21 (2) 

20909 44 

d z - d\ 

3331 32 (3) 

30009 52 

d t — p* t 

4779 72 (4) 

20015 91 

— d\ 

3330 30 (2) 

30018 70 

rf, - j* a 

4774 24 (2) 

20939 91 

rf 3 - d\ 

3328 79 (4) 

30032 34 

* 1 - 1*1 




3324 58 (2) 

30070 37 

d, — I*. 

4674 98 (2) 

21384 50 

P - P\ 

3318 14 (2) 

30128 72 

d, - p>, 

4667 28 (2) 

21419 78 

P -P\ 


t30l89 69 

d, - p\ 

4654 57 (2) 

21478 27 

V - p\ 







3006 80 (7) 

33247 67 

P - 1>(T) 


* The wave-lengths from A 4643 to A. 4035, with the exception o! A 4043 54, were determined 
b> J S Clark (‘ Astrophys Jour vol 40, p 333 (1014)) 
f Calculated wave number 

been deduced by R H Fowler and E A Milne * The present investigation 
indicates that the highest term is a p term, and adopting the usual relation,f 
the corresponding value of the term Ip is 194,000 The related term, 2 p, 
which is applicable to the region here considered would accordingly have a 
value of the order of 70,000, it being assumed that the senes constant is 
4E (R s 109678 3) The non-appearance of certain groups which might be 
expected to fall within the range of spectrum observed suggests that this 

* 'Mon Not R.AS,’ vol 84, p 806(1084) 
t Fowler’s * Report,’ p 00. 
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value for 2 \p may be too low, but it will at least serve the same purpose as a 
value chosen at random It is to be understood that while the values assigned 
to the respective terms may be considerably in error, the differences of term 
values are correct witlnn the limits of error ol the observations 
For the schematic representation of the structure of the triplets and multi- 
plets, it will suffice to quote the \\ ave-numbers of the hues , the corresponding 
wave-lengths may be found by reference to Table 1 Numbers m brackets 
following the wave-numbers indicate intensities, and differences of terms are 
printed in italics 

The assignment of inner quantum numbers (j) is in accordance with the work 
of Sommerfeld and Land£,* and has led to the identification of the types of terms 
involved in the various groups of hues The selection rule m relation to these 
inner quantum numbers, it may be mentioned is that A? - - ± 1 or 0, with the 
exception that the transition 0 to 0 does not ordinarily occur It may eventu¬ 
ally be found convenient to adopt the inner quantum numbers as suffixes 
in place of those in common use for the designation of members of multiple 
terms, but, for the present, it. has been thought desirable to continue the use 
of the older nomenclature and to give the values of j separately 
For the sake of brevity, combinations such as mp — np' are contracted to 
pp\ since sequences of terms have not yet clearly entered into the discussion 
One of the most striking groups of lines of N II is that about X4630 (No d, 
Plate 1), and it will be convenient to consider this first, because it has been 
very accurately measured by Clark and fixes the triplet character of some of 
the terms The structure of the group may be shown as follows — 


Pa 

P'a 

P'l 



(0) 

(1) 

(*) 


J 


21531 10(8) 68 37 

21589-67(10) 

Pi 

(2) 


m so 

136 36 



21632 41(7) 

36 26 21067 66(6) 63 31 

21726-03(8) 

Pt 

(1) 


31 00 



21699 26(7) 


Pa 

(0) 


ft = 70000 <K>t, p 2 = 70136 36 , p z 70167 96 
p'i= 48410 33 , p 48468 70 , p\^ 48603 96 


This group is clearly of the pp' type, consisting of six lines, and the mtuw 
quantum numbers adapted to the group indicate that each set of terms belongs 

* * Zeit t Phya,* vol 15, p. 191 (1923) 
t Assumed value 
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to a triplet system If the p ami p' terms belonged to quintet systems, all the 
values of j would be increased by unity and a seventh line, p 3 p' 3 would be 
expected The p terms involved in the above combinations are doubtless 
equivalent to the 2 p terms of ordinary senes, since the series constant must 
be 4R , the Ip tenn must be much greater The interval rule of Land£ gives 
a ratio of 2 1 for the separations of triplet p terms, and it will be observed 
that this is far from being followed m NII, the rule probably also ceases to 
be applicable to other elements m the fust row of the periodic table 
Attention may next be directed to a complex diffuse triplet winch includes 
the strong lines m the yellow-green about X*)680 (Nos 1 and 2, Plate 1) This 
may be represented as follows 


<h 






(1) 


(2) 

(3) 


) 

17445 23(0) 

61 10 

17506 33(6) S6 00 

17602 33(10) 

Pi 

(S) 

136 34 


m h 




17581 57(5) 

01 00 

17642 57(8) 


Pi 

(1) 

n 73 






17813 30(8) 

• 



Ps 

(0) 


tl t = 52397 67 , J 2 52493 73 , rf. 

-- 52554 74 




The triplet character of the d teims is thus fully established by the values 
which have to he assigned to j in order to conform with the inner quantum 
selection rule The appearance of this diffuse triplet differs vciy considerably 
from that of the more familiar triplets which occur m the spectra of elements 
of the second group, as will be seen from fig 1 


J ..J J_I-1- -1-1—I-1-LJ— 

PA /rt/rt ¥i Pd PA i ¥> t&PA* tfilftPA 

Nil Ca 

Fig. J —The diffuse triplet of NII near X 5080, compared with a diffuse triplet of taltmtn 

The apparent distortion obviously arises from the fact that in the NII group 
the differences between the d terms are much larger in comparison with those 
of the p terms than m the diffuse triplets of calcium and other elements of the 
second group. 

The separations Ap 1# and Ap M occur also m connection with three lines 

n 2 
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forming part of the well-known cluster of lines about X5007. The wave¬ 
numbers are — 

Pi Pt Pa 

(2) (1) (0) 3 

19816 03(H) m 36 19952 39(4) 31 42 19983 81(2) • (1) 

s =* 50184 30 

The associated term must clearly have j — 1, and may accordingly be a 
singlet P term, or an a term of a triplet system The restrictions as to azi¬ 
muthal quantum numbers, however, \\ ould ordinarily exclude P, and the term 
is therefore probably of the s type 

A multiplet of the triplet dd' type mav be next conveniently considered 
This is of ‘ skew-Hvmmetncal ” structure, consisting of three strong and four 
weaker lines and is shown as No 3, Plate 1 Tlu* structure may be shown 


as below — 






d\ 


d\ 

d\ 



(D 


(2) 

(3) 


3 



20783 07(2) 

jo if, 20813 22(6) 

di 

(3) 



96 11 

96 22 



20855 06(2) 

24 12 

20879 18(5) 

jo >t, 20909 44(2) 

d a 

(2) 

60 86 


60 13 




20915 91(4) 

24 00 

20939-91(2) 


d a 

(1) 


d\ = 31584 37 , d\ = 31614 Gb . d\ = 31638 75 

The new d' terms thus mtroduced reap|>ear m a jt'd' combination which 
forms a very characteristic group of hues m the orange, the brightest line being 


X5941 90 (Nos 

1 and 2 Plate 1) The wave-numbers may be arranged 

as 

follows — 




d'j 

d x d' l 



(1) 

(2) (3) 


3 

16770 36(0) 

24 46 16794 81(3) 30 18 16824-99(8) 

¥\ 

(2) 

58 82 

58 37 


16829 18(2) 

24 00 16853-18(7) 

P\ 

(1) 

35 V) 



16364-37(4) 


P'% 

<0) 


Like the pd group previously described, this group (Mere c onsid erably in 
appearance from the more familiar diffuse triplets m the spectra of elements 
of the seoond group 
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A further set of triplet terms of p type, designated p 2 for reasons given later, 
appears in a multiplet having its brightest member at X 3838 (No 4, Plate 1) 
The new terms combine with the previously determined p' terms as shown 
below - 


f 3 

A 

A 



( 0 ) 

(1) 

(2) 


3 


25925 81(1) 119 42 

26045 23(3) 

P'i 

(2) 


a s so 

58 42 



25932 48(2) 

51 89 25981 37(1) 119 28 

26103 65(3) 

Pi 

(1) 


JS 01 





26019 40(1) 


P's 

( 0 ) 


= 22365 05 , p* 2 ^ 22484 17 , pV" 225 ft • 22 

The lines of this group are remarkable for the fact that all of them were 
broadened and displaced towards the red by about 0 7a in a tube containing 
nitrogen at relatively high pressure The wave-numbers quoted are from 
measurements on tubes at low pressures, where the lines were sharpl) defined 

The same phenomenon of a largo displacement towards the red was observed 
m connection with an isolated triplet iri the ultra-violet (Nos 4 and 5, Plate I), 
m which the characteristic separations of the j? terms also appear , the wave- 
numbers are as follows 

A A A 

( 0 ) ( 1 ) ( 2 ) J 

27647 94(1) 51 99 27099 93(2) 119 41 27819 34(3) s (1) 

The rnnglet term entering into this combination i« the * term already deduced 
from ip 

The p 2 terms also enter into combination with the d terms to produce another 


diffuse triplet in 

the ultra-violet, beginning at X 3331 (No 5, Plate 1) 

i Thus, 

d* 


rf a d x 


(1) 


(2) (3) 

3 

[30189 69] 

60 97 

30128 72(2) 96 38 30032 34(4) 

A (2) 

119 82 


119 20 


30070*37(2) 

60 86 

30009*52(3) 

A (i) 

Si 06 




30018 71(2) 



A (0) 


The line for which the calculated position is v 30189 would be expected to 
be faint, and it is not shown on any of the photographs obtained The members 
of this group, like the others in which the p* terms appear, show large displace- 
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meiits towards the rod when the pressure in the vacuum tubes is relatively 
high The above wave-numbers have been deduced from wave-lengths 
measured in low-pmwure tubes 

Singlets 

A singlet term is indicated b> the following pair of lines (Nos 1 and 2, 
Plate 1) — 

t ? 3 

( 1 ) (4 1 

17333 83(2) w 7, 17394 60(3) P (1) 

p = 09888 51. 


A singlet P term is obvious!) the most appropriate for this combination, 
Pdj being then ruled out by c onsideration of inner quantum numbers The 
P term, it will be observed is only a trifle smaller than the term 
The P term appears also m combination with the p* terms, producing an 
inverted triplet which is clearly shown on the phptographs (No 3, Plate 1) 
although the lines are of no great intensity Thus — 

P\ Vi Vi 

(0) (1) <S> J 

21384 50(2) 21419 78(2) ss i<j 21478 27(2) P (1) 


A faint line at A 5073 5 appears to represent the combination P s , thus, 
P —s ~ 19704 21 as compared with the observed wave-number 19704 59(1) 
The groups of lines so far described include a majority of the chief lines, 
and several of the fainter ones, m the region A6650 A3300 There are, however, 
a number of lines which do not occur in groups and doubtless belong to a 
singlet system Four of the more important hues, beginning with A 3995, 
certain 1} involve two of the terms which have already been deduced The 
associated terms art smglets of 8 type (j — 0) Thus — 


25024 27(10) P Si 
25271 88(5) ^ p 2 - 8 f 

29085 • 46(6) ==P - S l ) 
2933.} 17(3) ^ Pi- S a / 


8 --= 44864 36. 


S* — 40803-12 


These combinations arc m complete accordance with the azimuthal and 
inner quantum conditions. It does not seem possible, however, to regard 
8 and S* as consecutive terms o! a simple Rydberg sequence because there is 
no line corresponding with the next following term The spectrum m this 
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region is, m fact, very simple, the only other prominent singlets m the region 
X4000-X3000 being X3919 003(0) and X3006 86(7) The latter (v = 33247 67) 
is possibly the PD line and we may write— 

D ? 69888 51 - 53247 67 -- 30640 81 
Other Itequtonties 

Two pairs of lines with apparently equal separations have been noted by 
Ruark, nnd a similar pan has been found in the course of the present investiga¬ 
tion The wave-numbers and separations are as follows — 

18190 37(iw) 51 7S 18248 57(1 w) 

23595 04(4w) 51 hi 23646 68(2») 

24723 84(2/0 J/ 78 24775 62(4w) 

The separation suggests identity with Ap 2 ^ but the connection is not clear 

The p and d* terms 

The significance of such terms as p' and (V is not yet completely understood, 
but evidence has been adduced m favour of the view that they involve the 
simultaneous transitions of two electrons with the emission of a single quantum 
of energy Russell and Saunders * and Wentzelf have found that pjf multiplets 
of calcium form a series of approximately Rydbeip type, and converge to a 
limit which is higher than that, of the normal series of triplets, so that some of 
the terms become negative This is regarded as an indication of the emission 
of a greater amount of energy m the pp transitions than could be supplied 
by the series electron alone, and it may be supposed that the deficiency is made 
good by a transition of the second valence electron 

The terms p\ d% &< , which are thus possibly associated w r ith the simul¬ 
taneous transitions of two electrons may be distinguished from corresponding 
terms of ordinary type by a further selection rule to wluc h attention has been 
directed by Laporte m his discussion of the arc spectrum of iron J In the case 
of iron it would appear that m the combination of ordinary and “ double- 
transition ” terms, the usual selection rule for azimuthal quantum numbers 
(M = ±l)§ is to be replaced by the rule AA---0, while Ak — ± 1 is 

* • Science/ vol 59, p 50 (1924) 

t ‘ Phy» Zeit/vol 25, p 182(1924) 

t * Zeit f Phys / vol 23, p. 166 (1924) f vol 20, p 17 (1924). 

$ h « 1 for *, 2 for p t 3 for d, and so on. 
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forbidden This rule is probably also applicable to the spectrum of N II as 
illustrated in fig 2, which is drawn on the plan adopted by Laporte 
H®, s - ->P-V D,d 



Ftg 2 - - Illustrating combinations of ordinan and * double transition ” terms in Nil 

The combinations to be expected in accordance with the new rule, having 
due regard for the inner quantum number restrictions, are those indicated by 
arrows, it being further understood that terms which are placed in the same 
group do not combine with each other All the combinations which have so 
far been recognised in XII are in accordance with the diagram but some of 
the possible combinations would yield lines outside the range of the piesent 
observations, ho that their presence or absence cannot be checked The 
combination jhT would fall in an observed region and definitely does not 
occur in N II 

The second p term behaves m combination like the first, and it has accordingly 
been temporarily designated pr in preference to p" the second 8 term has 
similarly been called 8 2 If p and p z were the consecutive terms 2p and 
of an ordinary Kvdberg sequence, Ip would have a \alue about 97,000, and 
the corresponding value of ]p would be of the older of 300,000, which is far 
above that suggested by astrophysical data It seems probable that the terms 
do not conform closely with a Rydberg formula 

Combinations and Relative Term-value# 

The combinations which have been identified, and the relative values of the 
various terms, axe collected in Table II The combinations are stated in the 
order in wduch they have been described, and the terms are arranged in order 
of magnitude, p x being assumed as 70,(KM) Under k and j are the azimuthal 
and inner quantum numbers respectively 
It results from the foregoing investigation that the largest term is a p term, 
and from this it may be concluded that in the atom of NII the senes electron 
normally occupies a 2 2 orbit As expressed in the " spectroscopic displacement 
law,*’ other investigations have shown that the spectrum of an ionised element 
is of the same character as that of the neutral atom of the element which 
immediately precedes it in the periodic table, and it follows that there is a 
close similarity in the arrangement of the electrons m the two atoms The 
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Table II. —List of Combinations and Term-values 


Combinations. 


Relative Terms 


P —V 
p — d 


d-d' 


p' -d' 
p' -f 

8 — p 1 


P ^28 
P -p' 
P -« 


Pt ~ S 
P -s* 

Pt — S® 
P -D* 


'(0) p 3 = 70167 96 

2 « (1) p 3 = 70136 36 

J2) p 1 = 70000 00 

1 (1) P = 69888 51 

f(l) d 3 = 52554 74 

3 -I (2) d t = 52493 73 

[(3) </ x = 52397 67 

I (1) « = 50184 30 


(0) /,= 48503 95 

(1) p',= 48468 70 

(2) p\= 48410 33 


1 (0) S = 44864 36 

1 (0) S* = 40803 12 

3 (2) D?= 36640 84 

"(1) d' 3 — 31638 75 

3 *{(2) d',= 31614 66 

Ji) d'r- 31584 37 


(0) p* 8 = 22536 22 

(1) 22484 47 

(2) 22365 05 


31 60 
: 136 36 


% 06 


35 25 


, = 58 37 


,== 24 09 


= 51 75 


,=119 42 


conclusion with regard to ionised nitrogen is therefore of additional interest aa 
giving an indication of the structure of the neutral atom of carbon, the spectrum 
of which has not yet been resolved into senes. The first group of elements in 
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Bohr’s table o i atomic structures* may accordingly saw be extended to carbon 
with considerable confidence Thus, m the neutral atom of carbCtn it is preamble 
that there are two electrons m l x orbits, two m 2 t and two m 2 S orbits. 

Summary 

New observations of the second line spectrum of nitrogen (NII, or N + ) 
have been made tn the region X 6660-X 2200, and 62 Lines have been classified 
in relation to the terms which combine to produce them In this region, all 
the terms which have been identified belong to singlet or triplet systems. 
These have been found to combine with each other m agreement with the 
selection rules applicable to other spectra m which p and df terms appear. 
The absolute values of the terms cannot yet be stated, but a value of 70,000 
has been provisionally assigned to 2p in accordance with the Value suggested 
for Ip by astrophysical data 

The largest term identified is a p term, and it may be inferred that the series 
electron m singly ^ionised nitrogen normally occupies a 2 2 orbit, so that the 
atom of N II has two electrons ui l x orbits two in 2 1 and two m 2 2 orbits 
From the spectroscopic displacement law it may be further inferred that this 
is also the probable arrangement of orbits m the neutral atom of carbon, the 
spectrum of which has not yet been resolved into senes 
Three gioups of lines which involve one of the p terms are remarkable as 
showing large displacements (> 0 6a) to the red in vacuum tubes at 
relatively high pressures 

The author has pleasure m acknowledging his indebtedness to Mr# J. 
Btooksbank and Mr L J Freeman for some of the photographs which have 
been utilised m the foregoing investigation 

DESCRIPTION OF PLATE L 

1 Spark spectrum of copper in air i 1/w 

2 Spark spectrum of mm m air } 10 ^ grating. 

These show the groups p'd’, Pd, and pd 

3 Nitrogen vacuum tube large Lattrow prismatic spectrograph Shows the combination 

groups dd , Pp ,pp* The abort lines near the edge* of the spectrum are arc lines of mon. 
4. Nitrogen vacuum tube, large quartz spectrograph Shows the lutes PS, pfi, and the 
groups pp' and «p* Lutes of NIL! at XX4641 00,4640 64,4634*16 appear Ubdty , 
& Nitrogen vacuum tube, large quarts spectrograph Shows the lines PS*, j*S», and the 
groups ap* and dp* 

The bands of nitrogen which appear in 4 and o are mainly doe to the use of an 
end-on tube, the beads originating m the wider part of the tube. The hfig fcsjfrf- 
on the red side of the strong line X 3908 i* the head of a band, X3998 There is akoa 
faint band head at X 3663 which might be mistaken tor a hue in the reproduction 
* ‘ Ann d, Pby*.,* voL 71, p. 360 (1623) 
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Spheroidt., Wave-Function a 

By J W. Nicholson, M A., D.Sc, F.R 8 , Fellow of Balliol College, Oxford 

(Received August B, 1924 ) 

§ 1 Introductory. 

The solution of problems relating to vibrations, in connection with spheroids— 
or, m two dimensions, elliptic cylinders—has hitherto only been attempted in 
one manner If the vibrations have a time factor for their fundamental vector, 
of the form e to ', the equation of wave motion becomes, if <f> is the fundamental 
vector, 

(V* +i 2 )^ = 0 

where the wave-length is 2rt jk, and if C is the velocity of propagation of the 
wave m the external region, k — pjc When oblate spheroidal co-ordinates are 
used, defined in terms of Cartesians by 

*®«V{(1+ (x 2 )(1 -f- C 3 )}co **y — a- y/{(l — (jt 2 )(1H P)}8inw, 5 = opS, 
this can be transformed, after the usual manner to 

+ c*)*-o, a) 

when there is symmetry round the axis of z 
This is a form which has been discussed by many writers, and notably by 
W. D, Niven.* The literature of the subject, m fact, goes back to Lam6 and 
Mathieu, the latter of whom confined his attention to the similar equation 
arising m two-dimensional problems relating to an elliptic cylinder. 

Such discussions as have been given appear to have proceeded mvariably 
along the lines of a determination of solutions in the form 

*-A(Q/s(i»>/s<»>. 

involving new types of normal functions A.» (£)> /*,„ (p), whose general term 
in an expansion in powers of ? or p cannot be expressed These functions 
cannot, moreover, be expressed as definite integrals after the manner of 
Laplace's integral for the harmonic P* (p), and they are thus suited only to 
tiie solution of physical problems by approximate methods—m fact, their own 
values are only found by the method of continued approximation No exact 
notation of a problem appears possible by their sad. 

* •m. Trans.,’ A, p. 831 (ISM). 
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W© start with the hypothesis that a set of “ normal *' co-ordinates does 
not necessarily exist for a problem of wave motion with prescribed reflecting 
boundaries, and that, even if the set exists, it is not, of necessity* the main 
avenue to a solution In other words, the solution of a problem of wave 
motion about a given boundary is not necessarily capable of expression in the 
form of a sum of solutions of the general equation of wave motion, each of 
which is the product of functions of one variable co-ordinate only This will 
become clear in the ensuing discussion in which, in the first instance, wc build 
up a solution of the general equation--whose general form can ultimately be 
found—which reduces to a prescribed form for infinite wave length, or, m 
fact, when the problem becomes one of electrostatics or hydrodynamics instead 
of a problem of waves propagated with a finite velocity 

It is convenient, in the present communication, to restrict our attention to 
one special case, as an illustration of a general method of procedure m passing 
from a solution of Laplace's equation satisfying certain boundary conditions 
to a solution of the equation of wave motion which satisfies the same conditions 
When this is solved, we find a means of approach to a class of solutions of 
problems of oblate spheroids and discs, which has not hitherto been noticed* 
While it is not our present object to solve particular physical problems, which 
are reserved for a later communication, some of these are referred to in illus¬ 
tration of the capacity of the analysis to deal with them Our fundamental 
object at present is the mathematical development of this type of analysis 
For this object we shall generalise the solution of Laplace's equation 
which represents the motion of an oblate spheroid through a liquid, along its 
axis of figure There is a certain analogy between our method and that of 
Parseval,* who, by continued approximation, derived the solution of Laplace's 
equation in three dimensions from that in two dimensions The analogy is 
derived from the fact that the equation of wave motion is essentially that of 
Laplace with one more dimension 

A General Solution of the Equation of Wave Motion 

When a problem is symmetrical round the axis of z, the angle <•> is not relevant, 
and a function <f> defining a vibration satisfies 

Here 5 --- const defines an oblate spheroid, £ = 0 being the circular disc 
* ‘ M6moires de Divers Savants,’ vol I, p 379 (1806) 
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% » 0, p = 0 to o, in cylindrical co-ordinates, jx = 0 defines the whole plane 
z aw 0 with the disc cut out, and, more generally, p, = const defines a 
hyperboloid 

When an oblate spheroid moves along the axis of z —its axis of figure—it 
creates a velocity potential, in surrounding infinite liquid, of the form 

* « A|i < 1 - c cot"* 0 - AP X (|i) fa (0 (2) 

m the notation of spheroidal harmonics,* where, if U is its velocity, bo that 
the surface condition on £ = 0 is 



TO 


We shall proceed to determine a solution of the equation of wave motion 
with the pioperties 

(1) (3 fahz) z 0 = constant, 

(2) <f> -- 0 at infinity 

(3) <f>—y Bp (1 — £ rot 2 0 when ka—y 0 

These are conditions appropriate to the special problem of plane sound¬ 
waves incident normally, with a velocity potential 

fa 

on a circular disc at % - 0 The surface condition would then be, if ^ is the 
disturbance scattered by the disc 

and when k is small the solution should tend to 

- Scot l 0 (3) 

TZ 

near the due, as pointed out by Lord Rayleigh, the solution then being 
effectively that of ordinary hydrodynamics for a due moving with velocity 
—dee-**. 

From several points of views this constitutes the most convenient solution 
for purposes of generalisation and suggestion of a type-solution 
Let us therefore write, as a solution of the equation of nave motion, 

^ - Afi (1 - S cot 0 + (*»)* + (4) 

* Nicholson, * Phil Trans,’ A, vol 224, pp 49-93 
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where the FV* are functions of p, and of of no order m leu We determine 
them, in the first instance, by successive approximation The series from 
this found for <f>, when its general term is recognised, is of considerable value 
m the applications, and it is not readily derived from the definite integral form 
ultimately obtained 

The function <f> is restricted to vanish with fx, while its derivate with respect 
to X, (or z) vanishes with X (or z) Now since 

let 

F 0 — Ap (1 - K cot 1 0 (5) 

Then writing, in the equation of wave motion 

4> — F 0 + uPF 1 (co = la), 
and retaining only the first power of co 2 , we hnd 




f>L 


^ f pv 


-C 2 +^)F 0 


suggesting 


\:tx(i 5 cot 'o cot-* a. 


Fj = Pp + Qp 8 

whew* (P, Q) dt pend only on £ To determine P and Q, we have 

40 + ?)§ - 12Q - ~ A (I - C cot-i 0 

c *, r 1 Q. 

*-(! + ?) -- -P - - «Q - A? (1 - C cot-* C) 

We find that solution in powers of p is preferable, as regards simplicity of 
analysis, to solution in a series of Legendre functions of p 
The general solution for Q is easily shown to be 

Q=-*tf3 (0 + (0 + ^ (1 - 3? -t 3? cot~» 0 


finite for all finite values of £ As £ tends to infinity 

and tends to 3/5 £*, thus vanishing Moreover, when £ = 0, the denvate of 
this function vanishes We thus satisfy our prescribed conditions by i gnoring 
the complementary function ay 3 -f flp 3 , and writing 

Q = A(i_ 3^ + 3 ^ cot-x a 
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The equation for P then becomes 

j| (H- P) - 2P = - A? (1 - % cotr 1 0 - - (1 - 3? + Bp cot* 1 0 
“ JA 

with a remarkable simplification The necessary solution, making P finite 
when £ — oc, and 0P/8£ zero when £ -= 0, is merely 


bo that finally 

F, - iA|x + /„A|x 3 (1 - S? + 3P cot- 1 0 (6) 

We notice that the satisfaction of the condition at infinity (¥ x finite) has 
been automatic, owing to a choice of the correct form for ka mill, and, in fact, 
involves no restru tion beyond those previously made 
The third approximation to ^ ensues by adding a term o 4 F 2 , where we find 
at once - noAv retaining all powers of to to to 4 , 

J-u-ie)? 2 f + *)f, 

?(x iX, (X 


- - JAfxp- V (P - »p4 3 + 3p cot 

iVAjx 5 (1 - 

So that we may write 

Fi-P,M V+V 


‘0 

3P + 3P cot >0 


where, if D stands for the operation 

u = f |c )-w|. 

we have 

(D — 2) P t -- 6P„- JAp 

(D - 12) P s - - 20Pj - *A (3 + P - »P + 3p cof 1 0 
(D - 30) I\ — — f ' B A (l — SP + 3P cot 1 0 
A particular integral of the last equation is found to be 

p-pcot-'p 


Again, this satisfies the conditions, and a complementary function is not 
necessary The equation for P 3 then becomes, on rednrtion 
(D-12)P a =--rVA(3 + P-3P + 3pcot 


-jjU-^+P-C'cot - 1 a 

which is finally 

<D~12)P.==-*A, 


with the satisfactory solution P 8 =~ A/60 
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The simplification found in F x thus extends to F t , and, as we shall see ; is 
general It is the first indication of a simple final result. 

P x is then given by 

a>-», t —A(±+S). 

and its derivate vanishes with £ if 

p »"f}( |_BW 


This is not zero at infinity, but it is not necessary for each individual P to 
vanish there, but only the final sum, as will ultimately appear 
The collected third approximation to <f> is thus 

* ~ A(t (1 - ; cof 1 0 + i- ,VAo»«* (1 - 3? + 31? cot 1 0 

+ ^ (1 - «?) + Ml** 4 + *JirA(Ji 4 «« (1 - 31? + W ~ 5? cot i 0 

(7) 


This general procedure may be continued, and it is necessary to cany it 
several stages further before generalisation of *the results becomes possible 
We shall suppress much of the detailed analyses and quote the final results 
It is clearly not possible, by any simple senes method applied to the differential 
equation directly, to find the general coefficient of any power of (i 
The final value found for F a is 

Fj -ahM- - 2 L + J?\ +a »»i-L 

J *7' 360 ' 432/ ^ ^ 1008 240> + 8' 


+v{—-__ 

r l_ 14 42 60 42 600 42 360 42 120 42.120 I 

( 8 ) 

and the contribution to </>, of the sixth order in co, is w®F 3 
It is now possible to elucidate some of the structure of <f> 


Dwcuxmon of the Fourth Approximation The Function fa. 

Let <f>i be the portion of ^ which actually vanishes term by term at infinity, 
namely, to the sixth order, 

■“ Afi (1 - S cot-i q + A. ^ ^ p + }?cot -i ?) 


+^^« 4 (I-Ji: i + C*-C 5 cot-i0 


w 
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The law of formation of these terms » already evident, the general term of <j>i 
bong clearly 


Af**" +1 w**/ 1 
2*+l! \2»4- 1 


+ + c-r +(-)-* c — 1 cot-* ?) 


The result is easily proved by induction, for if this expression is called 
«** it is the highest power of p m F„, and since 

DF #+1 + 1 (1 - p«)^ --«■+ ji*JF„ 

the coefficients of highest powers of p satisfy, at once, 


D (k, +1 — (2n + 3) (2n + 4) i)/ s+1 — — <}*„ 

if the expression is general This is readily verified by direct substitution for 

'k+i. k 

The importance of fa lies in the fact that it constitutes the part of <f> not 
conveniently expressible in a senes of ascending powers of but very con¬ 
veniently expressible in descending powers when £ is large 
We now express fa, whose general term is established, as a definite integral 
The portion (^ u ) containing cot -1 £ as a factor, is 


= - A cot' 1 + 


“ cot' 1 £ SU1 (C0 (Jl£) 

CO 


} 


1 ( 10 ) 


The remainder, (fa t ), is given by 

(id 

or rearranged as a set of absolutely convergent senes 

-^{n£ + f£+-} 

+ A *‘•}-^{r£+r£+--}- 


Thus 


^i«“ 


TOL. OVII —A 


I 
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where 

x »^ + ^(^-.J?) + ^i. , ( se »- a ^+CT (12) 

+ 4l%!L(a»- a *r? + a W-W + ... 


1 

“1 + ®*/!? 
_ At? 


2? + * 2 


{tr tr (>--$•-*■+Hr ( ,+ ?)'■*} 

gmcojJi^ , As 8 sinh copup 

C* + fc 2 COX 


on summation <f> l2 is the integral with respect to x from zero to unity, and 

= <£u “I* ^i* “ — — ~ —~ 0111 (co(aO 

, A ^sm o>|A^ f l dx . APxsmhwfJWP, 

+ ^ coC J 0 x» + J? + coJo a*+? 

whioh reduces merely to 

Ar'jmjkoj^ (n) 

« Jo ** + l? 


The Function F„ 4 (Q. 

With, as before, 

^ = F 0 + “*Fi 4- a> 4 Fj + . 

F, is clearly an odd polynomial in (jt. of degree 2n +1 If we write 


t »o 


(U) 


the new function F^ +1 is a function only of £ The functions Ft 1 , F a *, are 
the coefficients of the penultimate powers of p in the functions F„. The first 
two of the sequence are constants, and we have suggested that this fact is 
general 

The functions F x 2 , F a *, ... FJ B _ # pertain to the next lower power of p, and 
may be expected, from the above fourth approximation, to be of the form 
a + PC*» where a and (1 depend only on r and n. The next set similarly should 
be of type a -f (32? + y2?, and so on 

Let us consider the general relation among these functions directly from 
(D + D*) F„ +1 = -(!? + p») F„ 

where 

D 1 = ^(i + 2?>)^ 


and F„ is defined by (14). 
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By direct substitution, we have for all values of |i, 

"2 f +1 DtKti “"| l (*+l) ( 2r + 2) 1 f* + \ 

+ "2 2r(2f + 1) F; + + \«-(|x*+?)2 v .™ F^ +1 , 

0 t) 

and the necessary and sufficient relation becomes .— 

[Dj — (2r + 1) (2r + 2)] l£\ = - (2r + 2) (2r + 3) *£*, - ?F£ +1 -F^. 
Taking, first, r — n -j- 1. we have 

[D, - (2n + 3) (2n + 4)] F^* s - - F^ +1 

The solution of this gives the functions contained in <j> u namely, for any value 
of n, 

r __£_M_£. + _£_ 

*» +1 2n+l*\2n+l 2n — 1 ~2n — 3 

+ (-)*?* + (-)" +1 ^ +1 cot~» C). 

Next, taking r = n, 

[Da - <2n +1) (2n + 2)] = - F^ - W£, +l - (2n + 2) <2n + 3) l£ + l , 

—— y* A 

“ *" -1 “ (2» + 1) • (2n + 3) 

by the preceding equation. 

Thus, if Fj )| _ 1 is constant, so also is F^+i and all functions of this type, 
so far as our conditions are concerned In fact, we can take 

«+i F* A 

P *" +1 “ (2n+l)"(2« + 2) + (2n+l)l(2»+l)(2n + 2)(2»+8) 

But if n — 1, or n = 2, F* b1 takes the values A/3 1 and A/3 4 5, so that 
we can readily generalise and find for every value of n, with easy reduction 

K*-i — «A./(2n + 1)! 

The contribution to ^ made by this set of functions is (^ t ), where 

*- A {<f?+2$-V->£= + }. (15) 

The next set of function-coefficients are quadratic in as appears in the 
analysis automatically. They are of the form 

FL_,-A. + C»B„. 

B 2 
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Applying the general recurrence formula with r — n — 1, and quoting the 
values already found for previous coefficients, we find this quadratic form 
satisfactory for all values of X, if 

<2» - 3) (2n + 2) B b+1 = B„ + 'j-yj 
2B b+1 - 2» (2n-1)A b+1 = -A b - (2 ” + |^ --- ^ A 


We know the first two values from our fourth approximation, and the solution 
is rapid for further values The final result, which we leave to the reader for 
proof, is 


2i»-3 




m(m — 1) (2a — 1) 
{2« +1) 1 




M- 1 

(2n -1) 1 


and the contribution (<f> a ) of such functions to <f> is 

h = iAfito 4 3 + + to V njfp + • } 

- iACW {1 + coV 2 |y + “V 4 1, + } Ob) 


It does not seem necessary to show that the next set of functions, of form 
F^ 6 , are quartic in £, for the same type of demonstration is effective. They 
can be derived from those just calculated by writing r = n — 2 in the general 
recurrence formula. 

Thus F* i 3 , Fj^x are already known, and we have 
K ^A. + B^ + C,?, 
with a corresponding form for F^ J( and 

[ Dl - (2» - 3) (2» - 2)] F*+ n \ = — (2n — 2) (2 m - 1) F£_\ - ?F£,_ s . 

We thus obtain, by equating powers of £, 

-0, + iA = — (2n — 3) (2n - 2) C B+X + 20C, +1 

■o m(m — 1) (2n — 1) A - A n(2n —2)(2n —1) 

* ' 2n + l)! 6 ■** 4 2n+ll 

= - (2n - 3) (2n - 2) B b+1 + 12C B+1 + 6B. +l 

* 1A m(m+1)(2m+ 1) (2n — 1)(2 m — 2) 

* * 2m+ 31 

“ 2B b +j «— (2m — 3) (2m — 2) A^+j. 
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The analysis at this point is evidently becoming cumbrous C„ is found first, 
then B„ and finally A,, It is not perhaps necessary to exhibit the detailed 
calculation of C„ from the first formula and the known value 


The final result is 


C 3 = A/(18*24) 

n — 2 


c„=AA 


2 n — 3 ! ’ 


and from the known value B 3 = — A/360, we can subsequently, by the seoond 
equation, generalize to 

B, = — tvA (» — 2) (n — 1) (2» — 3)/(2» — 11) 

If we substitute these values, A„ is found from the third equation to satisfy 
(2» — 2) (2n - 3) A n+1 - A„ 

— £A (» - 1) n (n + 1) (2n - 1) (2» - 3)/(2» + 31) 
with A a = A/7 I from the fourth approximation to <f> 

The general solution is found to be 


A„ = jVA »(» — 1) (n — 2) (2» — ]) (2n - 3)/(2n + 11), 

leading to 

v* _ , A «(n — 1) (n — 2) (2»— 1) 2n — 3) 

Ffc - 5 “ " A -2ft+Ti- 


But it is clear that this procedure ultimately becomes too laborious, and that 
further generalization involves some intuition At the same tune there is every 
reason to think that a final exact expression is possible 


General Structure of F„* when 2q — p ts an Odd Positive Integer. 

We may write the three values so far found for the functions F p * as follows — 


j* ^ A 1 / 1 \ 

*- 1 (2»-l)l 2-l!\2»+l/ 

r - A 1/1 3? \ 

•"-* (2» — 3)1 4*31 \2» + 1 — 2» — 1/ 

j* A 1 /1_ IOC* ■ 8g i 

*"-• (2» —5)1 6*5I\2» + 1 2n — 1 ~ 2n — 3/’ 

and aa inspection indicates that the next should be 


( 18 ) 

( 19 ) 

( 20 ) 




.A 1 / 1 _»C» ■ PC*' rC* \ 

(2» —7)1 8*7l\2n + 1 2n — 12 m - 3 2n-5/ 


(21) 
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when (a, p, y) are independent of n We already know this function to be 
serfcio in and it is probable that y = 7 These suppositions are verified 
entirely on substitution in the general recurrence formula It is hardly 
necessary to give the analysis The values of (a, p, y) are found to be 

a = 21, p = 35, y = 7 
In the same way, we can go on to Bhow that 

A 1 ( 1 36? 126? 84? 9g_ \ 

*»-• (2» — 9)! 10*91\2»+ 1 2n-l* r 2n-3 2»-5‘ r 2n-7/' 

and, at this point, the final generalization can be made m the form 

r „_a_ i _«■?. 

(2» — 1 — 2r)I H-2 ir + 11^2»+ 12n — 12» — S / 

the senes terminatmg at the term in £* r , and a,., p r , , depending only on r. 
We have the following initial scheme — 

r= 0 r =1 r = 2 r = 2 r = 4 

0^ = 0 « r =l*3 a^ —‘2 5 a, = 3*7 a, = 4*9, 

and evidently, m general, 

a f = r(2r+ 1) 

The scheme for p f is — 

r = 1, r «ss 2, r = 3, r — 4, 

B r = 0, B r = 1 5, B, = 5 7, B f = 14-9. 

These members are not decisive, though they strongly suggest the sequence 
1*.5, (l*+2»)7, (l*+2»+3»)9... , 

more especially as such sums of squares are already familiar m the investiga¬ 
tion. A process of induction readily verifies this suggestion, and 

P, - (2r + 1) (1* + 2* + . + (r - 1)») - ± r (r -1) (4f* -1). 

At this point we oan in fact divine the whole result completely, and verify 
it afterwards. With 

« r -f(2r+l), pr~i(f-l)r(2r-l)(2r+l) 

we may suggest 

Vr = j| (* “■ 2) (r — 1) r (2r •— 3) (2r - 1) (2r + 1) 

where N is numerical. Our previous work has given us the values 

y,-7, y« = 8< 
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and these are both consistent with the suggestion, if N = 90. Then we may 
divine 

*' = M (r “ 3)(r-2)(r ~ 1,r(2f “ 5) ( 2 f - 3 H 2f - 1 )( 2r + 1 >* 

o 

and knowing 8 is 9 when r = 6, we find M = — 

If these coefficients are put m the equivalent forms 

1 (2r+l)l Q 1 (2r +1)» 1 ( 2r+l)l 

* r 2 l (2r — 1) 1’ Pr 4 > (2r — 3)!' Vr 6l(2r-B)l* ’ 

their law of formation is simple and apparent, and if r 0, the general value 
of a coefficient F is 


F! 


1 — {- 

4 - 2 ) \( 


a, - 1 - ar (2» — 1 — 2r) 1 (2r + 2) L(2»+l) (2r+l)» 

_? 


(2n — 1) 2! (2r — 1)» ‘ (2» 


— 3) 4*1 (2r — 3)! (22) 


It is understood that the senes terminates just before a negative factorial 
appears. In order to complete the investigation, it is necessary to show that 
F satisfies the general difference equation. We have proved this by induc¬ 
tion, but the proof is somewhat long and we do not exhibit it We now 
have a solution of the equation of wave motion whose general term is 
expressed 


Final Solution of the Equation of Wane Motion 
To summarise the results, we now have a solution in oblate spheroidal 
oo-ordinates of the form 


where 


F, 

o 

f„*s^f; +1 . 


(25) 

(24 


and when r r* «, F is given by (22), but when r = n, 

$r »*+» - A f 1 * wnh “f 1 * 4, 

V”*'* sjo ** + ? 


This solution, when <e—>-0, reduces to AP t (p) (Q, while its derivate to C 

is constant at * = 0, and identical with that of AP X (p) q t (Q. 
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This is a solution on very different lines from any previously given. We 
now wish to sum it into a convenient form Evidently we may write 


r _A/2_ 

a- 1 "* (2n —1—2r)!(2r+2)! 

f-fe{d + + a - 

J* * 

which is equivalent to 


= _A/2_ 

**"+1 (2m+1)! (2n-2m)l 

r-fei to+txo*"-*"- 1 +a - ixo*"-*— h. 

Ji ® 

Then 

F, = Pj* (* + F # V + . + Fl_! p*" -1 , 

and if 4 = 4i + 4a> where 4i is the function already summed, 

4i = -f- <u 4 F 2 -f . 

= to*{i {Fj 1 + t^Fj 2 + « 4 Fj* + } 

+ coV {F a * + w*F#* + ...} + «V {S’.* + + J + 


where all brackets run to infinity of terms 
If this is equivalent to 

4a- £ A«p.*" +1 (2fi) 

we have 


*A 


o 


fim 


r d* r 

J, 5^+*\r 


(2m+1)1 


_i_ v w «.(£l±iO 

+ «*.r» 


i-«*?.« 


2s! 

t e>»tei±.j^ 


2s! 




the summations being absolutely convergent. Thus 


or, if t — aT l , 

*■-*<*£* 1 

and thence on summation, 

A f l A /cosh“(«+£)-l , coshe>(<-*)-n s*n 


' dx 
^=+*1 


cosh o> (aP 1 + i?) — 1 cosh 


1+ UP? 


+ 


l ix? /’ 


[ coBh <■>(*+£) — 1 . cosh to(* — lO — 1 


l 


< + *? 




}• 
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Clearly j> t vanishes when £ is infinite, so that our final superposed condition 
is satisfied by the whole sum of terms When this is combined with the 
whole result condenses into the elegant form 




cosh a (/ — t£) 
I-* 



This is not a special case of any recognised form of solution It expresses a 
certain set of converging and diverging waves, whose form is simple when 
expressed in terms of these co-ordinates At a great distance it tends to the 
value 


A r J smh to (1 + n) sinh <o (1 — pf l 
2 <ft 1 w(l-l-ti) w(l —p.) J‘ 


(28) 


* - A P dt sinh <on< l 00 - 8 ^ <*.+ ■ *> ■ + } 

T 2 wJo l t-iX. t~iK J 


A New Class of Spheroidal 'Wave-forms. 

By a class of wave-forms we mean a group of solutions of the equation of 
wave motion. The present class has not hitherto been noticed, although it 
is fundamental to the exact solution of problems involving the passage of 
waves past a circular (or oblate spheroidal) obstacle, or through a circular 
aperture in an infinite plane screen The general nature of this class is sug¬ 
gested by the form of the function <f> developed in this paper This can be 
put in either of the forms, readily shown to be equivalent, 

cosh <a (< — 1 £ ) 
t- & 

*= — | dt sinh apt j dh (cos smh <o At) + | cos J- 

The second form raises an interesting query. Under what circumstances 
can the equation of wave motion be satisfied by a function 

wnh _ 

when the limits of integration an constant ? We shall consider the function 

* = JJ/(A, t) e^+^'dXdt 

when /is independent of £ or p. We find 

. {coV (1 - {!*) - 2pat + dt. 




(29) 


Jf' 


(o>|i)* e** 1 * = (3/3 0* e"*' 


ora* 
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the right-hand side becomes 

J[dA*/(A, t) -[«*-*! +0 -/•) 

This can be integrated by parts with respect to t, once and twice respec¬ 
tively in the second and third terms of the bracket It is assumed that the 
function / and the limits are such as not to invalidate these operations 
Thus after reduction, the limits being (l v $ B ) (An A t ) for t and X f 

|- (1 -W-ff{«*■/+ 

After the same manner, 

lu + Ofl+aW 

= J|/dA<&{-co*A* + 2A JL + (A* - 1) **« + <*&, 


or, on integration by parts, becomes 


The equation of wave motion is thus satisfied provided that 
||KdA(fte‘-* <+ -‘ , + £(1 — if— 

+ r* [(A' -1) (to»V- “0, 


where 


K s I (l -^ - h ' 1 - ^ If + 


(50) 


After the usual manner, we choose/ to make E vanish. Then, if A= tv is a 
new variable, 

s (1 -' ) lf + l; <1+ ^ , if + “ v+,, ' , >/- 0 ' <>« 

uAkjA w the equation of wave motion with spheroidal co-ordinates (t, w), or 
(t, — iA). Thus if F ((a, 0 is any wave solution in spheroidal co-ordinates, we 
can take 

/=F«,-iA) 

in order to obtain an integral solution. 
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The limits (Aj, A s ), (t Jt t a ) must be chosen to make the sing le m 

< 30) vanish. There is one obvious choice which is satisfactory m a majority 
of oases. This is (Aj, A 2 ) — ±1, (t v t a ) = ±1, provided that/and its denvates 
satisfy obvious conditions of finiteness within these limits 

The sign of n or or both, can be changed without affecting the preceding 
arguments, and, in fact, the following statement is true almost universally._ 

H ^(f*, 0 “ a solution, m spheroidal co-ordinates, of the equation, where 

foi = w, 


Then the double integral 


(V* + A»)^ = 0 


4 — J l ^ j 1 F (t, - tA) dk dt «*«**-* (32) 

iB another solution, where the signs in the ambiguities can be combined in any 
manner This gives a great variety of important solutions which may be 
studied, which lead to various solutions of problems of wave motion Some 
of the more fundamental may be indicated at this point The simplest solu- 
toons of the equation of wave motion are 


giving 


F(jx, Q e*** =* 

F (t, -d)«e±" w , 


And therefore, as further solutions, we have 




where any ambiguous signs can be taken together Integrating with respect 
to A, solutions are 


* 




which include as examples 


sinh oi(t± t{) 

t±< 


}■ 


<£, = f 1 dt sinh unit £amh ca ( t -f- iQ __ smh w (< — dJ)~L 

J-i t+iK 7+Z — J 

= j 1 dtewh + tg) 1 ■«* (S3 ) 

Limits other than ±1 may be available. For example, with the present 
illustrative form of F, positive or negative infinity is at once seen to be a 
limit for A or for < It we take it for A, we deduce that a solution is given by 

^ =■ P dt f dke mmm * t * t * K (* m i ti 
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which includes, as an important case 

+* = «- fa ‘£«nh + ~^}a, (34) 

teruling f at an infinite distance, to 

<f>s = ~ r * ( smli dt , (35) 

is Jo * 

and therefore ultimately proportional, m polaw, to e" i * r /r, and representing 
a wave diverging from the pnmary spheroid which is the basis of the co¬ 
ordinate system A change of the sign of t m this form of gives a wave 

+ (3«) 

converging on the spheroid. 

Other solutions readily derived by this type of procedure are 

fa - fsmh «^/222L®MjO _ co*t*(£p 

Jo t t l(p i — J 

* - «h m 

of which the first is the solution derived m the earlier part of the paper, and 
reducing to Pj (/«) q x (£) when w = 0, and making dfa/dz constant over z = 0, 
p <a. 

These functions fa fa can lead to the solution of the problem oi 
diffraction of plane sound waves—and thence of electromagnetic waves— 
by an obstacle in the form of a circular disc, and also the problem of p«—fg» 
of plane waves through a circular aperture m an infinite plan ** screen . 
S i m il a r analysis has been found suitable m two dimensions for the suggestion 
of alternative modes of solution to that of Mathieu and Lam6, in which the 
general form can be expressed simply. 
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By Irving Langmuir and K H Kingdon, of the Research Laboratory, 
General Electric Company, Schenectady, NT 

(Communicated by Prof Sir E Rutherford, F.R S —Received November 18,1924.) 

Early in 1923 it was shown* that a tungsten filament heated to 1200° E or 
more m saturated cwaium vapour converts all caesium atoms which strike it 
into caesium ions Thus when the filament is surrounded by a negatively 
charged cybnder a positive ion current flows from the filament, which is inde¬ 
pendent of the filament temperature (above 1200° K) and independent of the 
applied potential, if this is sufficient to overcome the space charge effect of the 
positive ions At lower voltages the currents follow the 3/2 power law, and 
the currents are smaller than the corresponding electron currents obtainable 
from the same filament m the ratio of the square roots of the masses of the 
electrons and caesium ions 

The reason that the caesium atoms lose their valence electrons so readily upon 
contact with the filament, is merely that the electron affinity of tungsten 
(Richardson work function)4s 4 53 volts, whde the electron affinity of a caesium 
atom (ionising potential) is only 3'88 volts Experiments showed in fact that 
if the work function for the filament is lowered to 2 69, by allowing a monatomic 
layer of thorium atoms to accumulate on the surface (by diffusion from the 
intenor of a thonated tungsten filament), the positive ion emission becomes 
negligible 

The positive ions must be attracted to a tungsten surface because of the 
electron image force. Thus it is that below about 1200° K the c esium ions 
evaporate so slowly from a tungsten surface that this becomes partly covered 
by adsorbed caesium ions The presence of these ions, however, lowers the 
electron affinity of the surfaoe, so that when about 20 per cent of the surface is 
covered, the work function falls below the ionising potential of the caesium 
With more csBsium on the surface the caesium atoms which strike the filament 
no longer escape in the form of ions but remain in the atomic state Thus the 
positive ion currents disappear below about 1100° E. But the lowering of the 
electron affinity raises the electron emission, and when the surface becomes 
more completely covered by caesium as the temperature is lowered, the electron 

* Langmuir and Kingdon, Soitnct, vol. 87, p. 88 (1923), and Phy». Rtv, vol. 21, p. 880 
(1923). 
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emission rises to a muTimiiTn (of about 10~ 5 amps, per cm * at 700°) and then 
decreases rapidly at still lover temperatures, in accordance with R icha r dson’s 
equation 

By heating a tungsten filament m a low pressure of oxygen its surface may be 
covered by a monatomic film of oxygen ions, which does not evaporate appreci¬ 
ably below 1600° K and which raises the electron affinity of the surface to 
9 2 volts On this surface, atoms such as those of copper, which have ionising 
potentials below about 9 volts, can be converted into positive ions, although 
others (such as mercury) with ionising potentials of 10 volts or more, do not 
form positive ions * 

Caesium ions are held more firmly by the adsorbed oxygen film than by a 
surface of tungsten, so that with a csesium vapour pressure (at 30° C) of only 
0*0029 bar, the surface remains practically completely covered by csBaium ions, 
up to a filament temperature of 1000° K, and thus the electron emission 
reaches the high value of 0 35 ampere per om 2 
Since these results were published, detailed experimental studies of these 
phenomena have been made and the theory has been further developed Full 
presentation of the data and the derivation of the theoretical results will be 
reserved for a paper to be submitted to the Physical Renew, while in the 
present paper the aim will be to outline the view-point which has been arrived 
at and to state conclusions 

Thermal Iomsatum of Castum Vapour. 

The degree of thermal ionisation of csesium vapour may be calculated from 
the ionising potential by the modified form of Saha’s equation given by 
Fowler and Milne (Monthly Notices, Roy Astron. Soo., voL 83, p. 403 
(1923)) The ionisation of csesium vapour at a pressure of 0*001 bar and 
1200° K should be 0 00095, or only one-tenth per cent, A aiwiilai* calculation 
for the degree of thermal excitation (corresponding to tbe first resonance 
potential of 1*48 volt) is only 6 x 10~ T 
Saha (Phil. Mag , vol 46, p 534 (1923)) has attempted to calculate the 
electric conductivity of csesium vapour from the degree of thermal tum, 
but has obtained results only partly in accord with experiments 
Let us consider an enclosure at 1200° K, having walls of tungsten and 
containing csesium vapour corresponding to a pressure (ions + atoms) of 
0 001 bar. Our experiments have shown that practically all I’wtium atoms 
which strike tungsten surfaces at this temperature are converted into ions and 
* Kingdon, Phys. Rev., vol. 23, pp. 774, 778 (1924). 
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leave the surface m this condition. The normal free path of the cseamm atoms, 
being of the order of 10 4 cm at this pressure, is so great that, with an enclosure 
of reasonable size, practically every atom or ion m any element of volume 
will have collided with the walls many times sinoe its last collision with 
another particle in the free space. It is thus clear that nearly all the 
caesium atoms in a small enclosure at 1200° K must be converted to ions 
At first sight this conclusion seems to be entirely inconsistent with the 
degree of ionisation of 10~ 3 calculated from the Saha equation But we must 
remember that in calculating the degree of ionisation it was assumed that the 
concentrations of electrons and ions in the ionised gas are equal * Since 
the walls of the enclosure give off electrons, there is no necessary relation 
between the concentrations of the ions and the electrons. What Saha’s 
equation really gives is the equilibrium constant, 

K.-M*. (1) 

n, 

where n„ n„, and n a are respectively the number of electrons, of positive ions 
and of atoms per unit volume The value of K*, when n„ n v , and n B denote 
the numbers of particles per cm. 8 , is given by 

logw K, -15-386 +1 log I0 T — ^ (2) 

At 1200° K the value of K* is 5340 The electron emission from any 
metal is given by 

I = AT*c‘ t/T (3) 

where, for pure tungsten, A = 60 2 amperes per cm * deg ~* and 
b — 52,600 degrees. The electron density n, is obtainable from the electron 
emission I by the relation 

*‘-®‘ i= 4 - 0S4 x, 0 ‘vF <4) 

I being expressed in amperes per cm * and « e in electrons per cm.* 

Thus we find that n„ the number of electrons per cm.* m equilibrium with 
tungsten at 1200° K, is 9-25. Inserting this value of n, in equation (1) 
together with the above value of K„, 5340, we obtain n,/n* = 577 Thus if 
S78 cuBsinm atoms or ions stake a tungsten surface at 1200 s K, an average 
of only one will leave the surface as a neutral atom, while 677 leave as ions. 
This conclusion is in aooord with the experiments. 

* This tacit assumption m Saha’s recent paper «largely responsible for the discrepancy 
betwee n his oonolusions and the experimental data 
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Suppose, on the other hand, the walls of the enclosure are completely covered 
by a single layer of thorium atoms. The electron emission for the surface is 
then given by equation (3), with the constants A — 7*0 and b = 31,200, so 
that by equation (4) we find n, — 6*0 x 10 T Then by equation (1) we obtain 
n,/n„ = 8-9 X 10~* This means that only one atom of 11,000 striking a fully 
thonated tungsten surface would leave it as an ion This is in accord with 
the observation that the positive ion emission from a thonated filament m 
caesium vapour is negligible compared with that from pure tungsten 


Table I —Thermal Ionisation of Caesium Vapour m Contact with Pure Surfaces 
of Tungsten and Thonated Tungsten. 


T 

K m 

Tungsten 

Thonated Tungsten 

n. 


n e 


600 

2 36X10-» 

5 saxio-*- 

4230000 

2 52xl<r* 

0 33X10-** 

1000 

2 26 

1 10X10--* 

2060 

2 62x10* 

8 96xl0~* 

1200 

6 34X10* 

e 26 

677 

6 00x10* 

8 90x10-* 

1600 

1 34X10? 

8 29 X 10* 

162 

1 62 X 10 w 

8-80x10-* 


8 72 X10 10 

8 22 x10 s 

46 3 

4 26X10“ 

8 76xl0n> 

2600 

4 67 X 10'* 

2 21X10" 

21 1 

1 34 X lO 14 

3 49 x 10”* 


Table I gives data for the thermal ionisation of cesium vapour in enclosures 
of tungsten and fully activated thonated tungsten These figures are based 
on the assumption that the electron emission is that which is characteristic 
Of the material of the walls and is not altered by the presence of the cesium 
vapour This assumption is only valid if the temperatures are so high, or the 
vapour pressure of cesium so low, that no appreciable adsorption of cesium 
occurs From the table it appears that cesium vapour in contact with tungsten 
walls at 500° K should be practically completely converted to ions That this 
does not occur can be due only to the presence of adsorbed cesium, whfah 
noreases the electron emission of the walls. 

The degree of ionisation w,/n 4 decreases with rising temperature with tungsten, 
whereas it increases with thonated tungsten. The positive ion wmimnon fay r a 
pure tungsten surface in presence of caesium vapour is practically always Kmtoad 
by the rate at which the caesium atoms arrive at the surface, so that it is not 
practicable to use measurements of the positive ion currents from pure tungsten 
surfaces to determine experimentally the value of K*, and thus to check the 
theory. 
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With pressures of caesium corresponding to room temperature (0*001 bar), the 
number of positive ions generated becomes small compared to the number of 
atoms that strike the filament, if the filament temperature is below about 
1150° K, but the electron emission at this temperature is too small to measure 
At the still lower temperature at which large electron emissions are obtained 
from the filament due to the adsorbed caesium, the positive ion currents are too 
small to measure However, by raising the pressure of the csBSium vapour to 
0 1 bar or more, it becomes possible to measure the positive ion and the electron 
emissions at the same filament temperature, and thus obtain data for determining 
experimentally the degree of thermal ionisation of cesium 

A pure tungsten filament was heated to 1177° K in a bulb containing saturated 
caesium vapour at 70° C By applying first positive and then negative potentials 
to the surrounding collecting electrode, the electron and the positive ion 
emissions were measured The currents increased a little with increasing 
voltage, because of the Schottky effect, so that they were corrected by 
extrapolating to zero volts by plotting the logarithms of the currents against 
the square roots of the voltages * 

The electron emission at 1177° K was 2 22 X 10~* and the positive ion 
emission 2 06 X 10~* ampere per cm* The electron emission from a pure 
tungsten surface at this temperature in absence of caesium is 3 25 x 10 - “ 
On raising the filament temperature to 1300° K or more, the positive ion 
current increased to 2*43 X 10~ a , and was then independent of the filament 
temperature and applied voltage, if this voltage were high enough to over¬ 
come the positive ion space charge This ion current is thus a measure of 
the rate at which caesium atoms strike the filament and corresponds to 
1*52 x 10 1 * atoms per sec per cm*, or a pressure of 0*122 bar of cesium 
vapour 

At the lower temperature (1177° K) the atoms still strike the filament at the 
same rate, although the positive ion current is only 1/1180 as great as at Hie 
higher filament temperatures The conditions at the surface of the filament 
must be essentially the same as though it were surrounded by an enclosure 
at 1177° K, containing such a concentration of caesium vapour that 1 52 X 10 1 * 
atoms strike each square cm per second This concentration would be 

n„ = 1*40 x 10“ atoms per cm * 

which corresponds to a pressure of 0*226 bar. 

If the filament were in an enclosure at 1177° K under equilibrium conditions 

* S Dustman, Otn their. Rev., vol. 86, p. 167 (1883). 

TOL. cm.—A. t 
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with this concentration of cesium, the filament would emit and absorb electron 
and ion currents equal to those measured in the bulb at 70° C. From these 
observed currents we may thus calculate by equation (4) the equilibrium 
concentration of electrons and ions. We obtain m this way 
n 4 = 2 60 x 10 * electrons per cm *, 
n„ass 1 * 19 X 10* ions per cm*. 

Substituting these values of n a , n, and n v , m equation (1) we obtain, for the 
experimentally determined value of K n at 1177° K, 

K* (exp ) = 2210 per cm 8 , 
while calculation from equation (2) at 1177° K gives 
K„ (calc ) == 2500 per cm * 

This difference m the two K*’« corresponds to a very small change m tem¬ 
perature To obtain K„ = 2210 from equation (2), we need only to substitute 
T s= 1174 instead of T — 1177 The agreement between the observed and 
calculated values is thus as close as the accuracy of the temperature 
measurements 

A similar set of data was taken with the filament at 1254° K and the bulb 
at 80° C, giving a caesium vapour pressure of 0 266 bar The electron and 
ion currents were 3 74 x 10 ~* and 2*03 x 10“* ampere per cm.* respectively. 
The value of K* found from these measurements was 16,600, while equation (2) 
gives 28,700 The error is larger, but the experimental value corresponds to 
that given by equation (2) at T — 1236°, which agrees reasonably well with 
the observed temperature of 1254° These experimental determinations of 
the thermal ionisation of caesium vapour thus give results in full accord with 
Saha’s equation, and verify the Sackur-Tetrode value of the chemical constant 
as applied to ionisation 

In these experiments the ion currents used in determining n„ corresponded 
to a negligible fraction of the atoms striking the surface (» a ) When n, 
calculated from the ion current is not negligible compared to the » a corre¬ 
sponding to the caesium pressure, there will be an appreciable departure from 
the equilibrium conditions An analysis of the kinetics of the positive ion 
emission has led to the following equation for calculating K* under these 
conditions, 



Thus the effective concentration of caesium is not n„ but is n, — n. 
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If the collecting electrode is made positive, the positive ion current and n 9 
fall to zero, so that the effective concentration corresponds to n«. Thru the 
amount of adsorbed cesium will be greater when the collector is made positive. 
For this reason, n, in equation (5) cannot be determined from measurements 
of electron emission unless it is known that the amount of adsorbed ctestum 
is too small to influence the emission This condition, however, seemB to be 
fulfilled with partly activated* thonated filaments at high temperatures, for 
the election emission at temperatures above 1300° is not altered when the 
ceeeium vapour pressure is raised from 0 to 0 008 bar 

A series of measurements were made of the positive ion currents and the 
electron currents from thonated filaments in vanous states of activity The 
'ion currents for fully activated thonated filaments were about 1 per cent of 
those from a deactivated filament for which the current was limited by the 
supply of cmsium atoms 

The currents from the less active filaments decreased as the filament tem¬ 
perature was raised, while those from the more highly activated filaments 
increased with temperature, quite m accord with the calculated temperature 
variations of n„/n a given in Table 1 But the values of K„ calculated from 
these data by equation (5) came out from 4 to 50 times too great It is probable 
that the discrepancy is due to lack of homogeneity of the adsorbed thonum 
film. A few minute regions having less than the normal amount of thonum 
would have little effect on the electron emission, but would increase the 
positive ion emission and thus give too large values for K, Further experi¬ 
ments will be mode to investigate these effects in more detail 

Space Charge Effects —Since m general the electron density w, and Hie ion 
density n„ are not equal, there will be space charges around a heated body 
in caesium vapour For example, in a large enclosure having tungsten walls 
at, say, 1500° K, there is a positive space charge, which makes the potential 
of the space in the enclosure higher than that of the walls This field repels 
ions and attracts electrons, and thus makes the concentration of the particles 
of the two signs in the centre of the enclosure more nearly equal At a con¬ 
siderable distance from the walls the space charge and the potential gradient 
thus disappear, but the potential in this region may differ by several volta 
from that near the walls. By simultaneous solution of the Boltzmann and 

* A thoriated filament is said to be outvoted when thonum is brought to its surfaoe by 
diffusion from the interior, thus increasing its electron emission A lull discussion of the 
methods of activating these filaments end the theory at these effects was given by Langmuir, 
Pkgs. Rev , vol. 22, p 357 (1923). 
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Poisson equations, the potential distribution near a plane electrode oan be 
worked out * 

The Adsorbed Film of Couvum —Both electrons and ions, when they approach 
within less than about 10~® cm of a metallic surface, are acted upon by strong 
forces (electno unage forces) drawing them towards the surface, because of the 
charges of opposite sign which the particles induce m the surface Each 
singly charged particle is thus attracted to the surface by a force equal to 
e* (2x) % , so that within the range of this force the particles are distributed 
as though they were subjected to a potential equal to ± e/(4 r) m addition to the 
potential resulting from space charge 

Smce the former potential is a fictitious one, called into play only by the 
presence of the particular particle upon which it acts, much confusion will be 
avoided if the term potential is not applied to it It is, in fact, what the 
'electro-chemist calls “ electromotive force ” However, since it is measured 
in volts it is better not to call it a “ force,” it is therefore suggested that the 
term motive be used. The motive is thus defined as a scalar quantity whose 
gradient, m any direction and at any point, represents the force-component 
per unit charge which acts on an electron or ion. The motive thus includes the 
potential 

The concentrations n, and n v just beyond the range of the image force 
are given by equation (1), so that the product n^n p remains constant. But 
within the region of the image force both n, and «, increase as the surface is 
approached, the increase of concentration being calculated from the Bolts- 
mann equation 

»,/»,=«*/*r ( 6 ) 

where » x and n, are the concentrations in two regions between which the motive 
difference is E.f Thus close to the surface the product increases rapidly. 
This does not violate thermodynamio principles, because the ionising potential, 
which was used in calculating K, according to equation (2), becomes a 
function of the distance of an atom from a surface when the atom is in the 
region of the image forces 

We believe that the formation of an adsorbed film of caesium on a tungsten 

* Since deriving the equations for this oase and applying them to osearam vapour, we 
have found that the subject of spaoc oharge under equilibrium conditions in presence of 
positive ions and electrons in a metallic vapour has been treated mathematically in a 
recent paper by Leue, Sibber Preuss A lead, d Wits (December 0,1983), p. 334. 

t The signs of these quantities are omitted, for they are different for positive and negative 
charges and may be readily supplied when needed. 
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surface is largely the result of the high concentration n v of ions within the 
region of the image force. The motive corresponding to the image force is 
equivalent (according to Poisson’s equation) to a fictitious Bpace charge, 
rif (electrons per unit volume), given by 


1 0 040 

8na? ** 


(7) 


where x is the distance from the surface The actual space-charge densities 
m the image region are enormous compared to those outside this region, but 
nevertheless they are usually negligible compared to n/ except when x is less 
than about 2 x 10" 8 cm 

Thus there are no appreciable potential differences, such as would be necessary 
to alter the contact potential of a metal, except within atomic distances of the 
surface Since changes m contact potential always accompany changes in 
electron emission, we conclude that a modification of the electron emission 
of a surface by cmeium vapour is not due to an electron and ion atmosphere, 
as was suggested in our paper m Science, but can only be due to csBsram ions 
or atoms m a monatomic layer on the surface * 

The concentration of ions m the image region is dependent on that outside 
this region, and, in fact, will be proportional to it, if the concentration is 
not too high Thus, considering the data of Table I, we may understand why 
cesium vapour does not appreciably raise the electron emission of a fully 
thonated surface at any temperature, whereas that of tungsten at 700° K 
may be increased lO^-fold Each adsorbed ion on the surface draws electrons 
into its neighbourhood and this partly offsets its positive charge Probably 
considerations apply to the distribution of electrons around the adsorbed 
ion somewhat similar to those that Debye and Hiickelf have applied to 
solutions of strong electrolytes 

If the adsorbed atoms are relatively far apart they probably repel one 
another, because of their excess of positive charge But as they become more 
closely packed, the electron concentration in the spaces between the ions, 
varying as it does exponentially with the potential (equation 6), must increase 
vary rapidly, and thus, as we shall see, the ions tend to be drawn together and 
exhibit properties like those of the molecules of liquids. 

We are thus led to the conception of an equation of state for the adsorbed 

* We shall show that In the adsorbed film no dutinotion can be drawn between atoms 
and ions. 

f Debye and Bitokel, Pkys ZeU., voL 24, p 334 (1023) 



70 


I. Langmuir and K. H. Kingdom 

caesium atoms. It has been possible, by measurements of the electron am i s si on 
of tungsten filaments in presence of ceasium vapour, to gain much qua nt ita t ive 
information aB to this equation of state, and also to determine the energy 
changes involved m the adsorption of caesium on tungsten or on a film of 
oxygen ions This work is still in progress, and it is hoped that it can be 
extended to give the complete equation of state for even concentrated (close- 
packed) adsorbed films It would seem that a study of the growth of these 
films, from the dilute (2-dimensional gas) state to the concentrated (liquid or 
solid), should throw muoh light on the state of the electrons within metals. 

Qualitatively we have very direct evidence of the existence of two “ phases ” 
m the adsorbed films by measurements already briefly described in the paper 
in Scienoe The positive ion emission from a tungsten filament in caesium 
vapour increases discontmuously as the temperature is raised. At a certain 
temperature a large positive ion emission begins at one point of the filament 
and then spreads at a uniform rate along the filament until the whole filament 
gives the higher emission If while this process is occurring the temperature 
is lowered, the rate of spreading of the active region is decreased, or the boundary 
may even be made to move back again There are thus two distinct surface 
phases (a concentrated and a dilute phase) with a definite boundary between 
them. 

Electron Emmton from Dilute Ccmum Films adsorbed on Tungsten 
Consider a tungsten surface at such high temperature m caesium vapour 
that only a small fraction of its surface is covered by adsorbed caesium The 
concentration n„ of ions just outside the region of the image force will be 
high compared to n„ the concentration of atoms. The ions strike the surface 
at a rate proportional to n p . Since the adsorbed film is dilute, the ions on the 
surface evaporate mdependently of one another, and thus the rate of 
evaporation of ions is proportional to n#, the number of adsorbed tons per 
cm. 1 ; so we may place 

•*» = on#. (8) 

Here e is a constant at a given temperature, which is proportional to the 
probability of evaporation per unit tune for any adsorbed ion. 

It has been shown by one of us,* both theoretically and experimentally, 
that for dilute adsorbed films the logarithm of the electron eminemu is a lintnr 
function of n# t so that 

<•> 

* I Langmuir, Phya Bev., vol 22, p 364(1023). 
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where B u a constant at a given temperature Combining equations (8) 
and (9) with (1) and integrating, we find 

», log — = 51a n a , (10) 

n„ c 

where n„ is the value of n„ which corresponds to n« *= 0, * e , a surface of 
tungsten without adsorbed cesium. We thus see that, as the cesium pressure 
varies, I log (X/I 0 ) should increase in proportion to the pressure of cesium vapour, 
and that from the constant of proportionality, since we know K., we can 
determine B Je 

Experiments made for the purpose of testing this conclusion have given 
data m good agreement with this theory. Filament temperatures from 
1450° to 1800° K were used and the cmsium vapour pressures ranged from 
0 to 4*07 bars (bulb at 120° C) Filament temperatures of at least 1460° 
were needed to give sufficient electron emission, and the high caesium vapour 
pressures were required to give a sufficient increase in emission to test the 
theory At 1470° the electron emission with 4 07 bars of ctasium vapour 
was 1300 times, while at 1790° it was only 3 6 times, that of a pure tungsten 
surface 

The conclusions drawn from these experiments are— 

(1) The quantity I log (1/1 0 ) is proportional to the pressure of cesium vapour 
within the probable experimental error, except that at the highest pressures 
with the lowest filament temperatures the value is too high, probably because 
the surface film is no longer dilute. The agreement with the theory is in 
fact excellent for all cases where 6 does not exceed about 0*13 For 0 = 0 21 
the function I log (I/I 0 ) is about 1-8 times the calculated value (at 1470° K) 

(2) The pure number BK,/c has practically no temperature coefficient, and 
has the value 8*8 x 10 ~ 4 . 

(3) Since B is approximately inversely proportional to the filament tempera¬ 
ture, the temperature coefficient of o is only slightly less than that of K„ 
By the Clapeyron equation we can thus find the heat of evaporation of positive 
ions from the dilute adsorbed film and obtain a value corresponding to 3*97 
volts. 

(4) It has been found that the values of B defined by equation (9) range 
from about 2*6 x 10 ~» at 1000° K to 2 1 x 10 ~ M cm.* at 1800° K Thus 
the values of e are given by 

19830 


log u c a 9*02 + 0*6 log u T 


(») 
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This equahon gives data lor tlie rate of evaporation of adsorbed canum ions 
on tungsten. 

The Gibbs equation for the adsorption isotherm may readily be put in the 
form 


dr 

d logn „ 


= n*AT, 


( 12 ) 


where F represents the spreading force (in dynes per cm) of the adsorbed 
film, which corresponds in the 2-dimensional film to a pressure in a 3-dimensional 
gas. An equation of state for the film is thus an equation which expresses T 
as a function of w« and T To obtain such an equation* we merely need to 
obtain a relation between n„ and n« m order to eliminate n„ from equation (12) 
But in equation (8) we have such an equation between n„ and n» for dilute 
films Combining this with equation (12), integrating, and fixing the integration 
constant by the condition that T = 0 when n* = 0, we obtain as our equation 
of state for dilute films 

r - »,*T, ( 13 ) 


which corresponds exactly in 2-dimensional gases with the law p = nk T for 
ideal 3-dimensional gases Since, at constant temperature, the assumption 
c sss constant m equation (8) was vended by the experiments, we may take 
the foregoing analysis as proof that the dilute caesium films follow the laws of 
ideal gas films. This means that the spreading force of such films is due 
pnmanly to thermal agitation and not to repulsive forces between neighbouring 
adsorbed ions 

When the amount of adsorbed csssium became so great (6 = 0*21) that the 
film was no longer dilute, we have seen that the electron emission increased 
faster with the ceesium pressure than it should according to the theory for dilute 
films This means that T increased less rapidly than in proportion to «#, and 
thus the adsorbed ions exerted attractive forces on one another We shall find 
further support for this conclusion in our study of concentrated adsorbed films 

The energy changes involved in the formation of dilute adsorbed films throw 
considerable light on the mechanism by which adsorbed atoms are held on the 
surface Since the energy required to remove an adsorbed atom in the form of 
a positive ion is approximately the same as the lonuing potential of the atom, 
it is probable that the relation between the positive kernel of an adsorbed atom 
(the C* + ion) and the electrons of the tungsten surface is substantially the same 
as that between the kernel and the valence election of a free atom. Thus a 


* Thu method of obtaining an equation of state for adsorbed films has been applied to 
films on liquids by Langmuir, Jovru Amur, Ohm Soe , voL 39, p. 1888 (1917). 
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omnum atom on a tungsten surface shares its valence electron with the tungsten 
very much as pairs of electrons are shared betweenatoms joined by the covalence 
bond From this view-point there can be no real distinction between atoms 
and ions adsorbed on a metallic surface 

If we think of an adsorbed caesium ion on a surface as having united with, or 
as sharing one of the “ free electrons ” of, the tungBten, it may seem at first as 
though these atoms should be capable of evaporating as such with relatively 
little energy change A closer analysis, however, shows that this is not 
the case 

Let U« represent the energy associated with the ionization of a caesium atom 
in free space (% e , the ionizing potential) Let U„ be the energy required for 
the removal of an adsorbed caesium atom (or ion) in the form of an atom. 
Let Up be the energy used to remove an atom from the surface m the form of 
a positive ion, and finally let U e be the work needed to remove an electron from 
the metallic surface We can get an atom from the surface into the free space 
either by removing it as such or by removing an electron and an ion separately 
and then allowing these to combine in the free space Thus we find the relation 

U.-U, + U.-U, (14) 

Fora tungsten surface having very little cesium on it U, = 4*64, U„ =- 3*97 
and U| ■■ 3 88 volts, and the equation then gives us U a — 4 63 as the energy- 
involved in the evaporation of an atom as such If U p — U< we see that 
U, — U, Thus the energy adsorption of free atoms is determined principally 
by the electron affinity of the metal, and results from the fact that the metal 
is able to take the electron that is brought to it by the atom aa one of its own 
electrons, even though this electron is shared by the atom Of course, the 
electrons which are shared by a given atom may be, and probably are, con* 
tinually changing, but the conception of shared electrons is not altered thereby. 

Concentrated Adsorbed Films of Casmm on Tungsten —At sufficiently low 
temperatures a tungsten filament in presence of cesium vapour becomes 
completely covered with a layer of adsorbed caesium atoms (6 a 1) As the 
temperature is raised the emission increases, apparently in accord with the 
Richardson equation (equation 3), the logarithm of the electron current being 
practically a linear function of the reciprocal of the temperature At a certain 
temperature (for each pressure of cesium) the current reaches a maximum and 
then decreases as the temperature is raised, since the adsorbed cesium 
evaporates at these higher temperatures and 6 becomes much smaller 
than unity. 
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The families of curves in fig 1 give a summary of about 220 determinations 
of the electron emission of filaments m presence of osesium vapour. The curves 
have been drawn accurately from the experimental data and may be used for 
quantitative calculations if desired The ordinates are the common logarithms 
of I„ the electron current densities in amperes per cm.*, and the abscissas 
are the reciprocals of the absolute temperatures of the filament, multiplied by 
1000 for convenience The temperature of the bulb which fixed the vapour 
pressure of the cesium is given in degrees Centigrade on each curve The 
two upper curves, which appear distinctly different from the rest, were obtained 
with filaments which were completely covered by a film of oxygen ions before 
admitting the ceBsram vapour The other nine curves were obtained with pure 
tungsten filaments which had been flashed at high temperature to remove all 
impurities from the surface before the readings were taken The caesium film 
condensed on them, of course, when the filament temperature was lowered to 
that at which the currents were read 

Considering now the curves obtained with the caesium adsorbed on the pure 
tungsten surface, we see that each curve consists of 3 parts *— 

I A low-temperature region where the emission apparently follows Richard¬ 
son’s equation, giving a straight line descending to the right m fig 1 

II An intermediate region where the plot m fig I is curved, the current 
reaching a maximum as the temperature is raised and then falling 13ns 
region may be regarded as a transition curve between the straight portions I 
and III. 

III A high-temperature region, where the plot in fig 1 becomes straight 
again, but the current decreases with rising temperature. An equation of the 
Riohardson type may be used to represent these lines, but the quantity b 
would then have a negative value 

Fig. 1 shows that both in Regions I and II the straight lines at tho various 
pressures are approximately parallel to one another. The envelope of the 
family of curves » a straight line, shown as the dashed hue AB. All the curves 
of the family are, m fact, very nearly alike,* and differ principally m being 
displaced in a direction parallel to AB. These displacements are found to be 
proportional to the logarithms of the pressures of cesium 

These conclusions may he summarised by saying that these electron emission 
data are given by the equation 

log I# + M logp **/(l/T -J- Nlog p), (15) 

* Thu is only approximate It will be notified that the curves for the higher ptreeiirie 
have the (harper curvature m Region II. 
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where M and N are constants and / denotes a function characteristic of the 
shape of the curves in fig 1. From the data we find that the actual values of 
M and N are 

M = — 0 83, N = 4'4 x 10~* deg -1 



Fra. 1.—Electron emission from Tungsten filaments in Caetum vapour at various 

pressures 


76 


I. Langmuir and K. H. King don. 

The pleasures of csssium vapour used in these calculations wore found by 
measurements of the positive ion currents obtained with filament temperature* 
of about 1000° K, where all the atoms that strike the filameut are converted to 
ions The vapour pressures obtained in this way are accurately given by the 
equation (p m bars) 

l°gio 10 65-^. (16) 

From these considerations it may readily be seen that m Regions I and III 
the electron emission of a tungsten filament of temperature T in ctesium vapour 
at a pressure p is expressible approximately by the equation 

I.= «p*e-«* (17) 

where a, (3 and y are constants. 

The data illustrated in fig 1 give the following values of the constants, 


when I e is in amperes per cm 2 and 

: p in bars — 




a 

p 

y 

Cesium on Tungsten 




Region I 

6 06 x 10 w 

+31300 

-0 70 

Region HI 

8 6 X 

— 19100 

+1 60 

Cesium on Adsorbed Oxygen 




Region I 

1 04x101® 

+23400 

-0 62 

Region 111 

2 96 x 10" u 

-32200 

+ 1*96 


According to the Clapeyron equation, the heat of evaporation may be 
calculated from the temperature coefficient of the vapour pressure, 6 remaining 
constant We may generalize this and associate an energy change Uy* with 
any particular phenomenon, which vanes with the temperature in such a way 
that the loganthm of any measured quantity y is a linear function of the 
reciprocal of the temperature, while another quantity x (for example, the 
pressure) is held constant as the temperature is changed Thus we define 
Uyz by 



The electron oharge e is used in the denominator in order to express U in 
the convenient form of a potential To obtain U in volts the value of e/Jb 
may he taken to be 11600° per volt. 

We can also generalize the definition of y by the relation 



which is consistent with equation (17) 


(19) 
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In this way, by combination with equation (1), we may obtain the equation 

U„ = U* —i U„ + (20) 

y y 

Here U p * refers to the temperature coefficient of the positive ion concen¬ 
tration tig near a filament, while 6 is kept constant It is therefore the heat 
of evaporation of ions The quantity U M measures the temperature coefficient 
of the electron emission, while the pressure (concentration of atoms) remains 
constant It corresponds to the value of (3 m equation (17) The quantity 
Uk measures the temperature coefficient of K*, and is thus equivalent to the 
ionizing potential, while U,* corresponds to the temperature coefficient of 
the electron emission at constant 0, and thus measures the heat of evaporation 
of electrons 

The data of fig 1 enable us to determine U m , we already know U*, and 
thus by equation (20) we obtain a relation between Up* and , but in 
general we cannot determine these quantities separately from this equation. 
However, when y = 1 the term involving U,* drops out, so that for this case 
we obtain the actual value of Up# — 

Up* — Uk — U* (21) 

Similarly, for the case of y ~ 0, the equation reduces to 

U„ = U*. (22) 

It should be noted that these conclusions have been reached without assuming 
any knowledge of the relation between I, and 6 If this relation were known* 
with sufficient acouracy for very concentrated films (6> 0 9), we should be 
able to determine Up* and U rf separately for any value of 0 

Since y is negative in Region I, and positive and greater than unity in 
Region III, it must pass through the values 1 and 0 while in Region II The 
paints for which y — 0 are those where the curves of fig 1 are tangent to the 
envelope AB, while the points corresponding to y =* I he a very short distance 
to the left of the points where I, is a maximum We thiu find that for y = 0, 
U* — —1 24 volts, which is thus the calculated heat of evaporation of the 
electrons. This value of y corresponds roughly to about 9 = 0 90 

With y = 1 • 0, which occurs at about 6=0 87, the value of U,# is —4 3 volts 
Thus the heat of evaporation of ions from these concentrated films is a little 
greater than the value — 4*0 volts, whioh we found for the dilute film by an 

* The linear relation between log I, and 6, proposed by Langmuir, is a fairly good 
approximation up to 6 » 0 9 or even higher, but is not sufficiently aoourate for the present 
purpose. A fuller disoaasion will appear in the Physical Remote article 
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entirely different method The data are consistent with the assumption 
that U* vanes gradually and steadily from — 4 0 to — 4*3 as 8 increases 
from 0 to 0 9 If we make this assumption, we may calculate by 
equation (20) for all values of 6 for which we know U M Thus we find that 
U„, the heat of evaporation of the electrons m Region I, is about 1*5 volts 
and in Region III (6 = 0*7) is about 1 8 volts These data for U* are only 
rough, but are in general accord with our knowledge that the heat of 
evaporation of the electrons is greatly decreased by adsorbed cesium and must 
vary roughly linearly with 0 A thorough check of this part of the theory 
may require direct determinations of the heat of evaporation by itB cooling, 
effect Contact potential measurements have been made with oeaiated 
filaments and agree m general with these conclusions, but their accuracy is 
not yet as high as is desired 

For the cesium film on adsorbed oxygen, the heat of evaporation of ions 
JJpi comes out as 5 13 volts for 0 = 0*95. This is distinctly higher than that- 
of ions adsorbed directly on tungsten and accounts for the much lower rate 
of evaporation of ions from the oxygen film 

An analysis of all these data from the thermodynamic standpoint by Gibbs* 
equation leads to the following conclusions - 

With very dilute caesium films (0 <0 15) the spreading force T increases 
in proportion to 0, and m this range y increases slowly from 0 up to nearly 
unity At 0 = 0 5 to 0 8, y is approximately 1 65, so somewhere between 
about 0 = 0*2 and 0 = 0 5, y must be equal to unity At this point T must 
reach a maximum value and then decrease as y increases above unity This 
means that strong attractive forces should render the film inherently unstable, 
and it should have a tendency to separate into two phases, just as has been 
observed in connection with the measurements of positive ion currents How¬ 
ever, in taking the data illustrated in fig. 1 (although in Region III T must 
decrease with rising 0), we have not observed any effects which would indicate 
separate surface phases 

At still higher values of 0 in Region II, in the neighbourhood of 0 = 0 87, 
y decreases again and passes through the value unity Beyond tins po m* P 
must again increase with rising 0, indicating that repulsive forces are beginning 
to come into play as the film approaches saturation. 

Finally, when 8 is about 0*90, y becomes zero and then becomes negative. 
In this region the electron emission actually decreases as more «fi 
become packed into the adsorbed film 
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Summary 

1 . From thermodynamic considerations involving the Saha equation, there 
must be a relation between the positive ion emission from a heated filament 
in the vapour of an alkali metal and the electron emission from this surface 

2 At high-filament temperatures and low pressures of the vapour, the 
electron emission is the same as in the absence of the vapour, so that the positive 
ion emission from different filaments in various vapours can be calculated 
Experiments with cesium and other metallic vapours, and with tungsten fila¬ 
ments and oxygen-coated and thonum-coated filaments, give results in accord 
with this theory Measurements of the positive ion and electron emissions 
from tungsten filaments in caesium vapour give values for the thermal ioniza¬ 
tion of caesium vapour at about 1200° K m excellent agreement with the 
Saha equation 

3* At high-filament temperatures the positive ion emission becomes limited 
by the rate at which the vapour comes into contact with the filament, all 
atoms striking the filament being converted into ions This permits quan¬ 
titative measurements of the vapour pressure to be made The vapour pressures 
of caesium (in bars) are given by 

i m 3992 

logioJ)= 10 66- -TjT- 

4 At lower filament temperature the electric image force causes a fraction 8 
of the filament surface to be covered by a layer of adsorbed ions which share 
electrons with the underlying metal The resulting double-layer causes an 
increase m electron emission and a corresponding decrease in positive ion 
emission Electron emissions of over 0*3 ampere per cm 4 * 6 * 8 at 1000°K may 

be obtained m caesium vapour at 30° C 

6 The theory of dilute adsorbed films (0 <0 2) is developed and the equation 

of state for the adsorbed film is found to correspond to the ideal gas laws 
For more concentrated films, attractive forces draw the ions together and 
tinder certain conditions cause separate 2-dimensional phases to appear. 

6 The heat of evaporation of the adsorbed caesium atoms on tungsten in 
the form of ions corresponds to 4 0 volts for dilute and 4 3 volts for con¬ 
centrated films From adsorbed oxygen on tungsten the heat of evaporation 
of caesium ions is 5*1 volts 
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1:2. S —Triaminopropane and its Complex Metallic Compounds. 
By Frederick George Mann, Ph D , and Sir William Jackson Pone, F.B S 

(Received September 18, 1924 ) 

The co-ordination theory of Werner (‘ Ann,’ vol 322, p 261 (1902)) has 
led to a great advance in our knowledge of complex metallic compounds, 
as applied to such compounds as hexammmocobaltic chloride [CofNHj)*]^, 
it involves the assumption that the six component ammonia groups are situate 
at the apices of a regular octahedron of which the cobalt atom occupies the 
centre, and that the complex so constituted—the co-ordinated group—acts 
as a tnbasic ion which combines as a whole with three equivalents of an acidic 
radicle For the purpose of discussing the possibilities of geometrical arrange¬ 
ment of the component parts of a co-ordinated group, it will be convenient to 
number the octahedron apices in the following manner. The outline of the 
plan of a regular octahedron on one of its triangular faces is bounded by a 
regular hexagon, each apex of which represents an angular point of the octa¬ 
hedron , let these latter points be numbered consecutively from one to six 
On the basis of this nomenclature the isomeric praseo- and video-compounds 
of the composition, [CofNHa^CljjCl, become, respectively, the 1 2.4:6- 
tetrammino-3 6-dichlorocobaltic chloride and the 1 2 3 6-tetrammino- 
4 6-dichlorocobaltic chloride 

Werner’s theory indicates the possibility of stereoisomerism, accompanied 
by optical activity, when certain of the six ammonia groups in hexammmo¬ 
cobaltic chloride are replaced by differently constituted radicles, in this 
respect a close correspondence has been observed between theoretical antici¬ 
pation and experimental results A similar concordance between prevision and 
realisation has been found among compounds in which pairs of ammonia groups 
m the hexammmocobaltic chloride are replaced each by one molecule of 
ethylenediamino, theory indicates that the ferethylenediammeoobaltic 
chloride, [Co(NH 4 .CH 4 CH„ NH 4 ) 4 ]C3 a , should be resolvable into enantio- 
morphously related components which contain the 1.2, 3 4, 6 6- and the 
2 3, 4 5, 6 l-torethylenediaminecobaltic co-ordinated groups respectively, 
and salts of these two optioally active radicles have been prepared 

It may be stated that a very close agreement exists between the anticipations 
of the Werner theory and the observed faots in so far as en neeme complex 
metallic compounds of the co-ordination number six in which univalent or 
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bivalent radicles or both are associated with the metallic atom withm the 
co-ordinated group , the correspondence extends so far as to provide examples 
of internal compensation of the mesotartanc acid type among such salts 
Since this close correspondence exists among compounds of the types named 
above, indicating that the theory xs much more than a mere hypothesis, it 
seems highly desirable to extend the development of the whole subject to the 
study of compounds of the first type mentioned, in which triads of univalent 
groups are replaced each by one tervalent radicle such as 1 2 3-triammo- 
propane A little consideration will show that kinds of isomerism might thus 
arise which would be entirely different m character from those hitherto realised 
and which have provided the theory with so solid an experimental foundation 
Thus the compound [Co(NH a CH 2 CH 2 (NH 8 ) CH 2 .NH 2 ) 2 ]C1 3 might exist in 
the following isomeric forms the 5 1 3, 2 4 6-fortnaminopropanecobaltic 
chlonde, which should not be resolvable into optically active components , 
the 5 1 3, 6 2 4- and the 5 1 3, 4 6 2-isomendes, which should be 
obtained as an externally compensated product and should be resolvable , 
the 5 1 2, 3 4 6-isomende, whuh would not be resolvable and should 
differ from the foregoing in that the points of attachment of the triamine 
molecule to the cobalt atom he at three points of a square cross-section of a 
regular octahedron, whilst m the former types thetriamme molecule is bent to 
an angle of 60° as between its two halves 
The subjw t here mtxoduced is obviously, a large one It may bo extended 
usefully m the manner whu h Werner adopted with such brilliant results in 
types of cases which he studied, and may be further developed by the use of 
diammomonocarboxyhc acids or other compounds of mixed function, and of 
tricarboxylic fatty acids, and extended to the study of complex metallic 
compounds containing tetramines and like polyvalent components 
The first practical difficulty encountered m connection with the study of 
complex metallic conijuninds containing tnacidic amines arises from the fact 
that the aliphatic tnamines have been but little examined and are not easy 
to prepare In the present paper we therefore confine ourselves to the descrip¬ 
tion of an efficient method for preparing the most simple of the aliphatic 
triammes, the I 2 3-tnaminopropane, NH a CH 2 CH a (NH a ) CH 2 NH a , and of 
a few compounds which prove the existence of the new class of complex metallic 
compounds represented by substances of the type of fttstnaminopropane- 
cobaltic chloride, [Co(NH a bH a CH a (NH a ) CH a NH 2 ) 2 1C1 3 
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1 2 3-Tnammopropane. 

NH, CH S CH, (NH 2 ).CH,.NH, 

1 2 3-Tnaminopropane was first prepared by Brackebusoh (‘ Bervol 6, 
p 1290 (1873)), who converted 1 2 3-tnbromopropane by the action of 
silver nitrite into tnmtropropane, which on reduction gave the required 
base, the yield was low owing to contamination of the tnmtropropane with 
tnmtroglycerol, and no physical constants or analyses of the base are given 
Gabnel and Michels (‘ Bervol 25, p 3056 (1892)) prepared 1 2 3-tn- 
phthahmidopropane, which, however, on hydrolysis gave no tnamuopropaiie 
The latter was finally synthesised by Curtius and Hesse (‘ Jour. pr. Chem.’ 
[u], vol 62, p 232(1900)), who converted triethyl tncarballylate into the corre¬ 
sponding tnhydrazide, which when treated with nitrous acid gave tnoarbal- 
lyhc tnande The latter on treatment with aloohol furnished glycerol tnethyl- 
urethane, which on hydrolysis with hydrochlonc acid gave the 1:2 3- 
triammopropane tnhydrochlonde 

This synthesis, however, is unsuitable for the preparation of the base in 
large quantities, for, apart from the explosive nature of the intermediate 
compounds, the reduction of acomtic to tncarballyhc acid is a long and tedious 
process Attempts were therefore made to condense 1.2 3-tnbromopropane 
with three equivalents of p-toluenesulphonylsodamide, and to obtain the base 
by the hydrolysis of the tn-p-toluene sulphamidopropane thus obtained, all 
such attempts proved unsuccessful, however, as under most favourable condi¬ 
tions only a mixture of the mono- and di-p-toluenesulphamido-compounds 
was obtained Since Curtius and Hesse (loc cti ) state that tnbenzoyltnanuno- 
propanc readily gives the base on acid hydrolysis, attempts were next made to 
prepare the former compound by the condensation of 2 3-dibromopropyl- 
benzamide (Kay, ‘ Ber ,’ vol 26, p 2848 (1893)) with two equivalents of the 
sodium derivative of benzamide These attempts also proved fruitless, owing 
probably to the ready conversion of the dibromopropylbenzamide into bronu- 
nated oxazohne derivatives The use of potassium phthahmide, p-toluene- 
sulphonylsodamide, and sodamide m place of the sodium derivative of benxa- 
mide also failed to give the desired result. 

A different synthesis was then attempted. Citno acid was converted into 
acetonedicarboxylio acid by Jordan’s modification (‘ J. Chem Soc.,’ vol. 75, 
p 809 (1899)) of von Pechmann’s method (‘ Ann./ vol. Ml, p. 155 (1891) ) 
The crude dicarboxylio acid on treatment with sodium nitnte solution (von 
Pechmann and Wehsarg, ‘ Ber,’ vol 19, p 2465 (1886)) gave diisomtroso- 
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acetone, which was in turn converted to tnozumnoacetone (‘ Bervol 21, 
p 299 (1888)) AU attempts to reduce tnoxnninoacetone to tnanunopropane 
failed, in spite of the use of many reducing agents under very varied conditions, 
in each case the formation of ammonia indicated disruption of the tnoxnnmo- 
acetone complex The dnsomtrosoacetone was therefore reduced with stan¬ 
nous chloride (Kahscher, ‘ Ber,’ vol 28, p 1520 (1895)), and diaminoacetone 
isolated as its dihydrochlonde ?The latter was then converted into diaoetyl- 
diaminoacetone by treatment with acetic anhydride (Franehimont and Ened- 
mann, * Bee trav chim.,’ vol 26, p 226 (1907)). Diacetyldiaminoacetone 
• readily furnished the corresponding oxime, which when reduced with al uminium 
amalgam and hydrolysed gave the pure 1.2.3-tnanunopropane tnhydro- 
chlonde 

Since the crude acetonedicarboxyhc acid contains sulphuric acid, and the 
dnsomtrosoacetone is contaminated with sodium cyanide, the yields of these 
compounds cannot be stated precisely The diaminoacetone, obtained by 
reduction with stannous chloride, separates as the stannochlonde, and the 
yield of this compound from citric acid is uniformly 37 per cent of the 
theoretical The stannochlonde on treatment with hydrogen sulphide yields 
diaminoacetone dihydrochlonde, of which a 90 per cent yield can be readily 
isolated from the solution, whilst the yields of diacetyldiaminoacetone, of the 
oxime, and of the tnammopropane tnhydrochlonde are all nearly quantitative 
Diaminoacetone dihydrochlonde readily gives the crystalline diammo- 
acetoxune dihydrochlonde the latter is so soluble in water that the amount 
isolated is small, and its reduction was not further investigated 
Diacetyldiaminoacetone reacts with one molecular proportion of phenyl- 
hydrazine at ordinary temperatures to give the corresponding hydrazone, at 
higher temperatures or with larger quantities of phenylhydrazme the crystalline 
osazone, CH S CO NH CH, C(CH N NH C,H 5 ) N NH C e H„ is formed 
Curtius and Hesse showed that tnammopropane tnhydrochlonde combines 
with aunc and platmxc chlondes to yield respectively the compounds, 
NH, CH(CH a NH„)„ 3HC1, AuCl„ and NH, CH(CH, NH,)„ 3HCI, PtCl,, it 
is now shown that with rhodium chloride the compound 

NH,CH(CH,.NH,)„ 3HC1, RhCl„ 2H,0, 

is formed In these three compounds the tnammopropane acts as a di-mono- 
and tri-acidio base respectively. 

In accordance with the argument given above, it is found that the 1.2 3- 
tnaminopropane yields complex metallic salts with the tnvalent metals of 
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group eight of the periodic table; salts are now described of the cobalt complex, 
[Co(NH s CHg CH(NHj) CH a NH t ) J, 

and of the corresponding rhodium complex The study of these and similar 
compounds will be continued with the view to ascertaining the type of 
configuration which they represent 

* 

• Experimental 

The Preparation of Diammoacetone Dihydrochloride —Powdered crystalline 
citnu acid (600 grms ) was converted into acetone dicarboxyhc acid by Jordan’s • 
method , the product became almost dry when spread on porous plateB over 
sulphuric acid for 48 hours, and the yield of crude material from 1,000 grms of 
citnc acid was usually about 860 grms This acid was converted into dusoni- 
trosoacetone by the method of von Pechmann and Wehsarg, the product was 
contaminated with sodium cyanide, and since removal of the latter by washing 
with water also dissolved some dnsomtrosoacetone, the crude product was 
washed rapidly once with water and then dned, it being found that the presence 
of the cyanide did not affect the purity of the diammoacetone obtained later 
The dry dnsonitrosoacetone was then reduced with stannous chloride and 
hydrochloric acid by Ealischer’s method, and the diammoacetone isolated as 
the stannoclilonde The latter was almost pure, and m a senes of preparations 
it was found that the yield from 1 000 grms of citnc acid was uniformly 
610-630 grms, t e , 37 per cent of the theoretical. This stannochlonde, having 
the composition C s H e N a O, H a SnCl 4 , separates as colourless needles, which 
Kalipcher states melt with decomposition at 203°. When the filtrate from these 
crystals is allowed to stand for several days at room temperature, it becomes 
oxange-red in colour and deposits heavy orange-coloured crystals These, 
when filtered, washed with hydrochlonc aoid and dned, decomposed violently 
at 220°, and analysis showed them to be a second form of the stannochlonde 
isolated by Kahscher (Found. H = 2<70, N— 7 68, Sn » 33*6 
C 4 H 10 N|Cl 4 Sn requires H = 2 87 , N = 7 98, Sn = 33 9 per cent Con¬ 
sistent values for carbon could not be obtained ) Many examples of similar 
polymorphism among the alkyl-substituted ammonium stanmchlondee have 
been recorded by Ries (' Zeit ftir Kryst,’ vol 39, p 72 (1904), vol 49, p 620 
(1911)). 

The diammoacetone stannochlonde (40 grms) was then dissolved in hot 
water (500 c c ) containing concentrated hydrochloric acid (30 c c), the tin 
precipitated with hydrogen sulphide, and the filtered solution evaporated in 
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vaouo. The first crop of diaminoacetone dihydroohlonde, C^NiO^HCll, H a O, 
weighed 18 grms , the yield being 88 per cent of theory, a Becond crop was 
obtained by further evaporation of the filtrate in vaouo, or by the precipitatum 
with an alcohol-ether mixture 

DiaoetyUhamvnoaoetone —Franchimont and Friedmann obtained thu com¬ 
pound by heating diaminoacetone dihydrochloride with sodium aoetate and 
acetic acid at 100° for an hour and then evaporating the filtered liquid to small 
bulk before allowing the diacetyldiaminoacetone to crystallise. It was found, 
however, that the long heating caused the diacetyl compound to be contaminated 
with the corresponding tetracetyl derivative The following method avoids 
over-acetylation and gives the diacetyl compound in high yield. Diamino¬ 
acetone dihydrochlonde (40 grms ) and anhydrous sodium acetate (36 8 grms.) 
are well mixed and heated with acetic anhydride (160 c.c ) at 100° for 30 minutes 
The mixt ure is quickly filtered, and the residue washed with acetic anhydnde 
(60 c c ) previously heated to 100° The filtrate on cooling deposits the pure 
diacetyldiaminoacetone, which when filtered and washed with ether is obtained 
m pure white flakes (21 grms ) A second crop is obtained by adding ether 
(600 c c.) and petroleum (b p 60-80°, 200 c c ) in turn to the filtrate. This 
precipitated material weighs 16 grms , the total yield of diacetyldiaminoacetone 
being 96 per cent of theory, it is advisable, however, to convert the crude 
precipitated material into the oxime before crystallising from alcohol 

Diacetyldiaminoacetoxune (CH 3 CO NH CH t ) s C NOH. — Hydroxylamine 
hydrochloride (3*7 grms ) is dissolved in 16 per cent aqueous sodium hydroxide 
solution (15 0 c c ) and diacetyldiaminoacetone (9 0 grms ) added with stirring 
The mixture becomes warm and soon gives a clear solution, which is kept at 
50° for one hour, during which the oxime readily crystallises on scratching 
The dry filtered oxime weighs 9 8 grms , and is found to contain 0 3 grm of 
sodium chloride, hence the yield is 97 per cent of theory The crude product 
may be reoiystalhsed from absolute alcohol, from which the diacetyldiammo- 
acetomme separates in fine white crystals melting at 175-178°. (Found: 
G = 45*0, H = 6 88 C 7 H 18 0 jN s requires C = 44*9, H — 7*00 per cent) 
The oxime is moderately soluble in cold water and alcohol, slightly soluble in 
acetone and ether, and almost insoluble m hot or cold benzene, chloroform or 
carbon tetrachloride. 

1:2* 3-Tnom»»o propane tnhydrochlonde C 3 H s (NH i ) J , 3HC1, H*0. — 
Diacetyldiaminoacetoxune may be reduced with sodium amalgam in the 
presence of acetic acid, but after hydrolysis of the acetyl groups the tnamino- 
propane hydrochloride remains mixed with sodium chloride and has to be 
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isolated as the tnbenzoyl-derivative. Reduction with aluminium amalgam u, 
therefore, far more tapid Aluminium (20 gras), m the form of groats or very 
small pellets, is washed with alcohol and then treated with warm dilute sodium 
hydroxide solution until vigorous effervescence occurs It is then well washed 
with water and treated for 2 minutes with 0 5 per cent aqueous solution of 
mercuric chloride It is again washed with water and the treatment with 
alkah and mercuric chlonde repeated. The amalgam is then washed with water 
and alcohol, and a hot solution of diacetyldiammoacetoxime (10 grms) m 
95 per cent, alcohol (150 c c ) at once poured on to it The mixture is placed in 
a water-bath at 45° for three hours, during which time hydrogen ib evolved and 
ahnmnium hydroxide deposited, hot 95 per cent alcohol (150 c c) is added in 
small quantities from time to time to prevent the mixture becoming too thick 
Four such preparations are earned out together, the product filtered under 
reduced pressure, and the residual alumina thoroughly washed with hot alcohol 
nitration under these conditions is rapid, but if the reduction is earned out in 
the presenoe of acetic acid the subsequent filtration is very slow The alcoholic 
filtrate is diluted with its own volume of water, acidified with hydrochloric 
acid and boiled down to small bulk, during which process the acetyl groups are 
removed by hydrolysis The concentrated pale yellow solution is filtered, and 
when cool yields a large crop of tnammopropane tnhydrochlonde on scratching 
or seeding. The latter is drained at the pump, washed with alcohol and ether 
and obtained as fine white crystals (39 6 grms) (Found Cl = 49 12, 
Calc for C,H IS 0N S C1 S , Cl — 49 19 per cent) Further evaporation gives a 
second crop (1 7 grm ) of the hydrochlonde, whilst if the final filtrate is poured 
into alcohol a small deposit of the anhydrous hydrochlonde (1 5 grm) is 
obtained Thus, the total yield represents 42 9 grms of the hydrated hydro- 
chlonde, namely, 93 per cent of the theoretical yield 
Triaminopropane tnhydrobromtde —C 3 H S (NH,) 3 , 3HBr, H t O, is prepared 
similarly by hydrolysing the reduced oxime with hydrobromic acid, and is 
obtained as fine white needles less soluble in water than the hydroehlonde 
(Found* Bra* 68*64 CjHjgONjBrj requires Br ■« 68-52 per cent) The 
anhydrous hydrobromide is a white powder melting at 307-310° (decomp.). 
(Found : Br = 72-10 CjH 14 N a Br s requires Br = 72 24 per cent) 

1 2 3-tnammopropane is not volatile in steam, and a solution of the 
free base is best prepared by treating a solution of the hydrochloride with an 
excess of silver oxidq The clear filtrate, however, retains silver in solution, 
and gives a white precipitate on acidification or dilution Tnammopropane 
does not form a stable hydrate, and the free base is therefore easily prepared 
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by fractional distillation of the aqueous solution under reduced pressure Thus 
tnammopropane tnhydrochloride (100 gnus.) is dissolved in warm water (200 
c c) and the solution treated with a slight excess of freshly prepared silver 
oxide. The mixture is filtered, and the clear filtrate distilled under reduced 
pressure from an oil-bath, water distils over first, and is followed by the 
colourless base boding at 10B-110°/15 mm., a considerable viscous residue 
remaining in the flask The above fraction on redistillataon gives the pure 
1 2 3-tnaminopropane 

Tnammopropane rhodiochlonde C 3 H 5 (NH 2 ) 8j H 3 RhCl 4 , 2H 2 0 —Crystalline 
sodium rhodiochlonde (6 grms ) is dissolved in hot water (30 c c) containing 
a few drops of hydrochloric acid, to this is added with stirring a solution 
of tnammopropane tnhydrochloride (2 grms ) in boiling water (30 c c). The 
mixture is allowed to cool and rapidly deposits a heavy crystalline precipitate, 
the latter is filtered, and washed with water, alcohol and ether Tnammo¬ 
propane rhodiochlonde is thus obtained in lustrous garnet-red crystals, which 
are not apparently affected by heating to 310° The chlorine was estimated 
volumetncally with N/10 silver nitrate solution, after fusing the compound 
with a mixture of sodium carbonate and peroxide (Found C = 8 04, 
H = 3 25, N = 9 45 , Cl — 48 03 C 3 H li 0 8 N 3 Cl # Rh requires C = 8 11, 
H = 3 86, N = 9 47 , Cl = 47-94 per cent) If the tnammopropane 
hydrochlonde solution is added to a cold concentrated solution of sodium 
rhodiochlonde, the above compound is again precipitated as an amorphous 
salmon-pink powder, which when washed with water and dned is pure. 
(Found. C = 7 92 , H ■* 3-19) 

TnaeetyUnammopropane C 3 H 5 (NH CO CH 3 ) 3 —A mixture of anhydrous 
tnammopropane hydrochlonde (10 grms.) and dry sodium acetate (12 4 
grms) is heated on a boiling water-bath with acetic anhydnde (60 c c) for 
thirty minutes, and the product filtered hot, the tnacetyl denvative may be 
isolated from the filtrate either by evaporation and crystallisation, or by 
precipitation with a large volume of ether The tnaoetyUnaminopropane so 
obtained is recrystallised from absolute alcohol, from which it separates Blowly 
as a fine white microcrystallme powder melting at 200-202° (corr) (Found 
C«= 50*0, H = 8-04 C,H„N a O, requires C = 50 2, H = 7 97 per cent) 
The compound is freely soluble in cold water and alcohol, spanngly soluble 
in hot chloroform, and almost insoluble m hot ether, acetone or benzene 

TribenzoyUnamvnopropane .—This compound is readily prepared by sha k i n g 
an alkaline solution of the base with an excess of benzoyl chloride, and when 
recrystallised from alcohol separates slowly as a fine white amorphous powder 
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which Curtius and Hesse (loc ctt.) state melts at 206-207° It was found, 
however, that a second recrystallisation gave the tnbenzoyl-compound melting 
at 217-218° (corr) and further purification did not affect this melting point 
(Found' C = 71 48; H = 6*85, N — 10*48 Calc for CuHtsOjNg, C — 
71*79; H = 5 78, N = 10*47 per cent.) 

Dxammoacetoxime dihydrocfdonde. (HC1, NH a CH a ) a C l NOH—Hydroxyl- 
amine hydrochlonde (2 3 grms ) is dissolved m 15 per cent aqueous sodium 
hydroxide solution (8 9 c c) and powdered diammoacetone dihydro- 
chlonde (6 grms ) added Water (1 c c ) is added to give a complete solution, 
which is maintained at 60° for one hour On cooling and standing overnight, 
diaminoacetoxime dthydrochlortde separates in long colourless needles meltmg 
at 207° (corr) with decomposition (Found . N = 23 7, 0=405 
C a H n 0N a Cl a requires N = 23 9, 0 = 403 per cent) The oxime thus 
obtained weighed 2 0 grms , the low yield (33 per cent of theory) being due 
to the marked solubility of the oxime in water 
The following crystal measurements were made by Mr R Jeffery, B A, 
working under the direction of Mr A Hutchinson, FRS — 

“ Dmminoacetozime Dthydrochlortde 
“ System —Oblique 

" Axial Ratios -a b c = 0 9094 1 0*8821 (3 = 58° 49±' 

“ Habtt —The crystals were of prismatic habit, terminated by faces of the 
form I {001} (Fig 1.) Only two crystals doubly terminated were observed 
“ Forms Present —a {100}, m {110}, l {Oil}, with b {010} very small, on 
one crystal, and t {102}, also very small, on another. 
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Angles 


No of 



Calcula¬ 


Observed 


Measurements 

Limits 

Mean 

tion. 

a 

m~ 100 

. 110 

9 

39° 30-36° 23' 

37° 53' 

— 

a 

100 

Oil 

4 

64° 35'-66° 31' 

65° 35$' 

— 

b 

1=- 010 

Oil 

2 

52° 50'-53° 12' 

53° 1' 

52° 57$' 

l 

l ■=- 011 

0T1 

5 

73° 55-74° 18' 

74° 5' 

— 

l 

m — Oil 

110 

2 

46° 19'-46° 30' 

41>° 24$' 

45° 53$' 

a 

. *-=100 

102 

1 


00 

00 

o 

H-» 
00 

87° 49' 

m 

110 

T02 

1 

- 

88° 55' 

88° 16$' 

l 

t = 011 

T02 

1 

— 

46° 14' 

45° 43$' 


“ Cleavage —None observed 

“ Specific gravity —Average of three determinations 1 526 (highest value 
1 * 528) Determined by floating the crystal in bromoform diluted with benzene 
“ Optical characters —The refractive indices were determined approximately, 
using the Herbert Smith refraetometer, y — 1 63. (3=1 56, a — 1*65, and 
the crystal is probably positive The optic axial plane and acute bisectrix 
were not determined All the faces m the prism zone gave practically straight 
extinction between crossed nicols ” 

Diacetyliiaminoacetonephenylhydrazone (CH S CO NH CH 2 ) 2 C N NH C a H t — 
Diacetyldiaminoacetone readily gives an osazone with phenylhydrazme, and a 
deficiency of phenylhydrazme must lie used in preparing the noruSal hydrazone 
Diacetyldiaminoacetone (4 grms ) is dissolved m water (6 c c ) at 100°, and 
phenylhydrazme (2 3 r ( instead of 2 5 c c ) added The clear solution 
obtained at 100° is quickly cooled to 50°, and maintained at this temperature 
for 30 minutes, when a heavy oil separates The latter crystallises on cooling, 
and the crude dry hydrazone so obtained weighs 6 grms , the yield being 98 per 
cent of theory When recrystallised from ethyl acetate, the diacetyldtammo- 
acetonephenylkydrazone is obtained m colourless crystals melting at 115-118° to 
a cloudy white liquid (Found C = 59-4 , H = 6 90 0 13 H t8 0 2 N 2 requires 
C = 59*5, H *= 6 90 per cent) 

Acetylammomethylglyoxalosazone 

(CH, CO NH CH,.C (N NH C,H,)CH N NH C.H.). 

Powdered diacetyldiaminoacetone (4 grms) and phenylhydrazme (5 c c) 
are added in turn to acetic acid (4 c c), diluted with water (4 c c), and 
the mixture kept at 50° for 3 hours, a heavy reddish-yellow oil slowly 
separates and finally solidifies. After standing overnight the solid product is 
filtered and recrystallised from alcohol, when the osazone separates in fine 
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lemon-yellow needles melting at 186°. (Found C —66*2; H = 6*16, 
N — 22*6 C 1T H M ON 6 requires C = 66*0, H — 6 19, N = 22*6 per cent) 
If diacetyldiaminoacetone is treated with three equivalents of phenyl- 
hydrazine under the above conditions, no further action occutb, and the above 
osazone remains contaminated with the excess of free hydrazine, from which it 
can be separated by crystallisation from alcohol The products of hydrolysis 
of this osazone are under investigation. 

Metallic co-ordinated' derivatives of tnammopropane —In the formulas 
given below, the contraction “ ptn ” is used to represent one molecule of 
tnammopropane, namely, the group NH 2 CH(CH 2 NH 2 ) 2 
HiBpropanetnamine cobaUtc trichloride [Co ptn 2 ] Cl s —A boiling aqueous 
solution of silver nitrate (80 grins ) is treated with hot solution of potassium 
hydroxide (27 gras ) and the precipitated silver oxide filtered and washed, and 
the filtrate well shaken with a solution of tnammopropane tnhydroohlonde 
(30 gras ) in warm water (180 c c ) The mixture is filtered, and the filtrate 
heated with finely powdered monochloropentamminocobaltic dichlonde 
(7*6 gras) on the water bath Ammonia is driven off, and when the volume 
of the mixture is about 40 c c, the solution is acidified with hydrochlonc 
acid to ensure the precipitation of the silver originally dissolved in the solution 
of the base The solution after filtenng and cooling deposits orange-coloured 
crystals, whicbare separated, recrystallised from a little hot water, filtered and 
washed with alcohol Bwpropanetnamine cobaltic chloride is thus obtained 
in orange-coloured needles, which darken in colour at 300 c and melt with 
decomposition at 312-314° (Found C ~ 20 9, H — 6 43, N = 24 6 , 
d a* 31 *0 C*H 2J N,Cl a Co requires C — 20*9, H = 6*45, N — 24*6, 
Cl s 31 0 per cent) The salt is freely soluble in water, but almost insoluble 
m alcohol 

Bis propanetnamine cobaltic trnodide [Co ptnJIj—A strong aqueous 
solution of potassium iodide is added to a strong solution of hupropanetriamine 
cobaltic trichloride, and the yellowish-brown precipitate is filtered, washed with 
water and recrystallised from a little hot water Bwpropanetnamine oobaltic 
trnodide separates m orange-brown needles which undergo no apparent 
change when heated to 320° (Found 0 = 11*6; H = 3-65, 1=61*2 
C a H| t N ( I s Co requires C = 11 6, H = 3 59, I = 61 *6 per cent) The 
salt is insoluble in alcohol, and considerably less soluble m water than the 
trichloride 

Wapropanetriamine cobaltic platmichlondc [Co ptn 2 ] 2 , 3Pt Cl*, 6 H t O.— Aw 
excess of a solution of chloroplatmic acid is added to a solution of hwpropane- 
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triamine cobaltic tnchlonde, and the brown precipitate is filtered, washed with 
water and recrystallised from hot water, from which the platuuchlonde 
separates m orange-brown needles The latter lose water of crystallisation 
when heated at 130°, and the anhydrous hwpropanetnanune cobalt platim - 
chlonde darkens in colour at 265° and melts with decomposition at 
270° (Found for the hydrated platuuchlonde, C = 8 03, H — 3 19 
C! 3 H M O a Nj jCljgCo s Pt 3 requires C = 7 90; H = 3 12 For the anhydrous 
platuuchlonde, C —• 8-58 , H ■== 2-73 C ]t H M N 1 2 Cl ] |Co 2 Pt s requires C = 
8 47 , H — 2 61 per cent) 

Bis propanetnamvne rhodium trnodide [Rh ptn 2 ]I 3 —Triaminopropane hydro- 
< hlonde (9 grms ) is dissolved in water (40c c ) and the solution treated as before 
with the oxide obtained from silver nitrate (24 grms ) The solution ib filtered 
added to powdered recrystallised monochloropentammmorhodium dichlonde 
(5 grms ) and the mixture boiled under reflux for four hours The solution is 
then acidified with hydrochloric acid, filtered, and when cold treated with an 
excess of potassium iodide solution The white precipitate is filtered and 
recrystallised from a little boiling water, from which the bupropanetnamine 
rhodium trnodide separates in small dense cream-coloured crystals, which 
remain unchanged when heated to 300° (Found C = 10 7 , H — 3 38 , 

1 = 57-21 C e H„N < I 3 Rh requires C = 10 9 , H - 3 35 , I = 57 53 per 
cent) If the monochloropentamminorhodium dichlonde used m this prepara¬ 
tion is impure and dark in colour, the resulting iodide is yellow or reddish- 
brown m colour • recrystalhsation from boiling water containing animal char¬ 
coal, however, gives the pure cream-coloured trnodide The latter is only 
slightly soluble in cold water easily soluble in hot water, and insoluble in 
alcohol 

Bis propanetnamine rhodium platmtcklonde [Rh ptn 2 ] t , 3Pt Cl a , 4H 2 0 — 
A solution of bwpropanetnamine rhodium trnodide in hot water is shaken with 
an excess of silver oxide, filtered, acidified with hydrochloric acid and allowed to 
cool. It is then added to a solution of an excess of chloroplatmic acid, and the 
platimdhloride rapidly separates. The latter is filtered, washed with hot 
water and aloohol, and dried over calcium chlonde Bispropanetnamme 
rhodium platuuchlonde is thus obtained in small orange-coloured crystals, 
which are only slightly soluble m boiling water (Found * C =■* 7 75. H =- 

2 66. t''i|Hgg0 4 N 12 d lg Pfc J Rh l requires C = 7-75, H = 2-82 per emit) 
The anhydrous salt darkens at 295° and melts at 328° (decomp) 

Bapropanetnamine rhodium rhodtochlonde [Rh ptn t lRhCl«, 4H t O—A 
solution of bwpropanetnamine rhodiochlonde is prepared as in the previous 
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experiments and added to a solution of sodium rhodium chloride (6 gnus.) 
in hot water (30 c c ) The precipitate is filtered, washed with hot water and 
alcohol, and dned over calcium chloride. Btspropanetnamme rhodium 
rhodiochlonde is thus obtained as a pinkish-grey amorphous powder, which is 
almost insoluble in boiling water, and which undergoes no apparent change on 
heating to 310° (Found . N = 12 45 , Cl = 32 10 C«H M 0 4 N ( Cl«Bh t 
requires N — 12 51, Cl = 31 81 per cent) 
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The action of the metals, silver and gold, in promoting the combination of 
hydrogen and oxygen was first investigated systematically by Bone and 
Wheeler ([A] 206, 1)* In the course of the research they made the very 
important discovery that the degree of activity of the metals depended on 
whether these had been heated previously to use in hydrogen or oxygen 
Either metal was found to be a much more efficient catalyst after it had been 
heated in hydrogen 

They favoured the view that the phenomenon in question, which will for 
brevity be oalled the Bone and Wheeler effect, could be beet explained by a 
theory very similar to that advanced by Fusimen,t namely, that the stages 
m the catalytic process (in the case of silver and gold) are a condensation 
of hydrogen on the heated surfaoe and a subsequent removal of this 
hydrogen (which was assumed to be present in an abnormally active con¬ 
dition) by its uniting with the oxygen present. 

However, the Bone and Wheeler effect is not completely explained by such 
an hypothesis, unless the additional assumption is made that hydrogen is 

* ' Phil. Trans.,' A, vol 206, p. I (1006) 
t ' Giom. di Fisloa,’ voL 6, p 269 (1626) 
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adsorbed more rapidly on the surface of a metal which contains dissolved 
hydrogen than on the pure metal, or on one which contains dissolved oxygen 
for the activity of a metal, which contains only a small amount of dissolved 
hydrogen, is not diminished by its being employed as a catalyst to bring about 
the umon of an indefinite amount of hydrogen with oxygen 
The authors have conducted experiments which point to a different explana¬ 
tion of the Bone and Wheeler effect, namely, that m the case of Bilver and gold, 
dissolved oxygen arts as an inhibitor, while the presence of absorbed hydrogen 
does not appreciably increase or dimmish the activity of the metal 

Experimental. 

The catalyst was in the form of a filament of the pure metal (supplied by 
Messrs Johnson and Matthey), 0*276 mm m diameter and approximately 
10 cma m length It was suspended in a single loop in the reaction vessel, 
marked A m the diagram, by fusion to thick platinum leads which were carried 
by two tubes inserted through the top of the vessel The volume of the vessel 
was approximately 350 c cs The filament was heated electrically, the current 
being regulated by a variable resistance and measured on n Cambridge and 
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Paul microammeter which was connected in the circuit by suitable shunts 
It will be seen later that the experiments were performed in such a manner 
that the ammeter readings furnished all the information required 

On each side of the reaction vessel were situated U-tubes which were kept 
immersed in liquid air, to prevent the admission of condensable impurities, 
such as mercury vapour, to the vessel and to remove water formed m the 
reaction 

Pressure measurements were made on a McLeod gauge, and all readings 
were adjusted to the lowest mark (Mark 1) on the capillary tube The pres¬ 
sures to be measured were generally of the order of 700 mm on the balance 
tube of the gauge, which corresponded to an actual pressure of 0*64 mm 

The apparatus could be exhausted by means of a mercury vapour pump 
of the diffusion type, working in conjunction with an automatic Sprengel 
pump, these being connected to the apparatus through the mercury seal S t 
A tube, not shown mthe figure, containing phosphorus pentoxide, was inserted 
between the pumps 

Preparation of Oates 

Hydrogen, generated from pure sulphunc acid and zinc and washed by a 
solution of sodium hydroxide to remove acid spray, was admitted to the appa¬ 
ratus by diffusion through a palladium " osmosis tube ” of the type supplied 
by Messrs Johnson and Matthey for use with X-ray bulbs The palladium 
tube was protected by slipping over it a short length of quartz tubing through 
which the hydrogen from the generator passed, and the gas was let into the 
apparatus by gently warming the quartz tube The hydrogen diffusion appa¬ 
ratus was connected to the apparatus through the seal S 2 

Oxygen was prepared as required by heating carefully recrystalhzed potas¬ 
sium permanganate m the tube D, the gas being passed over pure pulverised 
sodium hydroxide before entering the apparatus The oxygen required for 
an experiment was stored m the reservoir R, which could be isolated from the 
lest of the apparatus, by the seals Sg and S v The ratio of the volume enclosed 
between the seals Si and S 4 to that enclosed by the seals Sj, 8 a and S» was 
determined. 

Method of Experiment 

Before commencing experiments, the apparatus was thoroughly exhausted, 
and the whole was heated by a large blowpipe flame to remove gases from the 
walls of the glass This treatment was repeated three times. 

With liquid air m position round the U-tubes, oxygen was admitted to the 
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exhausted apparatus by warming the potassium permanganate, until the 
pressure was as near as possible to the desired value of 600 mm measured from 
Mark 1 on the balance tube of the McLeod gauge, i e., an actual pressure of 
0 052 mm The seal S 4 was then closed, and a further seal, not shown in the 
figure, situated between the pumps, was also closed, so that no gas which had 
been m contact with the Sprengel pump should diffuse or flow back into the 
apparatus during subsequent operations The pressure of the gas was adjusted 
in the following manner If slightly above the value of 600 mm, the mercury 
was raised in the McLeod gauge balance tube to a position which was found 
by practice, and the seal S x was then closed This, in effect, forced a little gas 
into the mercury vapour pump, so that when the mercury was allowed to fall 
to its normal level the pressure in the apparatus was diminished by the required 
amount 

Conversely, if the pressure was slightly lower than 600 mm , the reverse 
operations were performed, mercury being withdrawn from the tube E, below 
the MoLeod gauge, while the seal 8 t was open, gas being thereby transferred 
from the mercury vapour pump to the apparatus When the pressure of the 
oxygen had been thus adjusted, the seal 8 S was shut, so that oxygen at a known 
pressure was enclosed in the reservoir It The apparatus to the left of the 
seal S a was then exhausted, and hydrogen was subsequently admitted thereto 
m the manner described The pressure of the hydrogen was adjusted m the 
manner described above to 0 644 mm with the seals S lt S 2 , S s closed 

Since the volume of the apparatus between the seals S 2 , S a and S s was 
1 86 times greater than that of the reservoir R, the mixture obtained by 
opemng S 3 and allowing the gases to diffuse would contain hydrogen and 
oxygen m the ratio of 2 1 16 1 The mixtures used in all the experiments 

were at the same pressure and had the same composition The mixing of the 
gases was hastened by drawing the mercury up and down the wide tube E, 
below the MoLeod gauge 

As stated above, the filament was heated by an electric current, which was 
very gradually increased until the rate of combination of the hydrogen and 
oxygen corresponded to a rate of fall of pressure of 2 mm on the McLeod 
scale m 5 minutes 

Experiments unth Silver 

In a number of preliminary experiments the filament was heated previously 
to use either in hydrogen at 0*644 mm pressure, or in oxygen at 0 662 mm. 
pressure, the filament being maintained at a dull red heat for 30 minutes. It 
was found that the metal showed the Bone and Wheeler effect to a marked 
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degree. Alter previously heating the filament m oxygen, combination of the 
gases commenced when the filament was at a dull red heat, at ammeter 
reading 78; while alter several periods ol heating in hydrogen the wire became 
more and more active, until it eventually caused the gases to combine at 
ammeter reading 63 

A farther series of experiments with a new wire confirmed these observations 
In the column W of the following table are recorded the readings of the ammeter 
at which combination of the gases started at the specified rate 


No of 


experiment 

Initial heating of— 

W 


18 

30 minutes in oxygen 

79 


19 

30 minutes in oxygen 

79 


20 

30 miDfl in 0 2 , 30 mms in H 2 

62 

(slight com¬ 
bination) 

21 

30 mms m 0 2 , 30 mms m H 2 

60 


22 

30 mins m 0 S , 30 mms in H 2 

30 mms in 0 a , 30 mms m H B J 

■63 


23 

Do do. 

63 


The effect of heating the metal in a high vacuum 

was 

next investigated, 

and it was observed that after such treatment the filament was always in an 

active condition, 

irrespective of whether it had been previously heated m 

hydrogen or oxygen 



No of 




experiment 

Initial heating of— 


W 

24 

30 mms in H*, 83 mms tn vacuo 

• 

63 

26 

30 mins in O s , 40 mins, in vacuo 


63 

26 

80 mins, tn vacuo 

• 

63 

27 

30 mms in oxygen 

• * 

70 

29 

40 mms m 0 t , 1 hr. 60 mms tn vacuo 

66 

30 

30 mms m oxygen 

i * 

70 

31 

30 mms m 0,, 90 mms tn vacuo 


66 


In Experiment 31 evidence was sought for the emission of oxygen when 
the metal was heated in a vacuum, and it was found that a definite increase of 
pressure (which, however, was not large enough to measure accurately) occurred. 
A smaller apparatus was constructed later in order to make it possible to 
determine the pressure of this desorbed gas. 
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The results of Experiments 18-31 pointed to a new explanation of the 
Bone and Wheeler effect They show that absorbed oxygen renders the metal 
inactive as a catalyst, but that it again becomes active when the oxygen is 
removed, the degree of activity being independent of whether this removal is 
effected by heating the metal m hydrogen or m a vacuum Accordingly, 
absorbed hydrogen does not increase appreciably the* activity of the metal, 
whereas absorbed oxygen has a pronounced mhibxtive effect 
The prolonged heatings to whuh this filament had been subjected resulted 
in some loss of metal by evaporation, and an almost opaque film of silver 
was formed on the walls of the reaction vessel opposite to the filament 
A further senes of experiments with a new filament confirmed the above 
results and showed that the metal can always be rendered inactive or active, 
according as to whether it is heated m oxygen or m a vacuum 


No of 

Initial heating of — 


w 

experiment 



32 

50 mins in oxygen 


72 

35 

15 mins m 0, 80 m&na wi ixicuo 


66 

36 

30 minx m 0 2 2 hrs 25 mins w vacuo 


55 

37 

30 mins in () 2 , 90 mins w vacua 


53 

38 

Do do 

- 

50 

39 

Do do 


50 

40 

Do do 


49 

41 

30 rains in , 120 mins in vacuo 

• 

50 

42 

30 mins m oxygen 

f 

72 

The following experiments were performed with the filament which had 

been used 

in Experiments 18-31 — 



No of 

Initial heating of— 


W 

experiment 



44 

30 mins in oxygen 


80 

45 

30 nuns m 0,, l hr 45 rams tn vacua 


60 

46 

30 mins in 0, , 90 nuns tn vacuo 


53 

47 

(a) 30 nuns m 0, , I hr 20 nuns m vacuo 


55 


(b) 60 nuns tn vacuo . 


53 

48 

(a) 40 nuns in oxygen 

• » 

72 


(b) 90 mins in hydrogen 

• 

53 

49 

30 rains in hydrogen 

• * 

49 

51 

30 mins in oxygen 


68 

VOL. OVH 

• ——A, 

H 
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Experiments were then conducted m ordei to detemune whether a filament 
which had been rendered inactive by heatmg it in oxygen could be made more 
active by subsequently heatmg it in oxygen at a much lower pressure For 
this purpose the volume of the apparatus between the seals 8 1 , S 8 , and S3 
was reduced to approximately 466 c c and the filament employed was 11 cms. 
in length 

It will be Been from the following table of results that the dependence of 
the activity of the wire on the pressure of the oxygen in which it is heated 
is such that as the pressure increases from a vacuum to 0 001 mm the activity 
falls very little, but that as the pressure is increased from 0 001 mm to 
0 > 003 mm the activity falls to a value not much lower than that of a wire 
which has been heated in oxygen at a pressure more than 200 times greater— 
namely, 0 627 mm It would appear, therefore, that above 0 003 nun the 
activity of the wire is almost independent of the pressure of the oxygen in 
which it is heated, but that as the pressure falls from the former value the 
activity rises rapidly to the value corresponding to a vacuum There is, m 
fact, a minimum degree of activity which is nearly reached when the pressure 
of the oxygen m which the wire is heated is above 0 005 mm 

These new facts appear to us to give a clear indication of the mechanism 
of the influence of absorbed oxygen They show that the effect of the oxygen 
is due to the formation of an ina< tive film (probably of silver oxide) on the 
surface of the metal, the metal being completely < overed with the film when 
the pressure of oxygen in which it is heated exceeds 0 005 mm This, it 
would appear, is the only theory which can account for the fact that the 
activity of the wire corresponding to pressures of oxygen above this value is 
constant 

In Experiment 53, the pressure of oxygen evolved when the filament was 
heated m a vacuum was measured and was found to be 0 00077 mm The 
volume of oxygen at N T P corresponding to this pressure is about twice as 
great as that calculated from Sieverts’ figures (‘ Zeit Phys Cliemvol 60, 
p 139 (1907)) for the absorption of oxygen by silver, it being assumed in the 
calculation that the amount of oxygen absorbed is proportional to the square 
root of the pressure 

It was observed in Experiments 54-58 that the mixed gases combined 
slowly at the temperature of the laboratory, the maximum rate of combination 
observed corresponded to a rate of fall in pressure of 0 005 mm. per hour when 
the apparatus oontamed the standard mixture at a pressure of 0*575 mm. 
This fall m pressure persisted m each experiment at a uniform rate, until the 
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No of 

Initial heating of— 

W. 

experiment 


52 

(a) 30 mms m oxygen at 0 627 mm 



30 mins in hydrogen at 0 627 mm 



30 mins m oxygon at 0 G27 mm 

65 


(b) 30 mins in hydrogen at 0 627 ram 

45 

5S 

»0 mins in oxygon at 0 627 mm 



90 mm* m vacuo 

45 

54 

JO nuns m oxygen at 0 627 mm 



90 nuns in oxygen at 0 0029 mm 

60 

55 

JO mins m oxygen at 0 627 mm 



90 mins in oxygen at 0 0017 mm 

00 

56 

30 mins in oxygen at 0 627 mm 



9() mum in oxygen at 0 0014 tnm 

56 

57 

30 mins in oxygen at 0 627 mm 



90 nans in oxygen at 0 0013 ram 

47 

58 

,30 mins in oxygen at 0 627 mm 



90 mins in oxygen at 0 0011 mm 

48 


temperature of the filament was raised to a point at which the gases were caused 
to combine by the filament At this point for a small rise in temperature a 
large increase m the rate of combination was observed As an increase of 
temperature of the wire below this point resulted m no alteration of the rate 
of combination it was concluded that the combination at the laboratory 
temperature was due to the film of silver deposited on the walls of the reaction 
vessel 

Experiment* with Gold 

The investigation was carried out m the same manner as that of the 
investigation with silver A filament of commercially pure gold, which 
contained traces of copper and silver, was used for preliminary experiments. 
The metal blackened uniformly when it was heated in oxygen, and this was 
accompanied by a large fall m pressure of the gas When the filament was 
heated m hydrogen or m a vacuum this coating of oxide was removed. 

It was found that the c lean metal caused the gases to combine at an ammeter 
reading of ten divisions lower than that observed when combination started 
m the presence of the oxidised metal The inactive metal retained completely 
its blackened appearance after it had been heated to just below a dull red 
heat for 35 minutes in the mixture of hydrogen and oxygen. 

H 2 
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Experiments with a filament of chemically pure gold showed that this metal 
behaves m the same way as silver The difference between the active and the 
inactive states it, however, not ro pronounced as m the case of the latter metal, 
being represented by only 5-6 ammeter divisions instead of 19-30 divisions 


The results of the experiments conducted with pure gold are 
following table 

shown in the 

No of 

Initial heating of— 

W 

experiment. 


63 

30 mins, in oxygen 

81 

64 

80 nuns in 0 2 , 00 mms w vacuo 

76 

<*5 

30 mins in 0 2 , 90 mms m vacuo 

75 

66 

(a) 30 nuns m 0 2 , 30 mms in H 2 , 30 mins, in 0 2 

80 


(6) 30 mins in hydrogen 

73 

67 

30 mms m O s , 60 mms m vacuo 

76 

68 

60 mms in 0 2 , 120 mms in vacuo 

75 

69 

30 mms in oxygen 

81 

70 

30 mms in hydrogen 

76 

71 

30 mms in H 2 , 120 mms in vacuo 

76 


CoiuHumotts 

■When silver is heated to dull redness m oxygen at a pressure exceedmg 
0*005 mm of mercury, it becomes almost completely covered with a film of 
oxide, which considerably impairs the efficiency of the metal as a t atalvst for 
the reaction between hydrogen and oxygen 
The film of oxide can be removed by heating the metal to redness in a vacuum 
or in oxygen at a much lower pressure The catalytic, activity of the metal 
is then the same as that of silver which has been heated m hydrogen 
These hypotheses furnish a consistent explanation of the discovery of Bone 
and Wheeler that silver, after it has been heated in hydrogen, becomes a much 
more efficient catalyst for the reaction between hydrogen and oxygen than 
silver which has not been thus treated—for new silver wire which has not 
been heated m a reducing atmosphere would be covered with the oxide film 
The behaviour of gold is similar to that of silver, after it has been submitted 
to the same treatment, although in the case of the former metal the effects 
observed are not so pronounced 

It was found that hydrogen and oxygen will combine at the temperature of 
the laboratory in the presence of the silver film condensed on the inner surface 
of the reaction vessel 
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The General Law of Electrical Conduction %n Dielectrics. 
By Spencer W Richardson, M A , D Sc , F Inst P 
(Communicated by Sir William Bragg, K B E , F It 8 — Received April 29, 1924 ) 
(Fiom the Davy Faraday Research Laboratory of the Royal Institution ) 

An account of a senes of experiments on the behaviour of a specimen of 
quartz cut perpendicular to the optical axis, performed by me, has been given 
in two papers entitled “ Some Expenments on the Properties of Dielectrics,” 
and “The Flow of Electricity through Dielectrics," published in the ‘Pro¬ 
ceedings of the Royal Society,’ A, vol 92 (1915) 

In these papers I showed that if one surface of the specimen (m the form of 
a thin disc of area S and thickness d, silvered on both sides) be connected to 
the earth, and the other surface be maintained at a potential V for a tune T, 
then the total charge accumulated in the dielectric can be represented by.— 

(K + K' t )CV, 

where 

K — the specific inductive instantaneous capacity of the specimen, 
K' r = the maximum value of the specific mductive residual capacity of 
the specimen, 

and C ^S/4 nd 

If the surface at potential V be now connected to the eaith, then at any 
subsequent time t (greatei than t) the charge remaining m the dielectric can 
be represented by — 

K' t CV, 

where 

K'« = the specific inductive residual capacity of the specimen, 
and 

n * a constant for the given specimen, 
a ~ a function of T (the time of charging) 
x = a function of both T and t 

When the discharge has taken place for some time, this expression reduces 
to *— 

K',--nK' T e-“ nK\e' «* 

since t (the tune taken for the potential of the surface originally at potential 
V to fall to zero) is small oompared with t 
For some yean previous to the publication of the papers referred to, I 
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sought for information concerning the electromotive force of polarisation in 
the dielectric from a study of a and x For if a, and x could have been found 
at the instant of discharge it would have been possible to write — 


The rate at which the charge is escaping from the dielectric = — i 

tU K 


where 


P — the electromotive force of polarisation, and R -=- a < onstant 


This information could then have been combined with that concerning 
the charging and polarisation currents, and the general law of electrical con¬ 
duction in dieleotncs could have been completely determined. 

I found that I was able to calculate « from the experimental results, but 
I did not succeed m obtaining an expression for x which was in agreement 
with all the known facts An expression of the form— 


(where A l( A 2 , <x v « s , arc suitable constants) will, for a given tune of charging, 
lead to values of Q which approximate closely to the observed values , but 
the expression dotes not represent exactly what is taking place, and cannot 
therefore, be used for obtaining the value of —dQjdt at the instant of 
discharge 

I then sought for experimental evidence of the existence of the electromotive 
force of polarisation, and, m January, 1918, I discovered that if (during 
charging) the applied potential V was suddenly reduced to V' (say), then, 
provided that V' was greater than a certain value P the current flowed 
through the specimen in the same direction as the original charging current, 
but that if V' was less than P, a current flowed (for some tame) m the opposite 
direction. I took P to be an approximate measure of the electromotive force 
of polarisation in the given conditions I calculated the rate at which the 
charge accumulated in the specimen and I showed that if 

y — the charging current and dQ/dT = the rate at which the charge is 
accumulating in the dielectric, then — 


r= ^3+y=i. 

' dT i R 

That is to say •— 

/ The Charging! _ J The Pokn*atum\ , J The Conduction! 

\ Current J \ Current J \ Current j 

This I believe to be the general law of eleotrical conduction. As tame goes on 
dQ/dT diminishes, and P tends towards a fixed value P a . It would thus 



General Law of Electrical Conduction %n Dielectrics 103 


appear that after the charging current has been flowing for some considerable 
time the equation reduces to.— 


V —P 

v s- 06 

7 R ’ 


and since P„ is proportional to V, Ihis may be written — 


(1 - D __ 

R R» 


where k and R 0 are constants 

That is to say — 

At sufficiently high temperatures—after the current has been flawing for some 
time—the behaviour of (he specimen approximates to that of a metallic conductor 
carrying a steady current 

At low temperatures dQ/dT is small,* and at the temperature of liquid air— 
after the instantaneous charge has been completed—both the charging and 
polarization currents are negligible and the equation reduces to — 


That is to say •— 

At very low temperatures the behaviour of the specimen approximates to that of 
an air condenser. 

For the discharge the equation reduces to — 

_ dQ _ __ P 
dt R 


EXPERIMENTAL RESULTS 

Quartz along the Optical Axis 

In the paper entitled “ The Flow of Electricity through Dielectrics ” (‘ Roy 
Soc ProcA, vol 92, p 103 (1915)) the following table of results for a 
specimen of quartz (cut perpendicular to the optical axis) is given — 


V- l 


Time of 


<*Q 

p 

Apparent 

R 

Charging 

y 

«rr 


Resistance 

20 minutes 

1 64 x 10 * 

0 09 x io~» 

0 82 

0 10 X HIM 

1 18 X 10M 

5 „ 

1 08 X J0-* 

0 20 X 10-* 

0 81 

5 95 x KF" 

1 28 X I0M 

2 „ 

1 92 x 10-« 

0 28 X 10 * 

0 80 

fl 20 X I0M 

1 22 X 10*° 

1 .. 

2 08 x 10~* 

0 39 X 10 

0 80 

4 81 X 10M 

1 18 X 10M 

10 second* 

3 80 x 10~* 

0 88 x 10-* 

0 65 

2 83 X 10M 

1 20 X 10** 




3 

Kean 

1 21 X 10* 


* Curie and Oompen, ‘ Oomptes Bend us' (1602). 
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It will be seen that if instead of R we write 1 — P/y (of. Jofi$, ‘ Annalen der 
Physik,’ vol. 72,1923) we obtain nearly constant results, whicli at first sight 
might lead to the conclusion that Ohm’s law was obeyed In this case, however, 
the values of dQ/dT are small compared with the corresponding values of y, 
and the quantity of electricity that flows through the specimen m an interval 
of time—from T = 1 minute to T — 20 minutes (say)-*is about ten times as 
great as the total charge accumulated m the specimen in the same interval 
of time. This is illustrated m the following diagram — 



Time of Charging m flmutes 


In the diagram are shown areas 

ADEG representing f* dT — 1958X10'”, 
Jt-i 

CDEF representing *° —^ dT = 1<$8X10~”, 

*t--i ®* 

and 

BCFG lepresenting F“*° dT - 1790 X 10“” 

Jx**i ■ K 

It is clear that these results are consistent with the equation 

' dQ . V-P 
y_ dT + R 


Quartz aoro«» the Optical Axu. 

Since the publication of the papers mentioned above I have performed a 
great many experiments on a specimen of quartz cut parallel to the optical 
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axis The specimen (in the form of a carefully out and polished disc) was 
silvered on both sides—insulating gaps being produced by scraping round the 
edges with a sharp steel tool. 

The edges of the specimen were very carefully cleaned and the specimen was 
kept permanently (during any senes of expenments) m an air-tight chamber 
containing phosphorus pentoxido (see fig 1). 



Optical Axis 
1 

In these cm umstauces the general behaviour of the specimen was found to be 
in agreement with the above < onelusions- but the various quantities measured 
(with the exception of K and P) were much less than in the case of the specimen 
cut perpendicular to the optical axis 
The data given below relate to experiments pet formed at 26 4" C 

K - 4 3. 

In the equation K'* — wK' r e***‘ 

n = 0*50 

The value of n for the specimen cut (lerpeiulicular to the optical axis was 
l) 36 (see ‘ Roy Soc Proe A, vol 92, p 49 (391/5)) 

A senes of measurements of (K' (| — K' (> ), under varying conditions as to 
voltage, etc, have been made, and from these the following data have been 
compiled In the first column of Table I are shown times measured from the 
instant at which both surfaces of the specimen were brought into contact with 
the earth, and m the succeeding columns the corresponding values of K' ( for 
different times of charging are given, the lust value in each column being com¬ 
puted and not derived from an experiment 
From these data the curves plotted as figs 4-6 were obtained Abovo the 
ourveB the logarithms, to the base 10, of the various values of K'< are indicated, 
the logarithmic scales being shown on the right of the figures 
The relation between the values of K' T and the different times of charging 
m shown as fig 7. 
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Table I 


Time o! 
discharging 

Time of charging. 

20 mm« 

3 8 mins 

30 mm 

r sees 

0 770 

0 307 

0 080 

« „ 



0 044 

IG „ 

__ 

_ 

0 029 

30 „ 

0 015 

0 188 

0 020 

1 mins 

_ 

0 151 

0 012 

2 „ 

0 440 

— 


3 

— 

0 085 

— 

5 „ 

0 274 

0 053 

— 

» 

— 

0 028 

— 

10 

0 151 

— 

— 

12 .. 

_ 

0 012 

— 

15 „ 

1) 095 

— 

— 

20 


0 002 

—- 

25 

0 036 

— 

— 

30 „ 

0 023 

— 

— 


« 

The values of a for several times of charging are given in the following 
Table — 


Table II 


Time of 
charging 

* i 

20 raiUM 

3 8 mints 

30 am 

a 

0 OOJfl 

0 0037 

0 020 


A curve connecting these values of a with the times of charging is shown 
as fig 8 

Four of the values for y, dQjdT, and P for different tunes of charging are 
given in the following Table — 


Table III 


v -1 


Tame of 
charging 

7- 

1 

M? | 

i 

t 

P 

Apparent 

Rw&tanoe 

R. 

10 aeon 

17 0 X IO-* 

11*0 x io-»* 

0 18 

0 67 X 10* 

1 24 X 10* 

30 „ 

io s x io-« 

0 5 X 10"* 4 

0<64 

0 98 X W® 

1 24 x 10P 

3 8 mints 

4 7 X 10-" 

2 7 X i<r“ 

0 75 

2 11 x 10** 

1 25 X 10“ 

20 „ 

S 5 X IO -14 

0 81 X 10-*' 

0 79 

4 00 x 10* 

1 24 X 10“ 





Mean 

1 24 X 1CP 
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These results are plotted as figs. 9-12 The area of the silvered surface being 
4*53 sq ems , and the thickness of the specimen 0 13 cms., the specific resist¬ 
ance, p, is obtained from Ihe relation 

This value is about 200 times greater than the corresponding value 
(2*0 X 10 28 ) found for the specimen of quartz cut perpendicular to the optical 
axis (loc cit ) (See also Curie * Annales dc Chimie et de Physique, 1889 ) 

Supplementary Note on some further Experiments relating to the Flow of 
Electricity through Quartz in the direction of, and perpendicular to , its 
Optical Axis 

Cune (foe c%t ) observed that if one surface of a specimen of quartz cut 
parallel to the optical axis is c onnected to a battery (the other surface being 
insulated) electricity escapes from the specimen and accumulates on the 
insulated surface —as in other cases (see fig 2) 


/n$u/ata tf Surface 



To fleeter/ 

»-► 

Opticmf Axrs 

Fia 2 

If, however, the edge of the specimen is uninsulated and connected to the 
earth, the potential of the insulated surface gradually falls as time goes on 
(see fig 1) 



Fro 8. 
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I have observed that if, after charging such a specimen for some tune, both 
surfaces are rapidly connected to the earth and then one is immediately in¬ 
sulated—a charge accumulates on the insulated surface for about one minute 
(say) and then diminishes, becomes zero and, finally, changes sign 
This is illustrated in fig 13 The specimen hud been charged for 10 minutes 
—first m one direction, and then m the other direction The ordinates 
represent the values of the electrometer readings in the two cases and the 
abscissa* the coma ponding times of discharge 1 have also observed that 
if one surface of the specimen (the edge being uninsulated and connected to 
the earth) be connected to a battery—the current, y 3( that flows through the 
insulated surface rapidly diminishes to zero and then changes sign 

In order to throw some light on this phenomenon, I have performed a senes 
of experiments (see Table IV ) on .— 

(а) The normal current, y, flowing through the insulated surface when the 
edge is free 

(б) The normal current, y lf flowing through the edge when one surface is 
free It will be seen that y x is > y 

(c) The current, y 2 , flowing through the edge when one surface is connected 
to the earth It will be seen that (up to 20 mins ) y a is < y x 

(<Z) The current, y 8 , flowing through one surface when the edge is connected 
to the earth These results (indicated thus O) are shown as fig 14 
The values in the last column of Table IV (indicated thus X in fig 14) were 
obtained from the apjtroxirmte relation — 


= Y% 


y — 0 34 y t 
y a — 0*34y 


Table IV. 


Time of 
charging 

y 

7i 



y* 



7s 


yr 1 — 

y>- 

0 

-0 

34 

3 

ms* 
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Recent Developments m Tensile Testmij 

By J V Howard, J) Sc ; and 8 L Smith, I) Sc , A C G J 

((\>inmunicatcd by W K Dalby, PUS —Her mid May 10 V121 ) 

Introductory 

The Btudy of the behaviour of metals on removal and re-application of load 
has been facilitated bv the Dalby Autographic Load-Extension Recorders 
Prof Dalby has described these instruments and the specially designed hydraulic 
press in which the tensile tests are carried out,* and has shown that metal 
possesses elastic properties right up to fra< ture l T p to a certain limiting stress 
the extension is proportional to the applied load , when this stress is exceeded 
the metal loses its proportional elasticity but retains the property of non- 
proportional elasticity f When the material has passed mto the condition 
of non-proportional elasticity, the removal and re-npphoation of the load 
causes a loop to be traced m the recorded load-extension diagram 
Looping is a general property of metals, and the loops obtained from different 
metals have distinguishing characteristics J Prof Dalby has also shown 
that the loop area increases with permanent set, tending towards a maximum 
value, and that loop area plotted against permanent set gives a smooth curve § 
This will be referred to as the “ normal cuive ” for a metal 
The researches described in this paper were undertaken with a view to 
investigating the factors influencing the formation of these loops, and to study¬ 
ing the effects of variations in composition on the looping properties with special 
reference to tests on steel Considerations of space render it impossible to 
record m detail the large amount of experimental work which has extended 
over the past three years Although the paper is therefore of the nature of 
a summary, it may be stated that every experimental fact adduced has been 
checked by independent tests on different steels or by subsidiary researches 
No attempt has been made to formulate a theory to cover%e experimentally 
established facts, but it is believed that it has been possible to extend the 
knowledge of properties of steel which usual methods of testing fail to reveal 

* W E Dalby, "Strength and Structure of Steel and Other Metals,’ Edward 
Arnold and Oo, pp 31-48 

t W E, Dalby, u Reseatches on the Elastic PropeitKs of Metals/’ ‘Phil Trails,’ A, 
vol 221, p, 122. 
t IM. f pp 125-131, 

S 4 Mil Trans / A, vol 221, p. 132. 

VOL. CVII.—A. I 



« LO*D-TONS 


114 


J V. Howard and S. L. Smith. 

The Propkbties of ▲ Loop. 

1. Recoverable Slip —Fig 1 shows three typioal loops They were obtained 
in a test on a steel containing 0*63 per cent carbon. The lines O t E 2 , 
and OgE a have been drawn m on the diagram at a slope corresponding to the 
primitive modulus of elasticity determined from the elastic line at the beginning 
of the record * The loop boundanes arc curved, and this causes the loops, as 
a whole, to slope away from the E ” lines 



Fro 1 


Referring to the first loop, on the application of the load, the spot of light 
which traces the record on the photographic plate moves from O x along the 
curved path OjY This motion can be regarded as compounded of — 

(l) A movement from 0 1 to X in the direction of the primitive elastic 
line, producing an extension marked “ e ” m the figure, and 
(u) A plastic step or slip, XY, parallel to the extension ana, producing a 
further increment of extension “ 8 ” m the figure 

The total stretch of the test-piece at the top of the loop is thus made up 
of a proportionally elastic portion and a non-proportionally elastic portion. 

* W E Dalby, “ Load Extension Diagiams taken with the Optloal Load-Extension 
Indicator,” * Boy Hoc. Prat,’ A, rol 88, p 286 
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The remarkable fact is that, on unloading the test-piece, the spot of light 
traces out a similar curve, so that, not only the proportionally elastic but 
also the non-proportionally elastic component of the extension disappears 

For want of a more suitable name, it is proposed to call this non-proportional 
component of the curved loop boundary the u recoverable slip ” The question 
which immediately arises is What is a convenient measure of recoverable 
Nlip ; 

2 fjoop Area as a Measure of Recoverable Shj) —From the analysis of the 
curved loop boundary into two steps, namely, a primitive elastic straight-line 
step and a plastic step parallel to the axis of extension, it is clear that the 
greater this second step the further will be the departure of the loop boundary 
from the primitive elastic “ E” line Numerous experiments have indicated that 
the greater this departure—or recoverable slip—the greater is the curvature 
of the loop boundary and, consequently, the aiea enclosed when the load is 
removed and re-applied 

This is illustrated by the two loops, obtained from tests on different steels, 
shown m fig 2 The steel possessing the physical property characterized by 
greater recoverable shp yields a loop of larger area 



Although the steels were different, it so happened that at the load at which 
the loops were executed, the load-extension diagrams for the breaking tests 
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crossed, so that the permanent set at this load, and therefore the slope of the 
“ E ” line, was the same for both steels and the two loops are strictly com¬ 
parable. 

3 Recoverable Shp depend » only on Stress —The actual area of a loop will 
depend, of course, on the load and extension scales of the diagram as well as 
on the diameter of the test-piece, which fixes the height of a loop for any 
particular stress We have found, however, that for a given material, when 
the load and extension have been reduced to the corresponding values of stress 
and strain, the length of the second plastic step depends only on the stress and 
is independent of the cross-section of the test specimen 

This is demonstrated m fig 3, m which loops are shown from tests on three 
specimens cut from the same bar of steel The slope of the “E” lines differs 
for the three loops on account of differences in < ross-sectional area 



Notwithstanding the differences in stress scale, it will be seen that there is 
practical equality between the recoverable slips recorded at any particular 
stress For example, the recoverable slips corresponding to a stress of 26 tons 
per square inch are marked <e s ” on the diagrams, and these have a value of 
0*0013 inch m each case 

It is to be noted that the loops referred to m the foregoing remarks are what 
may be conveniently called the “ primary loops/’ that is, the loops obtained 
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daring a normal continuous looping test Our researches have shown that, 
although the loop area may be reduced m various wayB either by a period of 
rest or by a particular method of approaching the load at which the loop is 
recorded, the primary loop has the maximum area associated with that load 

4 Mean Loop Width as a Measure of Recoverable Slip —The inference from 
the two preceding paragraphs is that the recoverable slip produced by a given 
stress (and, therefore, the cuivature of the loop boundaries) is an inherent 
physical property of the metal It follows from this that the mean width of a 
loop will depend onlv on the stress at, the top of the loop, whatever the diameter 
of the lest piece 

This was verified in the following way Complete looping tests up to a load 
approaching the maximum load for the specimen were carried out on the three 
test-pieces referred to m paragraph 3 The stress at the top of every loop was 



Fig. 4 
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calc ulated from the recorded load and the cross-sectional area, on the assumption 
that the volume of the specimen remains unchanged during the test. The 
curves of loop urea plotted against the corresponding stress are marked A, B 
and C in fig 4 

The mean w idth of the loops parallel to the extension axiB was obtained 
by dividing each loop area by the load at the top of the loop These values 
are plotted against stress in curve D in tig 4, which is the same for all three 
specimens Curve D is thus a characteristic curve for the material under 
test Mean loop width therefore depends only on stress and is independent 
of the diameter of the test-piece It is thus a convenient, measure of the 
property of the metal which gives rise to recoverable slip 

Loofino at Constant Load 

5 Permanent Set is the Ultimate Cause of Fracture —Two identical specimens 
were each looped up to a predetermined load, different for each test-piece 
When this load was reached, looping was continued at constant load at the 
rate of 22 applications per minute The permanent set increased continuously 
during the constant-load part of the test and loops were recorded at intervals 
of about 0*05 inches of permanent set This was continued until the test- 
pieces broke 

The work done to fracture, including the energy absorbed in looping, was 
15 4 and 22 4 inch-tons for the test-pieces looped at constant loads of 7 tons 
and 6 1 tons respectively Apart from this looping energy, represented by 
the areaB of the loops, the work done to fracture was 6 5 and 6 3 inch-tons 

A straight-through breaking test was also made on an identical test specimen 
The work done to fracture, measured from the area under the load-extension 
diagram, was 6 7 inch-tons 

The total elongation was the same whether the test-piece was broken by 
a continuous pull or by constant-load looping at the higher or lower load 
The deduction is that the ultimate cause of rupture is permanent set or plastic 
deformation, and not the total amount of work expended m producing this 
deformation 

6 Permanent Set is caused by the Act of Looping —When a test-piece is 
subjected to a steady load, it continues to Btretch slowly for a considerable time 
and finally stops If a loop is then exeouted, the stretching re-conunences, 
continues at a decreasing rate and again stops 

Fig. 5 is a record of such a test. 

The test-piece was looped normally up to a load of 8*8 tons, corresponding 
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to » stress of 22-1 tout* per square inch. It was then left under load and 
readings of time and extension taken When stretching had practically 



ceased, as shown by the curve becoming parallel to the time axis, a loop was 
executed and recorded and the same steady load again left on the specimen 
This was repeated several times 

Fig 5 shows how the mere execution of a single loop gave an impulse to the 
material sufficient to start it stretching again 

The same specimen was then looped at a constant load of 6*8 tons 300 times 
and the load again left on the specimen No increase in extension was observed 
even after several hours, but on proceeding with the looping the extension 
again increased The loop areas recorded throughout the experiment were 
the same This shows that when a loop is traced an internal disturbance is 
set up m the metal, which is a cause of the production of permanent set and 
therefore, ultimately, of rupture. 
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A Proposed Quality Factor 

7 Recoverable slip is measured by mean loop width For the large number 
of steels tested, it was found that the characteristic curves of mean loop width 
plotted against stress were sulmtantially parallel Thus, by selecting a con¬ 
venient arbitrary value of mean loop width, the corresponding value of stress 
can be read off the characteristic curve This stress provides a means of 
comparing different steels as regards that property of the metal which is revealed 
by this method of testing 

A mean loop width oi 0 0015 inch was found to be a convenient value for 
test-pieces of 5-mch gauge length , and the quality factor of a steel is therefore 
defined as the stress in tons per square inch necessary to produce this standard 
loop width A steel having a low quality factor will be characterized by large 
loops, and conversely 

The Effect on the Quality Factor of Variations in the Composition 

AND HeAT-TbEATMENT OF STEEL 

8 The comparison of different steels by means of the quality factor defined 
in the last paragraph yields remarkable results Fig 6 records the factors 
derived from tests on two senes of carbon steels The carbon contents ranged 
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from 0 id per cent to 0 8 1 per cent, and the two series differed only m the 
amount of phosphorus present This was 0 03 per cent in one senes and 
0 11 per cent m the other 

Each senes was subjected to two heat-treatments before testing, one a simple 
anneal and the other a complete treatment consisting of quenching followed by 
re-heating There are thus four group* of tests 
The influence of carbon content on quality factor appears to depend on the 
heat treatment which the steel lias undeigone For low-carbon steels there m 
little difference m the factor whether thin has been a simple anneal or a complete 
double treatment But with heat-treated steels the factor rises with the carbon 
and readies a maximum at about 0 0 per cent carbon, while, foi annealed 
steels, it falls with rise in carbon content, The annealed Beries are incomplete, 
as the higher-carbon members were so buttle that they were liable to break 
suddenly with very little permanent set To avoid risk of damage to the 
delicate extensomoter mechanism, tests on these steels were postponed , but 
there are indications that the quality factor has a minimum value at 0 fi per 
cent carbon exactly where the maximum value of tin fmtor occurs m tlu 
case of heat-treated steels 

As regards alloy steels, no change m quality factor could be detected with 
variations in nickel up to about 3 per cent Nickel-chrome steels, containing 
between 0 8 and 1 2 per cent chromium, after < orreet heat-treatment, had a 
factor 1 6 times that of a straight carbon steel of the same carbon content 
9 Limit of Proportional Elasticity as affected by Variations m Composttuw — 
Looping tests oil the series of steels referred to in paragraph 8 showed that 
variations m carbon content have practically no effect m annealed steels con¬ 
taining 0*11 per cent phosphorus The elastic limit over the whole range of 
carbon content was 21 tons per square inch 
Reduction m phosphorus content to 0 03 per cent was aei ompanied by a 
lowering of the elastic lumt This was more pronounced at the low-carbon 
end of the range, so that the hunt rose from 12 tons/sq m for steel containing 
0 1 per cent carbon to 18 tons/sq m for that containing 0 9 per cent 
The elastic limit of the sorbitic heat-treated steels rose more or less uni¬ 
formly with the carbon content, varying from 18 to 30 tons/sq m over a 
carbon range from 0*1 per cent, to 0*9 per cent. 

Variations in nickel up to 3 per cent were found to have no influence on 
the elastic limit of steel containing 0*15 per cent carbon When present 
to the amount of 4*7 per cent, nickel appears to produce a profound change 
m the character of the metal. This is indicated by a fundamental departure 
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from the typical steel load-extension diagram The irregular yield link* 
l* suppressed and there is a smooth tiansition from the elastic line to the 
curve of plastic extension This change m the metal was accompanied by 
an elastic limit having the exceptionally low value of 9*1 tons/sq m 
(annealed) and 12 1 tons/sq m (heat-treated) 

Annealing is an unsuitable treatment for nickel-chrome steels and was 
found to produce a condition somewhat similar to that conferred by high 
nickel. In this condition a steel containing 1 2 per cent chromium, 3 3 per 
cent nickel and 0 32 per cent carbon had an elastic limit of 11 2 tons/sq in 
This was raised to 39 tons/sq in by correct heat-treatment 

Overstrain followed by Rest 

10 Prof DaJby has shown that some metals recover then property of 
proportional elasticity with time f The following experiments were under¬ 
taken to extend the investigation to steels of different composition and 
heat-treatment 

The test-pieces not fractured in constant-load looping tests similar to those 
described m section 5 were Tested for 15 days They were then pulled 
under loads which were gradually increased up to the previous looping load 
A record was made of each pull 

Fig 7 is the result obtained with two of the specimens The other records 
were similar In each case straight lines of proportional elasticity were 



obtained up to the previous looping load When this load was exceeded, small 
Loops were traced , and a further slight increase m load caused the material 
to yield definitely 

The slope of the lines afforded a value for “ E M the same as that for the 
steels in the unstrained condition In these cases, rest under no load restored 

♦WE, Dalby, ** An Optical Load Extension Indicator,” ‘ Roy Soc Proo ,* A, vol 86, 
p 424 

t 41 Researches on the Elastic Properties of Metals,” ‘ Phil* Trans*,' A, vol, 221, p. 120. 
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the elastic properties of tin material and gave it n limit of proportionality 
equal to the previous looping load and a yield-}>omt just above it The steel 
contained 0 63 per cent carbon and had been annealed 

A number of other steels were tested in the same way after periods of rest 
up to three months The conclusions drawn were — 

(l) Annealed (pearhtu) hypo-outeetoid steels, including pearhtic nukel 
steels, completely recover their property of proportional elasticity with rest 
The limit of proportional elasticity after rest is the maximum load previously 
applied 

(ii) Sorbitic (heat-treated) carbon steels of all compositions have no bu<1i 
power of recovery On re-loading after rest, the load-extension line was 
curved and a loop was traced on the removal of the load 

(in) Carbon steel of eutectoid composition does not ret over whatever its 
previous heat-treatment 

11 Rest under Isoad - 4 test-piece was looped 700 times at a constant load 
of 6 1 tons The total permanent set recorded was 0 261 inch It was then 
left m the testing machine under this load for 18 days During this time the 
permanent set remained unaltered 

On the eighteenth day the load was removed and the test-piece immediately 
pulled at loads ranging from 4 up to 6 1 tons The ret ord is shown in fig 8 
A loop was traced at each pull, and the loops at b I tons w ere identical with the 
last one recorded after the original 700 loops 



It appears that no recovery of proportional elasticity takes place while the 
metal remains m a condition of stress 
12 The Normal Curve of Loop Area against Permanent Set indicates the Heat - 
Treatment which (he Steel has undergone —The normal curve for a typical steel 
consists of three parts corresponding tathe three distinct stages m the complete 
tension test. These stages are*— (i) The yield period in which a large extension 
takes place while the load fluctuates about a constant value (u) The period of 
plastic elongation subsequent to the yield period (in) The period of incipient 
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rupture as the maximum load for the test-piece is approached, when the loop 
area tends towards a maximum In order to allow of exact comparison, the 
normal curves of all the steels tested were platted logarithmically Fig 8 
relates to annealed, pearhtic carbon steels 
For the second stage in the tests, the logarithmic curve is sensibly a straight 
hue, so that a simple approximate relation exists of the form - 

Loop Area — Constant (Permanent Set)" 

The lines for all the steels m fig 9 are mutually parallel The index “ n ” 
has the value 0*66 whatever the <arbon and phosphorus content Tests on 
annealed nickel and nickel-chrome steel gave the same index value so long as 
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there was not sufficient alloy to destroy the typical steel characteristics of the 
metal 

Similar straight lines were obtained from tests on heat-treated sorbitic 
steels In general, the index corresponding to this heat-treatment was 0 40 
The index is therefore a criterion as to the heat-treatment to which the steel 
has been subjected 

High-phosphorus Jow-c arbon steels (PhO 11 percent, Cup to 0*2 per cent) 
were exceptions. The value of the index for these steels after heat-treatment 
was 0*52. This is nearer to that for annealed steels and suggests that 
phosphorus in low-carbon steels impedes the action of heat-treatment 

In the high-alloy steels in which the yield link was suppressed, the index 
“n ” had a value so low as to suggest that these steels (if they can properly 
be called steels) must be plated in an entirely different category 

Conclusion 

The experimental work briefly recorded above deals only with the removal 
and re-application of tensile stress, without introducing the fuithei question 
of reversal of stress Even so, the reseaich is by no means exhaustive and 
numeious points still await investigation 

The authors have to express their indebtedness to Prof Dalby for his 
interest and valuable advice in connection with the work, and tor Ins kind 
permission to use his Autographic Load-Extension Recorders which have 
rendered the research possible 
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The Effect of Superposed Alternating Current on the Polarisable 
Primary Cell Zinc-Sulphuric Acid-Carbon Part I — Low- 
Frequency Current 

By A J Allmanj), L) Sc , and V. S Puni, M Sc , Ph 1) 
(Communicated by Prof 8 Smiles, P H 8 —UiHtived July 22, 11)24 ) 

Under the title “ Chemical Action that is Stimulated by Alternating 
Currents,” some interesting experiments were published a lew years back by 
Brown * Briefly, he found that if an alternating current of suitable strength 
and of either 100 or 12,000 periods per second were passed through a primary 
cell of the type 

Zmc/Dilute Sulphuric Acid /Carbon, , 

itself fitted up so as to discharge through a circuit of low resistance, the polarisa¬ 
tion of the cell was destroyed and its current output materially increased No 
further details are given on the experiments with 100-cycle current Usmg the 
high frequency, however, the conclusion was come to that the increased current 
output was essentially the result of a changed state of affairs at the zinc, not at 
the carbon, electrode Thus, when the current densities at the two electrodes 
were varied by altering their relative areas immersed in the electrolyte, it was 
found that a lugh alternating current density at the zmc electrode had a far 
greater effect m increasing the direct current output of the cell than when the 
high current density was employed at the carbon electrode f In other words, 
a given alternating current produced a greatei effect if the cell had a small zmc 
and a large carbon electrode than if it had a large zmc and a small carbon 
electrode More conclusive was the observation that, using a small zmc and a 
large carbon electrode, the same effect was observed when the carbon electrode 
was already fully depolarised by immersion in strong nitric acid. 

Brown concluded that, whilst the surface of the carbon electrode only affects 
the results m so far as it determines the resistance of the cell, the alternating 
current w some manner increases the \ elocity ot the sulphations m the neigh¬ 
bourhood of and towards the zmc anode, the latter being more rapidly dissolved, 
particularly with f* small electiode and a consequently high current density 

Several reasons led us to take up and extend Brown’s experiments Assum¬ 
ing for the moment that the scat of the effect is the zmc electrode, his explanation 

* 1 Hoy. Soe ProtA, vol 90, p. 26 (1014) 

f The percentage increases in direct current were much the same in the two oases* 
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of the mechanism of the effect is far from convincing Further, m practically 
all cases where the superposition of alternating current has been found to influ¬ 
ence an electrode process, the latter is characterised by a marked degree of 
irrevermbikty Typical examples of this kind in which the combination metal/ 
metalhon plays a part, are furnished by the anodic solution of platinum,* gold,t 
boi^J lead,§mckel,||and the clectrodejHwition of nickel || The anodic solution 
of zinc, on the contrary, is known to occur very nearly reversibly, and there is 
consequently au a prion xeason for not expecting an effort with superposed 
alternating current The case would appear to be quite different at the carbon 
electrode, at which hydrogen is evolved Rothmund and Lessing, ^ m the course 
of work on the Schlonnlch electrolytic detector, showed that both voltage and 
curient output of the Smec cell wore raised by the passage of electric waves, 
the cause being, apparently, depolarisation of hydrogen discharge, whilst Ghosh** 
and Goodwm and Knobel,ft using frequencies per second of 600 and of 100 down¬ 
wards, respectively, also observed a marked depolansatiou of cathodic hydrogen 
evolution 

We consequently decided to investigate the subject anew, paying particular 
attention to the effect of frequency, and using as our criterion of the effect the 
values of the electrode potentials undei different conditions The present 
paper gives an account of the woTk with low-frequency currents 

Effect of Alternating Current on the Current Delivery of the Primary Cell 

The general arrangement of the apparatus is shown in fig 1 A is a sixteen- 
pole alternator (made for us by the General Electric Company) It ih fitted with 
a three-step pulley, and by the use of a specially-designed countershaft (like the 
motor, provided with suitably stepped pulleys) can be run at widely differing 
speeds, with a corresponding variation m the frequency of the currents generated 
between 6 and 240 cycles per second Another machine (made by the Crocker- 
Wheeler Company) enabled us to work with 350 500 cycles B allows of the 
adjustment of the applied alternating-current voltage , D is a Duddell thermo- 
galvanometer, calibrated to read accurately any current between 0 001 and 

* Ruer, * Zeit far physikal. Chem / vol 44, p 81 (1903) 
t Wohlwill, ‘ Zeit far Elektroohem / vol 16, p 25 (1910) 
t Grubcv and Umelin, ‘ Zeit. fUr Elektroohem.,* vol 26, p 153 (1920) 
ft Grube, * Zeit far Elektroohem ,* vo) 28, p 275 (1922) 

|| KohkohUttor and Schddl, * Helvetica Chemioa Acta/ vol 5 p 593 (1922) 

If “ Ann. der Physik/ (4), vol 15, p 193 (1004) 

** ‘ Jour American Chem. Soo / vol 37, p 733 (1915) 

tf * Trans American Electroofaem. Soc / vol 37, p 617 (1920) 
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5 amperes, 0 is the cell, V a direct current voltmeter, H a direct current milliaw- 
meter. Rj and R a resistances, and K a and K 8 keys 



The zint electrode was of rectangular cross-section (l v l cm ). Although 
cast from the purest zinc available it was necessary to amalgamate it, as it was 
otherwise attacked chemically by the electrolyte (sulphuric acid of 1 29 specific 
gravity) The carbon cathode was a lighting carbon, 1 1 cm in diameter 
Both electrodes were filed down so as to give jaunted ends, and were arranged 
so that any length could be immersed in the electrolyte at will 

The procedure adopted was simple Required lengths of the two electrodes 
were dipped into the solution, the resistance R 1 adjusted to a pre-determined 
figure, and Kj and K a closed The current initially registered by M rapidly fell, 
and became constant m about half an hour It was then read, as also were the 
cell voltage (on V), and the direct current leak into the alternating current 
circuit (on D). The alternator was then started. After a few minutes, when 
conditions had apparently become constant, M, V and D were again read 
The alternating current was then switched off, when the direct current ra a few 
minutes assumed its normal value The whole operation was then repeated, 
using a different alternating current value, or varying the lengths of immersed 
electrodes 

It may he mentioned that, with superposed alternating current, there is a 
marked tendency for the bubbles of gas leaving the cathode to shoot outwards at 
right angles to the surface of the electrode. This was also noticed by Brown. 
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The results of these experiments, using a frequency of 60 cycles, are contained 
in Table I, and plotted in fig 2 The figures in columns 2 and 3 are both cor- 


Table 1 


Lengths of 

Alternating current 

Current furnished by 

Cell voltage in 

electrode* immersed 

in ampere* 

(tell in amperes 

volts 

Zinc 5 cm 

0 0 

0 033 

0 125 

Carbon „ 

0 1 

0 036 

0 13 


0 3 

0 (Ml 

0 136 

(a) 

0 5 

0 013 

0 135 


0 7 

0 045 

0 16 


0 0 

0 040 

0 16 


1 l 

0 047 

0 17 

Zinc tip 

0 0 

0 020 

0 OK 

Carbon 5 cm 

0 I 

0 020 

0 10 


o i 

0 028 

0 11 

m 

o r > 

0 031 

0 11 


0 7 

0 030 

0 135 


0 0 

0 (40 

0 14 


1 ] 

0 041 

0 145 

/ino () (i (.m 

0 0 

O 025 

0 10 

Carbon .5 cm 

0 1 

0 032 

0 It 


0 3 

0 030 

0 14 

(r) 

0 5 

0 040 

0 14 


0 7 

0 041 

0 15 


0 0 

0 042 

0 15 


1 1 

1 . 

0 042 

0 15 

Zinc 5 cm 


0 010 

0 05 

Carbon tip 


0 019 

0 12 



0 030 

0 12 

(«D 


0 030 

0 135 



0 042 

0 14 


0 0 

0*051 

0 17 


1 1 

0 000 

0 21 

Zinc 5 cm 

0 0 

0 021 

0 07 

Carbon 0 Ocm 

0 1 

0 025 

0 10 



0 020 

0 10 

<e) 


0 027 

0 11 


. ■ ■!»: | | 

0 028 

0 115 



0 028 

0 115 


i i 

0 029 

0 115 


rented for the small leak of direct current into the alternating current circuit, 
as determined prior to switching on the alternating current. The leak of 
alternating current into the dueot current circuit was shown to be very small, 
and is neglected. 

Similar experiments were done using a frequency of 400 The effects noticed 
were of the same order, but distinctly less than with a frequency of 60 
A comparison between fig 2 and fig, 6 of Brown’s paper is instructive. The 
VOL. cvn —a. k 
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current deliveries of the different cells when no alternating current is flowing 
stand in the same order m the two cases, as would be expected Whilst, 



however, he, employing a high frequency, gets distinctly more marked effects 
than we do when using a small zinc and a large carbon electrode, it is quite 
otherwise when the carbon electrode is small oompared with the zinc electrode 
Our curve d rises more rapidly than any of the others in fig 2, whereas his curve 7 
is the flattest of his series There was, of course, the possibility that our use 
of amalgamated zinc might have been responsible for the difference observed, 
but there seemed no particular reason why this should be so The results rather 
tended to confirm our anticipation that a superposed alternating current would 
have most effect on the carbon electrode, a view which is supported by the 
electrode potential measurements now to be described 

Effect of Alternating Current on the Electrode Potentials of the Primary CeU 

In order to investigate separately the effects produced at the single electrodes, 
without disturbing directly the general working of the coll, the arrangement 
shown in fig 1 was modified by the introduction of an auxiliary electrode, 
which served to lead alternating current to the particular cell electrode under 
study This, however, led to an experimental complication which is best 
illustrated by fig 3, in which the auxiliary electrode in every case is shown be¬ 
tween the two cell electrodes Imagine K and K x open, K, closed, and B a so 
adjusted as to give a reading of 0*010 ampere on M. Then, merely dosing K 4 
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(no alternating current passing) led to a change in the reading of M, and, more¬ 
over, to the following figures — 

(а) 0*013 ampere, 

(б) 0 007 

(c) 0 002 

(d) Practically unchanged 

The increased current m (a) is due to the lower current density, and therefore 
reduced polarisation at the carbon cathodes, the decreased currents measured 





in ( b) and (e) arc clearly due to current passing through the alternating current 
circuit; whilst the fact that practically no increase in current takes place m 
(d), although the area of the anode surface is doubled, must be attributed to the 
extra resistance of tho alternating current circuit The procedure finally 
adopted was to work according to (d) when investigating the sine electrode, 
and according to (a) when investigating the carbon electrode, the auxiliary 
electrode thus being of the same material as the direct current electrode under 
study When using the circuit (a) another railhamperemeter was inserted in 

K 2 
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the alternating current (auxiliary electrode) circuit, and the difference between 
the readings of this instrument and that of M token as a measure of the direct 
current passing through the cell cathode 

The potentials were measured by means of a Luggin capillary pressed closely 
against the surface of the electrode by means of rubber bands, and making 
connection with a normal mercurous sulphate electrode For the rest, a metre 
bridge was employed, and a sensitive moving coil galvanometer. A choking 
coil in the potentiometer circuit prevented stray alternating currents from 
affecting the reading of the galvanometer, and allowed of measurements being 
made with a frequency as low as 20 cycles Every instrument was insulated 
on wax slabs supported on glass plates or by paraffined glass insulators, and care 
was taken to avoid current leaks through connecting wires These precautions 
were found to be very essential 

Using direct current only, two to three hours were found to be necessary 
for the potential of the carbon electrode to become constant within the limits 


Table II,—Carbon Electrode Fed with Alternating Current 


Frequency 

Alternating 
current m 
amperes 

Direct 
current m 
amperes 

Cell 

voltage m 
volts 

«ji at carbon 
electrode in 
volts 

Change in P D 
of carbon 
electrode m 
volte 

20 

0 0 

0 010 

0 305 

-0 483 



0 5 

0 013 

0 37 

0 414 

+0 069 


1 0 

0 019 

0 47ft 

0 316 

0 167 


1 ft 

0 024 

0 58 

0 216 

0 267 


2 0 

0 030 

0 64 

0 137 

0 346 

SO 

0 0 

0 010 

0 295 

-0 515 

— 


0 6 

^^KETFSll 

0 325 

0 481 

+0 084 


1 0 


0 42 

0 373 

0 142 


1 5 


0 66 

0 266 

0 240 


2 0 

■ 

0 60 

0 214 

0 301 

100 

0 0 

0 010 

0 305 

-0 488 


l 


0 0106 

0 33 

0 466 

+0 022 


9 

0 010 

0 41 

0 376 

0 112 


■ hh 

0 023 

0 54 

0 251 

0 287 


2 0 

0 027 

0 695 

0 195 

0 293 

240 

0 0 

0 010 

||19FF!9SS1 




0 ft 

0 011 



+0 016 


1 0 

0 015 



0 113 


1 ft 

0 021 



0 210 


2 0 

0 025 

0 61 

Mfflm 

0 203 

400 

I 

0 010 

0 295 

i 

© 

» 

MW 



0 0105 

0 80 

Ml ■! 




0 0135 

0 385 




Hu 

0*016ft 

0 415 


0*133 


mm 

0 020 

0 43 

■3 

0 200 
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of ftocuraoy of our measurements (0 003 volt) The amalgamated zinc electrode* 
settled down far more rapidly When alternatmg current was switched m 
about 30 minutes were necessary each time for the attainment of constancy 
with the carbon, and five minutes with the zinc electrodes Their respective 
rates of recovery on cutting off the alternating current were similar. 

In the first senes of experiments the direct current was first adjusted to a 
figure of 0*010 ampere, the alternating current switched m by regular steps, and 
readings taken of cell current delivery and voltage, and of electrode potential 
The effects noted below an impressed alternating current of 0 5 ampere were 
small, and are omitted from the following Tables. It may be mentioned as 
showing that the apparatus was functioning well that the potential of the zinc 
electrode did not change perceptibly when alternating current was passing 
through the carbon anode, and that, with the zinc electrode under study, the 
change m the potential of the carbon electrode was very small, and of the order 
which would be expected to result from the slightly increased direct currents 


Table III — Zinc Electrode Fed with Alternating Current 



Alternating 

Dim i 

Oril 

e H at zim 

Change in P D 

Frequency 

current in 

current m 

voltage ui 

elw ti*ode in 

electrode in 


ampere* 

ampere* 

volt* 

\ oltrt 

\olts 

20 

0 o 

0 010 

0 30 

-0 803 

_ 


0 5 

0 010 

0 30 

0 811 

-0 008 


1 0 

0 0105 

0 31 

0 815 

o on 


1 5 

0 0106 

0 31 

0 819 

0 010 


2 0 

o on 

0 J1 

0 822 

0 019 

60 

0 0 

0 010 

0*28 

-0 799 

— 


0 5 

0 010 

0 28 

0 803 

-0 004 


1 0 

0 0105 

0 29 

0 809 

0 010 


1 5 

0 0105 

0 295 

0 820 

0 021 


2 0 

0 011 

0 295 

0 822 

0 023 

100 

Mg 

0 010 

0 295 

-0 800 




0 010 

0 30 

0 800 

-0 000 



0 010 

0 30 

0 810 

0 010 



0 010 

0 305 

0 818 

0 012 


K 

0 010 

0 29 

0 824 

0 018 

240 

0 0 

0 010 



— 


0 5 

0*010 



nHiliTown 


1 0 

0 010 


0 839 



1*5 

0 010 

0 325 




2 0 

0 010 

0*33 

0 859 

0 020 


0 0 

0*010 

0 30 

-0 800 

— 


0 5 

o oio 

0 305 

0 820 

-0 014 


1 0 

0 010 


0 820 

0*020 


1 5 

0 010 

mu 

0 829 

0 023 


2 0 

0 010 


0 832 

0 026 


















184 


A. J. AUmand and V. S. Puri. 


Some interesting points emerge from a consideration of these Tables. There 
seems no doubt that, with the frequencies used in this work, the chief effect of 
the alternating current is confined to the carbon electrodes The increases in 
current delivery and m cell voltage, and the change m the potential of the 
electrode under study, are all far more marked in Table 11 than in Table III 
The figures in the relevant columns in Table II are on the whole very consistent 
with one another, a large change, m cell voltage being paralleled by similar 
changes in current dehvery, and in the polarisation of the carbon electrode. 
The results in Table III are apparently subject to error, as there is no such 
concordance—at all events between the current dehvery and the other magni¬ 
tudes The effect of frequency is very marked m the case of the carbon elec¬ 
trode, and is illustrated graphically in fig 4, in which diminution m cathode 



polarisation is plotted against alternating current intensity. Low frequencies 
produce bigger effects, the difference being more pronounced with small 
alternating current strengths. With the zinc electrode the change in the 
potential is also in the direction of a depolarisation, which would indicate, as 
the electrode behaves reversibly m absence of alternating current, that the 
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effect of the latter u to cause a dissolving zinc anode to act like a more electro¬ 
positive metal. 

In the second senes of expenments the same procedure was adopted, except 
that, by regulation of the resistance R 2 (and R] when working with the carbon 
electrode), the cell delivery was kept constant at 0 010 ampere throughout 
The following table contains, for the two extreme frequencies, the results 
obtained when studying the carbon electrode 

Table IV 


Frequency 

Alternating 
current m 
amperes 

Cell 

voltage in 
volte 

6n at carbon 
electrode m 
volte 

Change in P D 
of oarbon 
electrode m 
volts 

20 

0 0 

0 306 

>0 483 



0 r> 

0 30 

0 353 

+0 130 


1 0 

0 54 

0 253 

0 230 


l a 

0 685 

0 114 

0 300 


2 0 

0 75 

0 038 

0 445 

400 


0 205 

-0 506 




0 305 

0 500 

+0 006 



0 40 

O 301 

0 115 



0 445 

0 J40 

0 160 



0 575 

0 226 

0 280 


The effects are greater with the direct current kept constant, as would be 
expeoted. The influence of frequency shows up just as in the first series With 
an alternating current passing through the zinc anode, the results were much as 
before 

The effects observed with the zinc electrode, although m a sense forecast by 
the expenments of Brown, were nevertheless unexpected, for reasons already 
detailed, and a few more experiments were done to confirm them Two 
amalgamated zinc electrodes were put m an acid zinc sulphate solution 
(N ZnSO t -f N H a S0 4 ), and a direct current, kept constant throughout at 
0*01 ampere, passed through from outside A third amalgamated zinc elec¬ 
trode was placed in the solution, and used as an auxiliary whereby alternating 
current could be led separately either to the zme anode or to the zinc cathode 
The same frequencies and alternating current strengths were used as m the 
above series of expenments, and electrolysing voltage and electrode potential 
read as before. The readings will not be given m detail, as their reproduci¬ 
bility (foes not appear to justify this The main results can, however, b 
summansed as follows 
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(а) With an alternating current (massing through the zinc anode, the electro- 
lysing voltage was reduced, and the anode potential became more negative 
These effects occurred to a greater extent the higher the frequency, and the 
greater the intensity of the alternating current, though certain readings did not 
fall into line with the others 

(б) With an alternating current passing through the zinc cathode, the electro¬ 
lysing voltage was increased, and the cathode potential became more negative 
An increase in the strength of the alternating current increased the effect, 
whilst an increase m frequency had no well-defined influence 

Discussion 

The phenomena observed at the carbon cathode during simultaneous passage 
of direct and low frequency alternating current are qualitatively those which 
would be anticipated There is marked de}K>larisation of H* ion discharge, its 
extent increasing with the strength of the alternating current It is interesting 
to notice that, in most experiments, in order to get a really considerable effect, 
a very high ratio of alternatmg current /direct current was necessary Thus 
the application of an alternating current one hundred times the direct current 
usually lowered the potential more than twice as much as did a current fifty 
times as great This is particularly noticeable with the higher frequencies. 
No systematic experiments were earned out with very low A C /D C ratios, so 
we are unable to express an opinion as to whether a minimum value of this ratio 
is necessary before H* ion depolarisation is facilitated, as is stated by Goodwin 
and Knobel* to be the case The influence of frequency m our experiments is 
marked, the lowering m potential becoming considerably less as the periodicity 
of the alternating current is increased. This agrees qualitatively with the 
results of Goodwin and Knobel, working between the limits of three and one 
hundred cycles, and using electrodes of platinum and of lead 

The explanation and theory of these depolftnaation effects are by no means 
clear, and we propose to say bttie on the subject The views of Ghoshf and of 
Bancroft ,% who attribute respectively the decreased polarisation to a surface 
change in the electrode material and to the removal of the adsorbed film of gas 
by electrical stress, do not appear applicable in the present case. There is no 
change of any kind visible on the surface of the hard carbon electrode, and the 

* Lot* ctt. f Cooper, * Trans. Faraday Soc / voL 18, p. 102 (1922), came to a different 
conclusion, and Grubc and Bulk (' Zeit ttr Elektrochem ,* vol 24, p. 237 (1918)) found 
the evolution of oxygen depolarised even by very small alternating currents. 

t Loc eU 

t * Trans American Electrochem. Soc./ vol. 29, p 309 (1916), 
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effect of frequency seems to us to argue against Bancroft’s idea Oscillographic 
experiments, or work on the lines suggested by Jones,* are best adapted for 
solving the problem 

In the meantime we prefer to use an almost formal working hypothesis, viz , 
that the oxygen discharged during the anodic pulse of the alternating current, by 
combuung with or displacing the “active ” hydrogen at the cathode, lowers 
the electrolytic solution pressure of the lat ter This is similar m its implications 
to the hypothesis used by Grube and Dulk to explain the corresponding decrease 
brought about by alternating current in the polarisation necessary for anodic 
oxygen evolution—viz , a partial reduction of the platinum oxide mixture, 
assumed by them to be formed on the anode m these caseB 
The effects noticed at the zinc electrode require further work over a big range 
of frequency This will shortly be undertaken in this laboratory There is 
at present the possibility that the presence of the mercury w complicating 
matters Expressed formally, the results observed correspond (whether the 
electrode is anode or cathode to the direct current) to an increase m the electro¬ 
lytic solution pressure of the metal, or to a decrease in Zn** ion concentration 
in the electrolyte at the electrode surface, or to both Direct current polarisa¬ 
tion would explain qualitatively the phenomenon at the cathode, but not at the 
anode. 

It might be mentioned in conclusion that Ghoshf was unable to detect any 
change m the potential of a zinc electrode m N ZnS0 4 solution when an 
alternating current (no direct current) was passed through it 
The work described m this paper was mostly carried out during the session 
1921-22 


* 4 Trans. American Eleotrochem Hoc vol 41, p 151 (1922) 
t 1 Jour Amenoan Chem. Soo / \ol 30, p 2333 (1914) 
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The Spark-Spectra, of Indium and Gallium m the 
Extreme Ultra-Violet Region 

By Molue Weinberg. M A, M Sc , Physical Laboratory, University 

of Toronto 

(Communicated by Prof J C McLennan, F K 8 —Received July 24, 1924 ) 

(Plate 2) 

Introduction 

The spark-spectrum of indium in the ultra-violet has been especially studied 
by Saunders,* that of g a l lium by Saunders and Klein f By the use of a one- 
metre concave grating, mounted m a brass tube which could be exhausted, 
Saunders was able to extend the indium spark-spectrum as far below into the 
ultra-violet as A — 1699 A U The line of shortest wave-length as yet noted 
in the gallium spark-spectrum—namely, A = 2176 A U —was measured by 
Klein with a large quartz spectrograph whose mounting was of the Littrow 
type. With the object in view of making a complete and comprehensive 
examination of the spark-spectral lines of the above elements, that should extend 
right through the extreme ultra-violet and the quartz regions, the following 
investigations were undertaken 

A —Experiments in the Quartz Region 

1 Description of Apparatus —For studying the spectra in the quartz region 
a spark chamber, diagrommatically shown in the figure, was employed The 
spark chamber proper was a pyrex bulb about 7 inches in diameter The 
terminals were of gallium and aluminium in the one experiment, and mdn im 
and aluminium in the other. Gallium has a very low melting point (30*2° C). 
It was therefore placed in a tiny quartz cup, which, supported by a long 
aluminium rod, formed the lower terminal for the discharge A piece of tungsten 
wire led from the aluminium support through the stem of the cup to the gallium 
The upper electrode was of aluminium filed down to a point. Pieces of pressure 
tubing, 2 inches in length, lined with soft wax, fitted over the frwmmal 
supports and the tube elongations from the spark chamber. These formed 
gas-tight moveable joints, and served for the purpose of adjusting the spark 

* Saunders, ‘ Astrophys. Jouro.,' voL 43, p 240 (1916) 
t Klein, ‘ Astrophys. Journvol. 66, p 378 (1922). 
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Spark-Spectra of Indium, and Gallium. 

gap. The gap ranged from 2 to 3 mm in width. The quartzl window, 
through which the light passed into the spectrograph, was fastened to the spark 
chamber with sealing wax One Btop-oock led to the exhaust pumps, the other 
to the system of drying tubes The spark was produced by a primary current 
of 110 volts ranging from 4 to 6 amperes A Hilger Quartz-PnsmJSpectrograph, 
Type A, was used. All photographs were taken on Schumann plates 
While sparking was taking place, the portion of the bulb immediately around 
the terminals and the quartz window was kept cool by streams of cold com¬ 



pressed air. This served to prevent the metal from running out of the cup, 
and the quartz window from melting away from the spark chamber 
The gallium used in these experiments was obtained by Prof. McLennan 
from the Adam Hilger Co It was guaranteed to be approximately 99 5 per 
cent. pure. The mam impurities were zinc and indium. Copper and sodium 
were present in spectrographic traces 

Gallium is very easily oxidizable in air, and as it has been shown* that m an 
atmosphere of hydrogen the gallium spectrum comes out to the best advantage. 


• Ibid., voJ. 06, p. 373 (1922). 
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the spark chamber was therefore evacuated, and filled with dry hydrogen to 
atmospheric pressure. It was then cut off, first from the supply tank, and 
finally from the drying tubes 

For comparison purposes the spark-spectrum was used of cadmium-anc-lead 
alloy serving as one terminal, and of aluminium as the other The spark m 
this case was also taken in an atmosphere of hydrogen The following hues* 
were used as standards — 


Element 

A—Rowland 

A1 

1864 09 

A1 

1930 41 

A1 

1936 29 

A1 

1989 90 

Zn 

2026 61 

Zn 

2100 06 


Air Int 


8 

8 


Element 

A — Rowland 

Ait Int 

Zn 

2138 66 

6 

Cd 

2144 44 

12 

Od 

2194 71 

10 

Zn 

2266 08 

.1 

Cd 

2288 12 

8 

Cd 

2312 88 

10 


Exposures of the gallium spark ranged from 70 to 120 seconds, of the 
comparison spark from 6 to 12 seconds The experiment with the indium was 
carried out in an exactly similar manner to that with the galhum, a new quartz 
cup being made to contain the indium 
2. Determination of Wave-lengths —The spectrograms obtained were measured 
by a Toepler Comparator. The wave-lengths were calculated from the simplified 
Hartmann Dispersion formula, 


where n and n 0 are displacements, and A„, n 0 and c are constants over a small 
region The extent of the region over which the above constants were applied 
ranged from 120 to 200 A.U. 

Three separate plates of galhum and two of indium were measured Each 
plate was measured three times, and the average taken. The wave-lengths of 
each plate determined independently in this manner were averaged, and the 
resulting wave-lengths were taken to constitute the spectra of the elements. 

3 Results —(a) Gallium —Plate 2, fig. la, is a photograph of the galhum 
spark-spectrum in the quartz region, printed directly from a Schumann plate. 
The wave-lengths of the hues with their relative intensities are given in 
Table I. The measurements of Saunders and Klein are tabulated m adjoining 
columns for the sake of comparison In all, 80 hues were measured These 
extended over the region from A = 1856 to A = 2364 A.U. Of the 80 lines, 
39 occurred on more than one plate, and 41 on one plate only. 

* Eder and Valenta, ' Atlas Typucher Spektren,’ p. 12B-135. 
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141 


j 

Int 

Saunders 

A—Int A 

Int j 

Present 

X—Int A 

Present 

A—Int. Vao 

V 



0 

1855 4* 

1650 0 

53880 



0 

1855 9 

1656 6 

53363 



0 

1856 4 

1657 1 

53848 



0 

1962 5* 

1963 1 

50939 



0 

1964 1* 

1964 7 

50897 

j 


0 

2030 0* 

2030 7 

49244 

i 


0 

2042 4* 

2043 1 

48945 



0 

2053 9* 

2054 6 

48672 



0 

2059 7* 

2060 3 

48536 



0 

2082 0* 

2082 7 

48015 



0 

2084 1* 

2084 8 

47968 



0 

2086 6* 

2087 2 

47911 



3 

2090 5 

2091 2 

47819 



0 

2103 6* 

2104 2 

47524 



0 

, 2141 4* 

2142 1 

46683 



i 0 

2142 3* 

2143 0 

46664 



1 0 

1 2307 2* 

2107 9 

46129 



0 

( 2169 4* 

2170 1 

46082 



0 

2170 1* 

2170 7 

46068 



0 

1 2175 9* 

2176 5 

45945 

3 

2176 76 

0 

' 2177 2* 

2177 9 

45015 


i 

1 

2181 5* 

2182 2 

45825 



0 

2184 3* 

2185 2 

45672 



0 

2180 5* 

2187 2 

45721 

2 

2195 63 

2t 

2195 7 [* Cu 1 

2190 4 

45530 

2 

2205 91 


- 

— 

_ 



0 

2200 8* \ 

2207 0 

45300 



0 

2207 9* J 

2208 0 

45270 



1 

2210 5 

2217 2 

45102 



0 

2222 5 

2223 2 

44070 



0 

1 2224 2 

2224 9 

44945 



: 0 

j 2225 4* 

2226 1 

44921 



l 

| 2227 4 

2228 1 

44881 

3 

2236 17 

— 

—* 

— 

_ 



0 

2251 1* 

2251 8 

44410 



0 

2251 7* 

2252 4 

44307 



0 

2253 3* 

2254 0 

44366 

2 

2255 29 

It 

2255 2 

2255 9 

44329 

1 

2209 24 

0 

2259 7 

2260 4 

44241 



0 

2266 3* 

2267 0 

44112 

2 

2266 64 

0 

2267 1 

2207 8 

44097 



1 

2275 6 

2276 3 

43931 



0 

2278 2* 

2278 9 

43881 



0 

2279 7* 

2280 5 

43851 

2 

2265 19 

— 

— 

— 




1 

2290 6* 

2201 3 

43642 



0 

2292 0* 

2292 7 

43016 

2 

2294 19 

2 

2293 6 

2294 3 

43588 

2 

2297 69 

— 

— 

— 

_ 



0 

2299 5* 

2300 2 

43475 



1 

2316 9 

2317 6 

43148 



2 

2318 7 

2319 4 

43115 



0 

2326 7 

2327 4 

42966 



0 

2327 6* 

2328 2 

42951 



0 

2330 7 

2331 4 

42892 



1 1 

2331 5 

2332 2 

42878 


* Lines occurring on one plat© only 
t Denotes blurred lines 
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Table 1 —Gallium Spark—Quart* Spectrograph— continued, 


Jnt 

Saunders 
a —Int A 

Int 

Present 

A— Int A 

Present 

A — Int Vac 

9 



1 

2337 2 

2337 9 

42774 

3 

2338 24 

4 

2338 0 

2338 7 

42758 



1 

2341 A 

2348 2 

42695 



2 

2342 4 

2343 1 

42673 



4 

2343 2 

2343 0 

42554 

» 


■ 

2344 A 

2345 3 

42538 




2345 6 

2346 3 

42621 



i 

2347 8 


42579 



0 

2352 5* 


42494 



0 

2353 3* 





0 

2354 1* 


42465 



0 

2355 9* 


42434 



0 

2358 1* 

2338 8 




2 

2358 8 

2159 5 

42381 

1 

2300 48 [tj 

2 

2359 8 

2360 5 

42353 



2 


2391 H 

42344 

! 

1 

0 

2368 0* 

2367 6 

42308 



1 

2353 9 

2354 5 

42290 


Table II.—Indium Spark—Quartz Spectrograph 


Int 

Saunders 

A in IA Vac 

Int 

Present work 

A in I A Vac 

i 

V 



0 

1855 4* 

53858 

tt 

1955 69 

9 

1950 7 

60840 

5 

1077 44 | 

8 

1977 3 

50574 



8 

2026 1 

49355 



0 

2032 9* 

49191 



0 

2033 7* 

49173 



0 

2048 8* 

48809 



0 

2052 4* 

48723 



0 

2058 I* 

48689 



8 

2002 7 

48480 



0 

2064 0* 

48449 



0 

2071 6* 

48272 


| 

0 

2072 6* 

48249 



0 

2073 6* 

48226 



0 

2077 6* 

48133 

7 

2079 28 

10 

2079 2 

48096 



0 

2081 5* 

48042 



0 

2082 2 

48026 

I 


0 

2084 8* 

47966 

i 


0 

2090 6 

47833 



0 

2091 5 

47812 



0 

2092 9* 

47781 



OP] ! 

2093 9* 

47768 



0 

2095 3 

47726 



0 

2096 6* 

47697 



0 

2098 6* 

47651 



0 

2105 0* 

47483 



0 

2106 8* 

47466 



0 

2108 3* 

47432 



0 

2109 2* 

47411 


i 

0 

2116 3* 

47276 


i 

OP] 

2122 1* 

47123 

* Lines occurring on one plate only 
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Table II —Indium Spark—Quarts Spectrograph —continued 
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Int 

Saunders 

A m I A Vao 

Int 

Present work 

A in 1A Vao 

V 



0 

2128 3* 

46981 



0 

2120 0 

46961 



0 

2131 3 

40020 



0 

2141 0 

46694 



0 

2142 3* 

46670 



u 

2143 3 

46667 



0 

2147 1*1 

46574 



0 

2147 8* f 

46560 

1 

2164 81 

1 

2134 7 

46410 



I 

2157 7 

46346 



1 

2139 1 

46316 



0 

2160 4* 

46288 



0 

2183 4 

46223 



0 

2164 6* 

46199 



0 

2166 0 

46149 



Ol?l 

2171 4* 

40053 



0 

2172 3 

46034 



0 

2173 4 

46011 



0 

2178 2 

45910 



0 

2182 4 

46842 



0 

2183 2 

46804 



0 

2186 3* 

45740 



0 

2187 3 

45719 



0 

2189 1 

45081 



0 

2196 1* 

45535 



0 

2197 1* 

40616 


Table II —Indium Spark—Quartz Spectrograph —continued 


Int 

Present work 

A in 1 A Vat 

i 

Tnt 

Present work 
a in I A Vao 

V 

0 



2198 2* 

45492 

OftJ 

2259 7* 

44254 

0 



2200 9* 

45436 

om 

2200 9* 

44230 

om 

2201 4* 

46426 

3 

2202 0 

44209 

0 



2206 9 

46312 

o m 

2277 8* 

43902 

om 

2207 8* 

46294 

0 

2279 1* 

43877 

0 



2208 8 

45274 

0 

2284 0* 

43783 

0 



2209 7* 

46266 

0 

2285 2* 

43760 

Oft] 

2212 0* 

46208 

0 

2286 5 

43733 

0 



2213 0* 

45188 

0 

2296 4* 

43547 

0 



2214 1 

45166 

0 

2299 1 

43406 

0 



2215 6* 

46135 

01*1 

2300 3* 

43472 

1 



2217 0 

45107 

oiM 

2301 4* 

43452 

Oi 


2220 8 

45029 

0 

2304 9* 

43386 

0 



2223 6* 

44972 

0 

2310 2* 

43287 

0 



2226 2* 

44019 

0 

2311 4 

43264 

0 



2227 2* 

44899 

0 

2323 5* 

43039 

1 



2228 2 

44879 

0 

2325 1 

43000 

0 

V 


2231 8* 

44807 

0 

2326 6 

42981 

0 

t 


2232 9* 

44785 

0 

2327 9* 

42958 

0 

[t 


2244 4* 

44556 

0 

2382 3* 

42877 

0 



2245 9 

44526 

0 

2334 5* 

42836 

om 

2248*9* 

44466 

0 

2335 5* 

42818 

0 



2252 0* 

44405 

0 

2336 4* 

42801 

0 



2253*9* 

44368 

0 

2338 2* 

42769 

0 



2258 3 

44281 
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(b) Indium. —Fig 1 b ib a photograph of the indium spark-spectrum in the 
quarts region Table 11 gives the wave-lengths of the lines, with their relative 
intensities Saunders’ measurements are given in an adjoining column. There 
were found to he more and stronger lines m the indium than in the galhum spec¬ 
trum in this region. There are in all 107 indium lines, extending over the 
region from A = 1855 to 2. = 2337 A U Of these, 39 occurred on the two plates 
and 68 on one plate only, 19 of the latter are questionable. 

The wave-length measurements m this region are given in international- 
vacuum units The present measurements of the indium lines agree very 
closely with Saunders’ results 

B — Experiments vn the Extreme TJUra-wolet Region 

1 Description of Apparatus —The spark-spectra of gallium and indium in 
the extreme ultra-violet were studied with a vacuum grating spectrograph 
This spectrograph has been described in complete detail by Lang in a paper 
that is at present m course of publication. The arrangement of the terminals 
in these galhum experiments is the same as that m the quartz region The 
galhum, melted into a tiny quartz cup, constituted the lower terminal, 
aluminium the upper The terminals were so adjusted that the point of the 
upper came exactly above the centre of the quartz cup, at a distance 1 mm 
or a little less above the surface of the galhum. 

The spark was produced by a 20-mch induction coil operated from the 110- 
volt D G mams An intermittent spark was used in order that any gases emitted 
by the terminal during the process of discharge might have tame to be pumped 
off The interrupter was adjusted to allow actual sparking to take place for 
1 second during every 20 The entire exposure was equivalent to from 4 to 
4-Jh minutes of continual sparking Schumann plates were used throughout. 

In the experiments with indium m this region both terminals were of indium. 
The tame of exposure in these experiments was approximately the same as that 
in the gallium experiments 

2 Determination of Wave-lengths —The Toe pier Comparator was again used 
to measure the spectrograms obtained Each plate was measured three tunes, 
and the average for each taken Tjiree plates were independently measured 
for each of the elements studied 

A special graph had to be prepared for the purpose of translating comparator 
readings into Angstrom Units, The graph is based on measurements at the 
strong lines m the carbon and aluminium spark-spectra These were photo¬ 
graphed by the vacuum-grating spectrograph used in the present work. The 
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wave-lengths of the carbon linee used as standards are taken from Simeon’s* 
paper, the al uminium lines from Eder and Valenta’s tables f The former were 
already in, and the latter had first to be reduced to, international vacuum units 
Any wave-lengths read off from this graph are therefore in international vacuum 
units. 

The measurements of three plates, for each of the elements studied, were 
separately translated into wave-lengths, and then averaged An accuracy 
of 0*2 to 0 3 A.U. may be claimed for this work. 

3. Results — (a) Gallium —The spectrograms obtamed with the vacuum¬ 
grating spectrograph prove that the spark-spectra of both indium and gallium 
in the extreme ultra-violet are very nch m lines. As many as from 1,000 to 
1,500 appeared on one plate These were, of course, not all due to the elements 
studied. The impurities present were nitrogen, oxygen, hydrogen, carbon, 
carbon monoxide, aluminium, and copper On elimination of the impurities 
828 lines remained which may be attributed to gallium These extended over 
the region from A = 157 A U to 2059 A U Of these, 526 occurred on more 
than one plate and 302 on one plate only Of the latter, 25 are questionable 

A photograph of the gallium spark m the vacuum-grating spectrograph may 
be seen in fig 2 a The wave-lengths of the lines with their relative intensities 
are given in Table III The line of shortest wave-length occurring on more 
than one plate was A = 157 A U It is a very faint line A few lines of 
shorter wave-length still were measured These were found on one plate only, 
and were extremely faint 

(b) Indvum —A photograph of the indium spark is given m fig 2b When 
all the impurities were eliminated, it was found that there were present in all 
484 indium lines. There were 344 that were present on more than one plate, 
and 120 on one plate only, about 27 of the latter are questionable. The 
wave-lengths with their relative intensities are given in Table IV The line of 
shortest wave-length occurring on more than one plate is A = 389 A U. The 
line A *■ 161 A U. was extremely faint, and was found on one plate only. The 
wave-lengths of indium measured by Saunders are also tabulated m Table TV 
From a comparison of the two columns it may be seen that ail of Saunders’ 
lines are present on the plates here obtamed The measurements are in good 
agreement, when one considers that the differences between the two he within 
the limits of accuracy claimed for this work. The line A = 1774 68, attributed 
by Saunders to indium, is perhaps the carbon line 1774*9 measured by Lyman 

* Simeon, ‘Prooeedlng# of Royal Society,’ A, vol. 102, p. 484 (1023) 
t Eder and Valenta, • Atlas Typaober Spektran,* p 135-130. 
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Table III.—Gallium Spark in Vacuum-Grating Spectrograph, 


Int 

A 

i 

| lnt 

n 

■ 

Int 

A 

¥ 

0 [T] 

124 0* 

806452 

0 

322 9 

309693 

0 

602 2* 

199124 

0 

126 9* 

788022 

0 

320 3* 

307409 

0 

603 8 

198636 

0 

128 2* 

780031 

0 

326 7 

306001 

0 

004 0* 

198177 

0 [?] 

181 6* 

759877 

0 

327 4* 

308487 

0 

606 1 

197681 

0 

142 8* 

700280 

0 [?] 

330 0* 

303030 

om 

609 0* 

196464 

0[t] 

143 6* 

690378 

0 

334 0* 

299401 

3 

600 8 

196165 

0 

146 1* 

089170 

0 [T] 

336 1* 

298418 

3 

611 8 

195579 

0 

160 2* 

666779 

0 

337 1 

296648 

0 

512 6 

106084 

0 

161 2 

601370 

0 

337 8 

296033 

0 

510 1* 

193761 

0 

161 8* 

668762 

0 

338 7 

295247 

0 

622 6* 

191388 

0 

163 7 

650618 

0 

340 6* 

293599 

0 

624 7 [T In] 

190586 

0 

167 2* 

030132 

0 

343 9* 

290782 

0 

628 4 

189251 

0 

167 6 

633312 

0 

351 4 

284576 

0 

629 0* 

180020 

0 

160 4* 

023441 

0 

360 6* 

280505 

0 

636 3 

186811 

0 

163 6 

611621 

0 

360 0* 

277777 

0 

530 1 

186532 

0 

168 0* 

606060 

0 

362 0* 

276243 

0 

544 9* 

163619 

oil] 

i7s o* 

569476 

0 

362 7 

275710 

0 

547 5 [? In] 

162649 

om 

177 2* 

564336 

0 

378 ff 

264200 

0 

560 0* 

178671 

0 

181 0* 

662486 

Op] 

386 3* 

269638 

0 

661 5* 

178096 

0 

181 7* 

660368 

0 

389 0* 

257069 

0 

565 7 

178772 

0 

190 3* 

526486 

0 

390 6 

256082 

0 

570 1 

176408 

0[j] 

197 9* 

606306 

0 

396 1* 

253100 

0 

571 4 

176009 

0 

203 3* 

491884 

0 

396 4* 

262270 

0 

572 0 

174820 

0 

208 6* 

479386 

0 

397 4* 

251635 

0 

573 1* 

174489 

0 

212 7* 

470146 

0 

407 5* 

246399 

0 

675 1 

173883 

0 

214 0 

467289 

0 

410 6* 

243605 

0 

580 1 

172384 

0 

216 2 

462636 

3 

422 0 

236967 

0 

681 2* 

172068 

0 

217 6* 

469669 

0 

423 3 

280239 

0 

582 5 

171674 

0 

220 7 

463104 

0 

424 9 

235349 

0 

589 0* 

160779 

0 

223 9 

446628 

4 

426 1 

235239 

0 

594 4* 

168237 

0 

226 1 

444247 

0 

431 0* 

232019 

0 

598 9* 

166973 

0 

226 7 

441112 

0 

482 0 l? In] 

231481 

0 

001 0 

166389 

0 

230 1* 

434694 

0 

436 6* 

229021 

0 

603 5* 

166700 

0 

232 0* 

431034 

0 

430 5* 

227531 

0 

604 9 

166316 

0 

232 6* 

429923 

0 

440 6* 

227016 

om 

606 0* 

166016 

0 

244 0* 

409836 

0 

442 6 

225989 

0 

607 4 

164636 

0 

246 0 

408163 

0 

443 5* 

226479 

0 

012 0* 

163399 

0 

263 6* 

394477 

0 

464 3 

220119 

0 

013 9 

162893 

0 

267 3 I 

388661 

0 

466 6* 

219639 

1 

014 6 

162707 

0 

261 6* 

382409 

0 

466 5* 

219068 

0 

016 0* 

162443 

0 

264 6* 

378072 

0 

467 2* 

218723 

0 

018 0 

161666 

0 

271 4* 

368469 

0 

460 8* 

217014 

2 

622 0 

160772 

0 

276 0* 

362319 

0 

402 3* 

216309 

1 

025 9 

169769 

0 

277 0* 

361011 

0 

463 2 [? In] 

216889 

0 

627 71 

169312 

0 

278 0* 

369712 

0 

464 9* 

216100 

0 

628 6/ 

169109 

0[T] 

290 9* 

343761 

0 

469 0* 

212948 

0 

631 2 

163428 

0 

292 4* 

341998 

0 

470 3* 

212630 

0 

034 6 

167679 

0 

293 4* 

340832 

0 

474 0* 

210704 

0 

637 2 

166937 

0 

307 0* 

326733 

0 

478 3* 

209074 

0 

636 0* 

106496 

0 

308 0* 

324676 

0 

478 7* 

208899 

0 

640 0* 

166230 

0 

309 4* 

323206 

0 

48003* 

206333 

2 

645 0 

166039 

0 

311 3 

321284 

0 

487 1* 

205297 

om 

646 1* 

164776 

0 

313 8 

318674 

0 

488 2 

204834 

0 

647 8* 

164369 

0 

316 5* 

316967 

0 

491 0 

203666 

0 

660 0* 

163723 

0 

319 8* 

312696 

0 

494 6* 

202224 

0 

663 1 

163116 

0 

320 4* 

312109 

0 

496 4* 

201461 

om 

663*7* 

15S976 


* Lines occurring on one paper 
t Blurred lines 
j Probably doubles. 
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Table III.—Gallium Spark in Vacuum-Grating Spectrograph— continued.. 


Int, 

A 

i 

Int 

A* 

i 

Int 

A 

K 

0 

654 5 

152789 

0 

777 5* 

128618 

9 

874 4 

114364 

0 

665 8 

152486 

4 

778 3 

121848 

7 

870 4 

114233 

0 

657 a* 


1 

780 8 


mm 

877 3 

113086 

0 [T] 

659 0* 

151745 

1 

781 5 


H: 

877 9* 

113908 

0 

662 6 

150921 


782 5 

127790 

0 

879 4* 

113714 

0 

666 3 

160308 

0 

783 4 

127649 

0 

891 1* 

112221 

0 

667 8* 

149746 

*t 

784 6 

127469 

0 

893 2* 

111957 

0 

666 2 

149656 

5 

789 4 

126678 

1 

897 3 

111445 

0[I] 

672 0* 

148809 

2 

790 1* 

126500 

0 

900 1* 

111099 

0 

675 8 

147073 

3 

792 2 

120231 

2 

901 0 

110988 

It 

677 8* 

147537 

3 

703 6 


If 

906 1 

110363 

0 

079 9* 

147080 

4J 

705 0 

■E221 

7 

908 0 

110132 

0 

689 5 

145033 

4 

708 3 

125260 

8 

909 3 

100975 

0 

692 0* 

144508 

et 

800 4 

124938 

3 

012 0 

109649 

0 

693 0 

144300 

it 

802 6 

124595 

3 

913 5 

109469 

0 


143710 


803 6* 

124440 

0 

014 3 

109373 

0 

697 6 

143349 

1 

804 8 

124254 

0 

925 0* 

108003 

It 

698 5 

143104 

0 

807 9 

123777 

5 

926 7 

107909 

0 

699 1* 

143041 

2 

810 5 

123381 

8 

929 9 

107538 

0 

704 0* 

142045 

0 

811 5 

123228 

2 

030 7 

107446 

0 

706 0* 

141844 

IKiKS 

812 6 

bessei 

0 

031 4 

107365 

0 

707 0* 1 

141443 

2 

815 0 

122601 

2 

932 9 

107193 

0 

707 9* J 

141263 

2 

816 0 

122549 

5 

033 7 

107101 

0 


141143 

2 

817 1 

122384 

1 

935 7* 

106672 

0 

709 4* 

140964 

EB 

817 9* 


9 

938 5 

106553 

0 

715 0* 


Efl 

810 1 

122080 

0 

940 0* 

106383 

0 

716 9* 

139684 


820 5* 

121877 

4 

940 7 

106304 

0 

716 9 

139489 


821 4* 

121743 

it 

043 0 

100045 

0 

722 0 


0 

822 5* 

121581 

»t 

947 3 

105563 

0 

722 5* 


2 

823 2 

121477 

5 

949 a 

105341 

0 

725 5 

137836 

2 

824 1 

121346 

3 

954 0 

104822 

0 

726 0* 


Bp 

826 0* 

120034 

0 

956 0 

104504 

0 

727 1* 

137532 

7 

828 6 

120685 

0 

958 8 

104297 

0 

728 6 

137249 

7 

829 8 

120611 

2 

967 0 

103413 

0[T] 

731 2* 

136761 


831 5* 

120206 

0 

968 0 

103306 

0 

732 6* 

136500 


832 6* 

120106 

9 

973 0 

102775 

0 

734 7* 

136110 


836 6* 

119531 

3f 

070 4 

102103 

0 

736 4* 

135796 

0 

837 3 

119431 

0 

082 8 

101750 

0 

738 9* 

135337 

7 

839 9 

119062 

3 

983 9 

101636 

0 

739 9 

135154 

5 

841 0 

118906 

7 

986 8 

101338 

0 


134971 

0 

842 5* 

118694 

0 

087 5 

101206 

I 

744 3 

134355 

|B|;i 

843 1* 

118610 

9 

980 5 

101061 

0 

745 4 

134156 

2 

844 0 

118483 

4 

992 9 

100715 

0 


134048 

2 

845 3 

118301 


994 8 

100023 

0 

748 3 

133637 

at 

846 3 \ 

118161 

H 

996 5* 

100351 

2 


133333 


847 0*/ 

118064 

0 

1000 5 

99900 

l 


■ T VtYl 


847 7* 

117966 

0 

1003 0 [t In] 

99700 

0 

756 5* 

pm 

3 

840 3 

117744 

1 

1005 8* 

99423 

0 

758 1 



650 4 

117092 

3 

1008 6 

99147 

0 

759 2* 

131718 

2 

852 0 

117371 

0 

1013 0 

98716 

Off] 

761 6* 

131303 

2 

854 9 

116973 

4 

1010 4 

98483 

0 

762 2* 

131199 

2 

i 855 9 

116836 

6 

1019 0 

98087 

2 

765 0 

130719 

4 

857 7 

116591 

0 

1020 6 

97981 

* 

766*8 

180498 

8 

860 4 

116225 

6 

1022 0 

97847 

m 

768 1 

130X91 

n 

862 3 [f In] 

115969 

4 

1028 0 

97229 

l 

769 0 

130039 

n 

863 5* 

115508 

2 

1030 1 

97078 

4 


129769 

Kfl 

865 8* 

115500 

3 

1032 0 

06899 

0 

773 7* 

129249 

0 

869 5* 

115009 

4 

1033 1 

96796 

0 

775 7 

128916 

0 

870 5* 

114877 

4 

1038 6 

96283 

0 

776 9* 

128717 

oca] 

872 0* 

114679 

0 

1041*0 

96061 


t 2 
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Table III —Gallium Spark m Vacuum-Grating Spectrograph— continued. 


Int 

B| 

a 

Int 

pgpjl 

1 

Int 

A 

¥ 

3 

1042 4 

05932 

0 

1180 2* 

84731 

6 

1345 9 

74299 

0 

1043 8 [f In] 

65803 

0 

1181 3 

84652 

0[T] 

1347 6 

74206 

8 

1050 1 

05220 

0 

1183 4 

84502 

0 

1348 Oftln] 

741M 

0 

1052 6* 

05003 

e 

1184 9 

84305 

0 

1348 8* 

74140 

1 

1065 0* 

04787 

3 

1185 7 

84330 

0 

1355 0* 

73801 

7 

1057 0 

94627 

3t 

1186 7 f?In] 

84268 

0 

1360 0* 

73497 

2 

1000 2 

04322 

0 

1187 4 ft In] 

84218 

0 

1368 4* 

73078 

1 

1063 0 

04029 

0 

1188 3 

84154 

0 

1360 8 

73003 

0 

1064 5 

03940 

7 

1190 7 

83984 

0 

1382 1 

72354 

2 

1067 417 In] 

9368b 

8 

1102 0 

83829 

8 

1383 7 

72270 

a 

1068 3[fin] 

93607 

8 

1195 0 

83682 

0 

1387 0* 

72098 

6 

1060 3 

03519 

3 

1109 2[Tin] 

83380 

0 

1388 2* 

72036 

a 

1071 0 

03370 

7 

1201 4 

83236 

0 

1380 0 

71994 

5 

1073 0 

03153 

mm 

1205 6 

82946 

7 

1303 5 

71782 

4 

1074 8 

93040 

Kfl 

1208 3 [7 In] 

82701 

0 

1399 7 

71444 

1 

1075 5 

02080 

U 

1213 0 

82440 

0 

1403 4 

71256 

ot 

1076 4[Tin] 

02002 

0 

1214 0[? In] 

82372 

1 

1411 0 

70872 

5 

1078 6 

92721 

0 

1226 7 

81519 

1 

1412 0 

70792 

6 

1070 4 

02644 

0 

1228 0 

81433 

11 

1414 4 

70701 

ft 

1080 0 

02541 

o 

1233 0* 

81103 

0 

1421 1* 

70308 

2 

1081 6 

92456 

Km 

1238 4 

80749 

0 

1421 7* 

70338 

1 

1082 0 

92345 

■Bv; 

1240 5* 

80612 

0 

1422 5* 

70299 

4 

1087 0 

01096 

If 

1244 0 

80380 

0 

1423 1 [T In] 

70269 

3 

1087 7 

01937 

7 

1245 4 

80205 

0 

1424 0 

70225 

0 

1088 6 

91661 

0 

1248 7 

80083 

0 

1424 9[f In] 

70180 

7 

1090 1 

91735 

0 

1249 4 [f In] 

80039 

0 

1425 0 

70146 

n 

1001 4 

01626 

It 

1251 6* 

70898 

0 

3428 1* 

70098 

0 

loos err in] 

91283 

0 

1252 4* 

70847 

n 

1437 1 

69586 

0 

1096 3 

01216 

5 

1256 5 

70580 

0 

1440 4* 

69425 

0 

1007 5 

01117 

10 

1258 8 

79440 

0 

1442 4* 

69329 

0 

1008 4 [f In] 

91041 

8 

1264 5 

70083 

1 

1443 3 

69280 

10 

1102 6 

90695 

9 

1267 0 

78927 

0 

1448 0* 

69061 

61 

1105 8 

90432 

0 

1270 6* 

78333 

0 

1453 4 [? InJ 

68804 

7t 

1113 0 

80847 

9 

1279 2 

78174 

oj 

1459 5 

68516 

8 

1115 1 

89678 

0 

1282 0* 

78003 

0 

1401 5 

68354 

10 

1118 0 

89445 

0 

1284 0 

77882 

4 

1405 7 

68227 

5 

1118 8 

89381 

0 

1285 2 

77800 

0 

1470 5* 

68004 

8 

1120 5 

80246 

0 

1292 1 

77393 

7 

1483 9 

07390 

0 

1121 4 

80174 

10 

1295 9 

77167 

0 

I486 3 ft In] 

07327 

8 

1126 0 

88810 

0 

1298 0 

77042 

It 

1400 5 

67092 

m 

1128 0 

88652 

9 

1290 5 

76953 

2 

1493 3 

60960 

6 

1131 0[Tln] 

88417 

11 

1303 6 

70716 

1 

1496 8 

60809 

6 

1131 7 

88302 

0 

1306 5* 

70698 

3 

1496 0 

06711 

6 

1132 0\ 

88260 


1307 2 

70400 

2 

1500 5\ 

06044 

8 

1133 5/ 

88222 

0 

1300 7 

76353 

2 

1501 1/ 

60018 

8 

1136 8\ 

88044 

0 

1313 1 

76155 

0 

1503 0 

06533 

8 

1136 0/ 

87059 

6 

1314 8 

76057 

1 

1507 6 

06331 

6 

1138 0 

87873 


1318 6* 

75838 

1 

1509 0 

60269 

0 

1138 0 

87804 

0 

1320 9* 

75705 

3 

1612 5 

66116 

0 

1140 0 

87719 

6 

1322 8 

75597 

7tt 

1514 8 

06015 

0 

1140 5 

87680 

1 

1325 8\ 

76427 

0 

1518 4 

65859 

0 

1141 7* 

87580 

0 

1326 1/ 

75400 

5 

1523 8 

65025 

1 

1143 0 

87480 

it 

1328 5[? In] 

75273 

4 

1529 0 

65402 

3 

1148 0 

87108 

it ! 

1331 7 f? In] 

75002 

0 

1531 6 

65295 

0 

1154 2* 

86640 

0 

1332 8* 

75030 

It 

1532 5 

65253 

10 

1156 0 

86605 

1 

1333 2 

75007 

12 

1534 6 

65168 

1 

1101 6* 

86088 

8 

1338 0 

74739 

0 

1538*4 

65003 

e 

1163 4 

85055 

»t 

1340 0 

74627 

1 

1543 5 

64788 

0 

1167 0* 

85680 

2 

1841 6 

74537 

1 

1552 6 

64408 

13 

1170 3 

85448 

1 

1344 3 

74388 

3tt 

1654 2 

64342 
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Table III —Gallium Spark in Vacuum-Grating Spectrograph —continued 


Ini 

X 

p 

lnt 

X 

i 

lnt 

X 

V 

m 

1539 0* 

04144 

IH 

1 

1709 3 

58503 

0 

1812 0 

50187 

0 

1564 4 

03022 

0 

1710 0* 

58479 

9 

1813 8 

55133 

4f 

1566 5 

03830 

0 

1710 6 

58459 

0 

1014 3* 

55118 

0 

1568 0 

63775 

3t 

1711 6 

0042C 

m 

1815 0 

55096 

at 

1570 3 

63682 

0 

1713 6 

58306 

0 

1815 6* 

55078 

It 

1572 7 

H 

0 

1714 3 [? InJ 

00333 

2t 

1816 7 

55045 

3 

1574 5 

63512 

0 

1715 5* 

08202 

1 

1817 8 

55012 

4 

1575 4 

63476 

0 

1717 7 

58218 

0 

1020 0* 

54945 

it 

1070 8 

HIM] 

7* 

1719 4 

58150 

Oft] 

1820 9* 

54918 

0 

1(580 4* 

03275 

0 

1721 3* 

58090 

at 

1822 6 

54866 

mm 

1583 0* 

63171 

0 

1722 6 

58052 

0 

1823 6 

54836 


1583 9 [T In] 

03135 

10 

1725 0 

57971 

0 

1826 fi 

54750 

1 

1/584 8 

03107 

0 

1726 7* 

57914 

0 

1829 3 

54665 

7 

1586 2 

03044 

0 

1728 0* 

57870 

0 

1834 1 

64523 

0 

1588 5* 

02053 

0 

1729 0* 

57837 

0 

1836 2 

54490 

0 

1680 6 

62913 

0 

17J2 5 [T Ini 

57720 

0 

1836 5 

54451 

*t 

1590 0 

02800 

0 

1733 ft* 

57687 

0 

1839 0* 

64377 

Of 

1598 0* 

62578 

o m 

1734 8* 

67644 

It 

1840 5* 

54333 

0 

1600 0* 

02500 

0 

1735 ft* 

57620 

4t 

1043 0 

54250 

at 

1601 0 

02461 

0 

1736 ft* 

57587 

at 

1845 0 

54201 

10 

1605 8 

02274 

0 

1737 4 

57558 

0 

1848 0 

54112 

10 

1612 0 

02035 

0 

1738 0 

67518 

0 

1848 7 

54092 

It 

1619 4 

61751 

0 

1739 5 

57488 

at 

1852 3 

53987 

It 

1620 6 

61709 

0 

1742 0 

57401 

0 

1855 5* 

53894 

0 

1625 3 

61527 

0 

1746 l 

07270 

at 

1860 7 

53743 

0 

1031 1* 

01300 

0 

1748 5* 

57192 

0 

1803 0* 

53659 

0 

1633 0* 

61237 

4 

1750 0 

67143 

it 

1000 8 

53690 

0 

1637 6 

01065 

0 

1753 n 

57CH2 

l 

1866 5 I 

53570 

0 

1641 1* 


0 

1753 8/ 

57019 

l 

1867 fij 

53548 

0 

1659 Or?Ini 

Rii/- “Ai 

0 

1764 8* 

56990 

0 

1868 4* 

53522 

0 

1660 0* 

mm TB 

0 

1755 8 

56951 

It 

1869 0 

53506 

0 

1661 6 

60183 

1 

1750 5 

56931 

at 

1871 6[Tin] 

1 53430 

0 

1663 3 

60122 

0 

1767 5* 

56899 

0 

1872 5* 

>53404 

0 

1664 6 


0 

1758 4 

56870 

1 

1873 4* 

J 53379 

1 

1665 fi 


0 

1760 0 

56818 

0 

1874 9* 

53336 

3 

1668 9 

59952 

1 

1761 3 

56776 

0 

1870 2* 

53299 

11 


59852 

1 9 

1763 9 

56693 

3t 

1877 0 

53277 

2t 

m 

59760 

6f 

1766 6 

56638 

0 

1880 0* 

53102 

BiHp. 


59702 

0 

1766 ft 

50609 

It 

1881 8*\ 

53141 

2t 


50535 

6 

1767 5 

56577 

It 

1883 4*/ 

53096 

It 

1080 7 

59499 

0 

1770 5* 

56481 

2+ 

1885 8 

53028 

0 

1083 0 

50400 

0 

177fi 5[Tin] 

56322 

It 

1886 9 

52997 

It 

1684 4* 

59369 

0 

1776 7* 

56278 

It 

1887 8 

52972 


1083 7 

59323 

It 

1778 6 

50227 

0 

1890 5 

52896 

Eft 

1686 7* 

59288 

0 

1779 6 

56192 

0 

1891 9 

52857 

0 

1087 0 

69255 

0 

1782 0* 

56116 

0 

1894 1* 

52795 

0 

1689 1 

59203 

0 

1783 5[Tin] 

56069 

2t 

1894 5\ 

52785 

0 

1000 0* 

59172 

0 

1786 0* 

55991 

2t 

1895 5/ 

52756 

0 

1001 0 

69105 

0 

1791 0* 

55835 

at 

1896 0 

52726 


1694 1 

59029 

0 

1796 3 

55670 

0 

1897 5 

52701 

it 

1695 7 

58973 

0 

1797 8* 

55623 

it 

1898 9 

52662 

0 

1696 6[Tin] 

58942 

6 

1799 1 

55583 

0 

1900 5[Tin] 

52617 

0 

1697*5 

58910 

0 

1800 3* 

55546 

0 

1901 0[TIn] 

024904 


1698 2[Tin] 

58886 

fit 

1803 2 

65457 

0 

1902 0 

52576 

0 

1000 5* 

58841 

0 

1804 2* 

55426 

0 

1902 7 

52557 

0 

1701 1* 

58786 

0 

1805 a 

55383 

fit 

1903 91 

52524 

0 

1701 9* 

58758 

0 

1807 1* 

55337 

fit 

1905 0 V 

52494 

0 

1704 6* 

58665 

4t 

1808 O'! 

55310 

fit 

1900 0j 

52460 

0 

1706 5* 

58599 

4t 

1809 0 V 

55279 

0 

1906 8[Tin] 

52444 

0 

1708 4* 

58534 


1809 8J 

55205 

at 

1908 3 

52403 
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Table HI.—Gallium Spark in Vaouum-Grating Spectrograph— amtimed. 


Int 

A. 

U 

Int 

* 

V 

Int 

A 

¥ 

0 

1900 8 

52362 

4- 


1963 91 

50919 

0 

2011 8* 

49707 

0 

1610 5 [7 In] 

52342 

2^ 


1964 9 V 

50893 

0 

2014 3 

49605 

0 

1916 7* 

52173 

2" 


1966 0J 

50865 

0 

2017 8 

49559 

0 

1917 6 

02151 

0 

1967 6 

50823 

0 

2018 0* 

49532 

0 

1920 0 

52083 

0 

1069 0 

50736 

3t 

2020 2 

49500 

0 

1922 1 

02026 

0 

1969 4 

50777 

2t 

2121 1 

49478 

0 

1922 7* 

52010 

0 

1970 8 

50741 

2t 

2022 3 

49449 

0 

1923 6 

51985 

It 

1971 8 

50715 

0 

2023 3* 

49494 

0 

1924 7 

51956 

0 

1072 5* 

50607 

It 

2027 1 

49331 

0 

1926 2* 

51915 

3t 

1973 7 

50666 

0 

2028 5* 

49298 

0 

1928 0[TIn] 

51867 

0 

1974 5* 

50646 

It 

2029 1*\ 

49283 

0 

1928 7 

91848 

It 

1975 3* 

50625 

It 

2030 1 / 

49259 

0 

1929 3* 

51832 

at 

1976 0 

50607 

0 

2032 4* 

49903 

5f 

1932 A 

51746 

51 


1980 0\ 

50505 

0 

2033 6* 

49174 

0 

1634 4 


fr 


1980 5/ 

50492 

0 

2036 4* 

40106 

7f 

1936 7 


4- 


1081 7 

50462 

0 

2038 0* 

40068 

0 

1937 7 

■1 

0 

1983 6 

50413 

3t 

2039 7\ 

49027 

0 

1939 0 

m,\ ill 

0 

1984 7 

50385 

3t 

2040 9/ 

48998 

0 

1940 5[Tin] 

51533 

0 

1985 9 

50355 

2t 

2041 6 

48981 

0 

1941 0[? In] 

51520 

1 

1086 8 

50332 

0 

2042 5* 

48959 

0 

1943 2* 


1 

1988 0 

50302 

0 

2046 4 

48910 

0 

1945 0* 


0 

1904 5 

50138 

0 

2047 8 

48833 

3t 

1946 3 

51379 

0 

1995 5*\ 

50113 

0 

2051 8\ 

48738 

3t 

1946 5\ 

51374 

0 

1996 6* J 

50088 

0 

2053 2/ 

48705 

at 

, 1947 5/ 

51348 

0 

1998 1* 

50048 

0 

2054 3 

48670 

at 

1948 2 

51333 

0 

2000 5* 

49988 

0 

2055 7 

48045 

0 

1949 4* 

51298 

0[TJ 

2001 5* 

49963 

0 

2056 8* 

48619 

a 

1964 4“] 

51166 

0 

2002 6* 

49935 

0 

2057 5 

48603 

a 

1955 4 > 

51140 

0 

2003 2* 

49920 

0 

2058 8 

48572 

a 

1956 6 J 

51112 

0 

2003 9 

49903 

0 

2059 8 

48540 

0 

1957 8 

51108 

0 

2004 9 

40878 

0 

2060 6 

48530 

0 

1958 9 

51049 

0 

2005 7 

49858 

2t 

2062 <n 

48483 

0 

1960 4 

51010 

0 

2006 6* 

49836 

It 

2063 8 y 

48454 

0 

1961 2 

50989 

0 

2007 9* 

49803 

It 

2065 Oj 

48426 

0 

1962 4 

60058 

*t 

2008 4 

48791 

0 

2060 1 

48330 




0 

2009 3 

40760 

It 

2078 0 

48289 




0 

2010 6* 

49736 

2t 

2074 5 

48205 
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Table IV —Indium Spark in Vacuum-Grating Spectrograph. 


Int 

A 

V 

Int 

A 


0 

101 8* 

018046 

0 

475 5* 

210304 

0 

181 3* [? Ga] 

551571 

0 

476 7 

209775 

0 

182 8* 

547045 

0 

479 5 

208550 

0[T] 

240 5* 

405079 

0 

482 5 

207253 

0 [?] 

240 0* 

400180 

Op] 

483 5* 

206825 

0 

251 0* 

398406 

0 

486 1* 

205718 

0[T] 

203 2* 

379939 

0 

486 8 [? Ga] 

205423 

0 

204 3 [? Ga] 

378357 

0 

489 0* 

204498 

0 

205 6* 

370506 

0 

490 1 

204039 

0 

313 5 [? Ga] 

318979 

0 

492 0* 

203004 

0 

314 7* 

317762 

0 

497 5 

201003 

0 

316 4* 

316055 

0 

408 0 

200561 

0 [?] 

332 0* 

301204 

0 

501 4 

199441 

0 

362 3 [? Ga] 

276014 

0 

504 1 

198373 

0 

377 1* 

205181 

0 

510 2* 

196001 

0 [?] 

380 8* 

262605 

0 

513 1 

194893 

0 

383 5* 

200750 

0 

514 2 

194476 

0 

386 0* 

258732 

0 

519 8 

192381 

0 

388 1* 

257065 

0 [?] 

521 7* 

191681 

0 

388 8 [? Ga] 

257201 

0 

522 5 [t Ga] 

191387 

0 

380 3 

250871 

0 

523 1 

191168 

0 

300 0 [? Ga] 

255819 

0 

524 5 [? Ga] 

190657 

0 

302 6 

251712 

0 

527 7 [? Ga] 

189501 

0 

394 0* 

253807 

0 

531 0 

188323 

0 

394 3* 

253013 

0 

532 4 

187828 

0 

397 2 [? Ga] 

251762 

0 

539 3 

180425 

0 

401 0* 

249370 

0 

541 2 

184774 

0 

402 3 

248570 

0 

541 6 [? Ga] 

184638 

0[T] 

403 7* 

247708 

0 

544 3* 

183722 

0 

414 0* 

241021 

0 

545 5* 

183318 

0[T] 

415 6* 

240073 

Of?] 

540 2* 

183083 

0 

418 8 

238777 

0 

547 7 L? Ga] 

182681 

0 

425 0 [? GaJ 

235294 

0 

552 2 

181093 

0 

428 0* 

233644 

0 

555 0* 

180180 

0 

428 4 

233426 

0 

557 3 

179436 

0 

429 0 

233100 

0 

557 6 

179340 

0 

432 3 [? Ga] 

231320 

0 

561 1 

178221 

0 

430 6 

229042 

0 

564 0 

177304 

0 

437 1* 

228780 

0 

566 2 

176616 

01?] 

437 8* 

228414 

0 

567 0 

176366 

0 

441 3 

220603 

0 

569 3 

175654 

0 

444 7 

224870 

0 

571 0 [? Ga] 

175131 

0 

445 6 

224416 

0 

576 0 

173611 

0 

447 1 

223663 

0 

577 5* 

173160 

0[?] 

449 5* 

222469 

o [T] 

578 3* 

172920 

0 

455 1 (t Ga] 

219731 

0 

579 5 

172062 

0 

450 5 [? Ga] 

219058 

0 

582 0 

171821 

0 

458 3 

218197 

l 

583 5 

171379 

0 

401 8 

216543 

0 [?] 

584 0* 

171232 

0 

408 6 [r Ga] 

215703 

0 

585 0 

170940 

0 

405 8 

214684 

0 

580 1* 

170619 

0 

468 0 

213675 

0 

587 6 

170183 

0 

470 8[?0a] 

212404 

0 

589 0 [? Ga] 

109779 

0 

478 1 

211371 

0 

589 6 

109006 

0 

473 8 

211059 

0 

591 0 

109204 


• Lines occurring on one piste only, 
t Binned lines 
t Probably doublet. 
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Table IV.—Indium Spark in Vacuum-Grating Spectrograph— conkmiei. 


Int 

X 

V 

■ 

502 2 

168861 

tm , 

506 0 

107813 

o 

506 1* 

107167 


596 9* 


m • 

001 7 [? Ga] 

106195 

0 

608 41? Ga] 

165727 

0 

612 9* 

163158 

om 

018 0* 


0[?] 

616 2* 

101498 

0 

021 3* 


0 [T] 

027 0* 


0 

633 0* 

167977 

0 

036 1* 

167455 

0 

639 0 ft Ga] 


0 

042 8 

165500 

0 

648 0 [? Os] 


0 

049 9* 

153869 

0 

660 6 [t Ga] 

163727 

OJ 

652 5 

153250 

0 

660 4 [? Ga] 

151053 

0 

804 1* 

160679 

0 

667 2* 

149880 

0 

009 0* 

149470 

0 

070 3* 

149186 

0 

674 0 

148367 

0 

676 0 

148148 

0 

677 5 

147601 

0 

679 0 [T Ga] 

147080 

0 

081 4 

146756 

0 

082 7 

146477 

2 

684 8 

146028 

0 

688 3* 

145285 

0 

689 0 

145137 

0 

603 7 

144154 

1 

694 3 

144029 

0 

605 1* 

143864 

0 

090 5* 

143575 

0 

706 0* 

141643 

0 

707 0 [? Ga] 

141442 

0 

713 1 

140232 

0 

713 5 

140154 

0 

714 8 [? Ga] 

139899 

0 

710 5* 

139507 

0 

717 3 [? Ga] 

130411 

0 

720 6 

138702 

0 

738 6 [T Ga] 

135301 

0 

740 6* 

135043 

0 

741 5 

134802 

0 

740 3 [? Ga] 

133904 

1 

752 4 


0 

756 1 [f Ga] 

132432 

0 

755 9 

132202 

0 

769 7* 

129920 

0 

782 0 

127875 

0 

783 2 [7 Ga] 

127681 

0 

785 0 

127388 

or?] 

839 0* 

119188 

0 

847 8 

117979 

0 

853*4 

117178 

0 

854 5* 



Jnt. 

A 

V 

0 

656 0* 

116822 

0 

860 4* 

115740 

0 

861 3 

116002 

0 

801 9 [t Ga] 

116022 

0 

863 6 

115794 

0 

865 9* 

115486 

0 

871 6 

114744 

1 

872 8 

114673 

0 

873 9* 

114429 

0 

874 0* 

114337 

0 

876 7 

114194 

0 

876 6 [? Ga] 

114090 

0 

879 0 

113705 

0 

880 0 

113558 

0 

880 Q 

113520 

4 

882 0 

113378 

0 

888 0* 

112612 

3 

890 8 

112258 

0 

894 6 

111782 

0 

898 2 

111333 

0 

901 4 

110938 

0 

002 4 

110816 

0 

908 1* 

110120 

0 

910 8 

100793 

3 

015 0 

109218 

0 

910 0 

108813 

1 

020 5 

108636 

0 

922 0 

108459 

1 

025 2 

108084 

3 

026 7 

107909 

0 

930 0* 

107457 

2 

033 5 

107123 

1 

034 0 

100903 

0 

038 0 

106000 

O 

939 2* 


2 

940 1 

106371 

0 

941 0* 

106269 

0 

947 0 

106606 

0 

948 3 

105451 

0 

051 2 

105129 

4 

954 7 

104744 

m 

058 0 

104286 

0 

061 5 


0 

007 5* 

103359 

0[f] 

908 3* 

103273 

3 

073 5 

102722 

0 

974 8 

102585 

;ra 

086 6* 


0 

003 0 

100705 

1 

094 4 


ora 

1000 8* 


0 

1003 1 [? Ga] 


ora 

1003 7* 


0 

1005 6 

99443 

0 

1014 1* 

98609 

0 

1010 4* 

98386 

0 

1018 0* 

98231 

0 

1019 7 

98068 

0 

1022 2 

97828 

4 

1024 6 

97599 
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Table IV —Indium Spark in Vacuum-Grating Spectrograph— continued. 


Int* 

A 

V 

Int 

A 

V 

4 

1028 6 

97228 

0 

1173 5 

85215 

0 

1080 1* 

97077 

2 

1177 0 

84902 

6 

1031 6 

90946 

0 

1179 5 

84781 

0 


06800 

2 

1186 6 [7 Ga] 

84275 

0 

1033 3 

96777 

0 

1187 5 [7 Ga] 

84210 

2 

1030 7 

90181 

5 

1192 0 

83850 

; 'W v 1 


96794 

2 

1196 2 

83599 

0 


95550 

1 

1198 0 

83472 

6 

1048 8 

95347 

2 

1199 0 [7 Ga] 

83403 

6 

1052 2 

95039 

0 

1203 2* 

83112 

6 

1054 3 

94849 

2 

1203 7 

83077 

0 

1055 3 

94759 

0 

1207 3 

82829 

4 


94208 

it 

1208 6 [T Oa] 

82740 

a 

1062 6 

94091 

3 

1212 0 

824S8 

2 

1067 3 [? Oa,] 

\ 93094 

0 

1214 0 [7 Ga] 

82372 

2 

1068 1 [f 0*] 

/ 93024 

0 

1210 5 

82203 

2 

1071 6 

93318 

0 

1218 6 

82001 

0 

1072 6* 

93231 

0 

1220 3 

81947 

0 

1076 0 [T Ga) 

02884 

0 

1222 6 

81799 

a 

1077 6 

92807 

0 

1223 2 

81753 

2 

1078 0 

92087 

0 

1224 5 

81006 

6 

1062 0 

92421 

0 

1227 0 

81499 

4 

1086 1 

92072 

0 

1233 0 

81103 

St 

1080 4 

91793 

0 

1233 0* 

81004 

0 

1089 6* 

91777 

0 

1237 0 

80840 

X 

1090 9 

91067 

0 

1241 0 

80580 

0 

1096 9 [T Oa] 

91249 

8 

1246 5 

80224 

4t 

1006 8 

91174 

0 

1249 4 [7 Ga] 

80038 

0 

1008 6 [1 0»] 

91033 

0 

1250 4 

79974 

2 

1099 6 

90942 

6 

1264 5 

79718 

0 

1100 6 

90858 

2 

1203 1 

79170 

1 

1101 8 

90700 

2 

1266 4 

78904 

0 

1103 1 

90653 

3 

1209 5 

78771 

0 

1104 0 

90579 

3 

1270 3 

78351 

2 

1100 9 

90342 

0 

1287 6 

77004 

u 

1108 3 

90228 

3t 

1292 7 

77357 

0 

an o\ 

90009 

1 

1294 1 

77274 

0 

mi 5/ 

89908 

0 

1294 0 

77244 

0 

1112 2 

89912 

9 

1290 0 

77100 

4 

1110 0 

89000 

0 

1303 0 

76740 

2 

1110 6 

89558 

6 

1310 0 

70336 

8 

1122 3 

89103 

0 

1312 l 

76214 

8 

1123 9 

88970 

4 

1315 1 

76040 

2 

1124 7 

88913 

6 

1316 9 

76930 


1127 2 

88715 

2 

1317 0 

75895 

8 

1130 0 

88496 

7 

1320 1 

75751 

6 

1131 3 [? Ga] 

88394 

0 

1821 5 

75072 

0 

! 1140 8* 

87657 

0 

1324 9 

76477 

0 

1146 0 

87330 

0 

1328 5 [7 Ga] 

75278 

6 

1140*6 

87222 

4 

1330 6 

76164 

2 

1160 5 

86919 

1 

1332 0 [7 Ga] 

76076 

4 

1161 6 

60843 

0 

1337 1 

74789 

0 

1155 0 

86584 

4 

1339 5 

74666 

1 

1156 5 

86408 

0 [T] 

1340 6* 

74693 

4 

1157 0 

86386 

5 

1344 5 

74377 

2 

1169 6 

80244 

0 

1348 0 [7 Ga] 

74184 

0 

1100 3 

80185 

6 

1361 0 

74019 

2 

1106 6 

86800 

0 

1364 3 

73839 

a 

1170 8 

86412 

6 

1373 4 

72812 


1172 1 

86317 

2 

1376 0 

72043 













M. Weinberg. 


Table IV.—Indium Spark in Vacuum-Grating Spectrograph— oottfmuei* 





1378 5 
1381*7 
1385 0 
1389 6 
1398 5 
1406 0 

1408 0 

1409 9 

1415 9 

1416 9 
1418 0 
1422 0 

1423 1 [? Da] 

1424 9 [? Ga] 



1449 7* 
1453 8 [? Ga] 
1455 6* 
1466 0 

1468 1 

1469 5 
1472 6 

1485 0 [? Ga] 
1488 3 


1513 0 
1519 6 
1521 6 

1624 6 
1528 4 
1530 4 
1533 5 
1578 5 
1583 4* 

1585 0 [t Ga] 
1586 6 
1610 0 
1017 2* 
1618 4 
1020 5 * 

1625 6 
1032 4 
1642 3 
1652 9 
1655 6 

1058 0 [? Ua] 
1660 5* 
1669 5 
1676 2 
1682 0 
1692 5 
1095 1* 
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Table IV.—Indium Spark m Vacuum-Grating Spectrograph— continued. 


hxt 

Saunders 

Int, 

A 

¥ 

2 

1099 06 

5 

1700 1 


08820 



&t 

1702 7 


08730 



6 

1707 4 


68668 



0 

1714 4 [? Gal 

68929 



0 

1715 0 


58309 

1 

1716 28 

5 

1710 8 


1 56248 



2 

1722 0 


58072 



3 

1726 1 


57934 



0 

1727 1 


57900 



0 

1732 1 [? Ga] 

67733 



0 

1733 8 [? Gal 

67677 



6 

1741 6 


! 57419 

5 

174B 66 

12 

1749 2 


57169 



0 

1763 0* 

56721 



0 

1707 4* 

56580 

5 

1770 57 

et 

1771 0 


56465 



it 

1771 5* 

56449 



l 

1773 1 


06398 

2 

1774 66 

3 

1776 0 


56338 



0 

1776 8 [f Ga] 

56313 



0 

1783 1 [7 Ga] 

56082 



1 

1790 2 


56891 



2 

1793 5 


55766 



0 

1798 7* 

56695 



st 

1808 5 


66294 


1820 80 


— 


— 



1 

1832 4 


64673 



2 

1842 3 


54279 



4 



64039 



1 

1861 2 


54010 




1863 6 


53952 



0 

1864 0* 

53937 



3t 

1856 6 


53862 



0 

1868 3* 

53813 



0 

1809 0* 

53792 



0 

1872 S [7 Ga] 

63410 



St 

1874 1 


63368 



0 

1893 0 


52826 



0 

1900 6 

[7 Ga 


52617 



0 

1901 4 

rtGa; 


62593 



0 


7 Ga] 


52433 



0 

1911 0 

[7 Ga] 


62330 



0 

1927 9 

[t Gal 


61869 



4 

1036 5 


51639 



0 

1938 2* 

51694 



0 

1940 0 

[7 Ga] 


51546 


i 


1941 0 

[T Ga] 


61519 



2 

1942 4 


61483 



0 

1947 7 


61343 



0 

1960 9* 

61127 

6 

1006 60 

7 

^KiD 


50839 



*t 

1968 0 


50818 

5 

1977*44 

6 

1977 8 


50561 



if 

1978 8 


50536 



0 



40740 

4 

9070 26 

6 

2079 6 


48086 



0 



48059 



0 

2082 0* 


48031 
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SpcfrfaSpeetra of In dium mti Gallium. 

It is of interest to note that several lines of shortest optical Wave-lengthi 
ever measured appear on the plates taken with our vacuum-grating spectrograph.. 
A few of the very shortest lues previously measured, which were also found in. 
the present work, are given u the following table — 
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On the Atomic Melds of Helium and Neon. 

By J E Jones, D Sc , 1851 Exhibition Senior Research Student, Trinity 

College, Cambridge 

(Commumoatod by Prof S Chapman, P R S —Received September 9, 1921) 

§ 1 Introduction 

The methods of determining molecular fields, described in previous papers,* 
■are here applied with certain modifications to the cases of helium and neon 
There is considerable observational material available in the case of helium, 
both as regards its isotherms and as regards its viscosity over a large range of 
temperature, but it has not as yet been used with any success to yield satis¬ 
factory information about its outer field Keesom,f who obtained a number of 
theoretical formulae for the second virial coefficient of the equation of state, was 
smable to find any which would satisfactorily explain the temperature venation 
of this coefficient in the case of helium, as determined experimentally by 
Kamerlingh Onnes J in fact, the expenmental coefficient showed at the 
higher temperatures a distinct maximum, and this property none of his 
theoretical formulas possessed The maximum property has, moreover, been 
confirmed by the later experimental work of Holbom and Otto§ The 
‘formula, given m a recent paper,|| is, however, more successful in this 
direction, and the method of using it, there descnbed, leads to the conclusion 
that the field of helium can well be represented by the superposition of 
repulsive and attractive fields, each according to an inverse power law 
Furthermore, the values of the force constants are here determined 
It has long been recognised that the temperature variation of the viscosity 
of hehum cannot adequately be represented by the theoretical Sutherland 
formula, with the obvious inference that hehum cannot be regarded (even 
roughly) as a rigid sphere with a superimposed attractive field Thu is perhaps 
not surprising m view of the comparatively simple electronic structure of hehum. 
Kamerlingh Onnes |] has shown that the variation can best be represented by 
the simple law, m which the viscosity varies as a power of the temperature 
* * Rqy Soo. Proo,’ A, vol, 106, pp. 441 and 463 (1984). 

f Keesom, 1 Cosun Phy* Lab. Leiden,' Supplement* Nee 24, 85, and 86 (1918), or 
* Proo Sect, of Soienoee, Amsterdam,' vol 16 (1), p. 856 (1918). 
t Kamerlingh Onaee, ' Comm. Phy* Lab Leiden,’ No 108a (1906) 
f Holbom and Otto, ' Zeita. f. Phy*vol 83, p. T7 (1984). 

K ‘lingi, Onaee, 1 Comm. Phy*. Lab Leiden,’ No. 134a, p. 18 (1918) 
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This formula, although first given as an empirical result, corresponds theoreti¬ 
cally to a molecular model, m which the molecules are regarded as point centres 
of force repelling according to an inverse power law The information available 
concerning the viscosity of helium is here used, for the first time, to determine 
the actual value of the repulsive force constant It is further Bhown that the 
result is consistent with that found by the other (entirely independent) method, 
above described The field thus determined is one of repulsion according to 
an inverse 14th power of the distance and a very weak attraction according to 
an inverse 5th power 

The information available concerning neon is more fragmentary and leas 
satisfactory than that for helium Experiments have been conducted by 
Crommelin, Martinez and Kamerlingh Onnes* jointly on its equation of 
state, but the presentment of the results renders it extremely difficult to deduce 
from them any definite theoretical information They give, for instance, three 
sets of values for the second vinal coefficient, which differ at certain temperatures 
by as much as 100 per cent, and it is difficult to know a pr%on which set should 
be used in theoretical investigations such as this Further information on the 
isotherms of neon has recently been given by Holborn and Otto.f not, however, 
deduced from direct observations, but from the results found for a mixture of 
helium and neon and for helium alone, and so it is difficult to estimate how 
far the results can be used for theoretical purposes In any case, the values 
of the second vinal coefficient deduced therefrom are inconsistent with each 
of the sets of values just mentioned. For the present, therefore, progress w 
this direction does not seem to be possible 

Measurements of visoosity are also meagre m the case of neon, results for 
only two temperatures^ being available, but fortunately there exist several 
measurements of its thermal conductivity, made by Weber,§ which can be used 
to give some information of its atomic field For, from a theoretical formula 
due to Chapman,11 the values of the viscosity can be deduced from those of 
thermal conductivity, and these, being consistent with and supplementary to 
the direct measurements, provide sufficient data for the purpose of this 
investigation As in the case of argon, already discussed elsewhere,^ several 

* Orommelin, Martinez end Kamerlingh Omnee, * Comm Phy» Lab Leiden, ’ No 164 a. 

’ (1919) 

t Holborn and Otto, loc ct t 

t Bankine, * Boy Boo ProoA, vol 84, p 191 (1911). 

f Weber, ' Comm Phyi, Lab Leiden,’ Supplement No 42b to Noe. 145-166 (1916), 

|| Chapman, ‘ Roy Boo Phil. Trans,’ vol 216, A, p 279 (1916). 

U' Boy Boo Prooloo. at 
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models can be found to explain the experimental facta, but, for each of these, 
the method determines the numerical values of the repulsive force constant 
(or the diameter in the case of the rigid sphere) 

The unique determination of the model is made by using the measurements 
of the inter-atomic distances in the crystals of NaF and MgO, made by X-ray 
analysis It is shown that the observations of thermal conductivity, of viscosity, 
and of crystal constants, can all be explained by one model, according to which 
neon is to be regarded as repelling according to aD inverse 21st power of the 
distance The attractive part of the field, although not actually determined, 
is shown to be weak 


§ 2 The Equation of State of Helium * 

The isotherms of helium have been investigated by Kamerhngh Onnesf 
between — 217° C and 100° C, and by Holbom and OtfcoJ between 0 s C and 
400° C, The former has shown that the observed values for pv can be 
represented by the equation 

= A + ? + (201) 

and has determined by the method of least squares values of the coefficients 
A and B to fit the observations, the value of C being estimated from a theoretical 
formula § The fact that the values for C are obtained in this way detracts to 
some extent from the reliability of the values for B However, they are taken 
from the paper as given, and are reproduced in Table I 

Table I.—The Vinal Coefficients of Helium from Kamerhngh Onnes 


T 

A 

ttt 

log Bg 

°C 

100 36 

1 .36667 

0 673 

l 69235 

20*00 

1 07273 

0 634 

9 99708 

0 

0 99970 

0 612 

l 70940 

— 103 57 

0 62036 

0 337 

4 73499 

-182 76 

0 33066 

0 176 

1 72613 

-216 56 

0 20693 

0 096 

1 96046 


* I am grateful to Mr E V Whitfield, B A, Trinity College, Cambridge, for his 
assistance in the numerioal work of this section, and in the preparation of the curve* 
shown in figs 1, 2, and 3 

t Kamerhngh Onnes, ‘ Comm Phys lab Leiden,’ No 102a (1008) 
t Holbom and Otto, * Zeits f Phys,' vol 10, p 897 (1922), ‘ Zeits f Phys,’ vol. 23, 
p. 77 ( 1924 ) , of also Holbom and Sehnltse,' Ann d. Physiv, vol 47 , p 1089 (1916) 
f Kamerhngh Onnes, loc cU , eqn. (2) 
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Holbora and Otto also express pv m the form (2.01) above, bat use as well an 
expansion in powers of p Their units of pressure and volume are different, 
unfortunately, from those used by Kamerbngh Onnes and others, for they 
adopt 1 m of Hg as the unit of pressure and define the unit of volume to be 
such that pv = 1, when p — 1 at 0° C For this reason we write the equation 
of Holbom and Otto in the form 


and 


PV = o + 6F + cP*. (2 02) 

PV = «(l+^ + ^) (2 03) 


Theoretically, by an inversion of the series (2 02), we should have b — b', but 
Holbom and Otto determine their values graphically by independent methods 
and obtain the resnlts given m Table II 
It can be shown* that, if the relation between the two sets of units be such 
that a pressure p and a volume v m one set of units are the same as a pressure 
P and a volume V in another, with P = Ip, V = mv, then 


a o ■+• 

where a 0 , b 0 , and Cq are the values of the coefficients of (2 02) at 0° C 
it may be shown that m terms of a, b', and e', 


B 


ft' 

Og -(- b>o'l -j- —-—P 

°o 


(2 04) 
Similarly, 

(2 06) 


Table II —The Vinal Coefficients of Helium from Holbom and Otto. 


T 

a 

b 

V 

*°K % 

log B'u 

°C 

0 

0 00030 

0 69543 

0 09505 

3 72813 

3 72327 

60 

1 * 18223 

0 08887 

0 08797 

3 71900 

3 71846 

100 

1 30618 

0 66804 

0 67453 

I 70569 

3 70989 

200 

1 79091 

0 04993 

0 04894 

3 69337 

3 69809 

300 

2 09065t 

0 01600 

0 61797 

3 67043 

3 67186 

400 

2 46244 

0 69451 

0 00117 

3 65504 

3 66989 


Since one atmosphere = 76 cms of mercuryf, we have in our case I = 0*76, 
and from formula) (2.04) and (2.06), the values of log B* (denoted in the table 
* 1 Roy Soo Proo,' A, vol. 106, p 47S (1024) 

t Note added later —One international atmosphere at Leiden = 75 0488 om. of mercury 
(‘ Oomm Phys. Lab Leiden,’ No 154 a, p 4 (1919)), but this slight deviation does not 
affect the work of this section. 
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by B N and B' N respectively) are calculated In the present application the 
mean of log B N and log B' N was used 

There is a slight discrepancy between these values and those of Kamerlingh 
Onnes between 0° and 100°, as is Been in the figure, but the lower values of 
Kamerlingh Onnes form a continuous curve with those obtained by Holbom 
and Otto 

In a former paper 41 it* has been shown that when molecules repel according 
to the law X n r * and attract according to the law A m r~ m the theoretical value 
for the second virial coefficient is given by 


where 


and 


Bn _ __ 17tV (--T — ) F(y) 
F (y) ~~ if"*-”" -2\) ~ £ /(*)»’} 


/( T)- 


j W T m ~ 1 + n — 1 
2 n~ 1 
t f (t m — 1 — 1) 


sr^-Tl-g) 

\ H - 1 l 

T 1 (ll — 1) 


and v is a function of the temperature given by 


V — 


Al 


(m — i) rr 


Hr 1 ) 


L) {»—D 


v is the moleculai concentration at normal temperature and pressure 

By comparing the graphs of log F (y), plotted against log y, with that 
of log B/A against log T, the values of the force constants X„ and X* are 
determined The pronounced maximum of B at the lughei temperatures 
provides a stringent test for the theoretical curves That appropriate to the 
attracting rigid sphere model is, for instance, definitely unsuitable (see fig 2), 
as it does not possess a maximum but increases asymptotically to a finite 
upper limit The only curves which could be said to fit were those of » -* 9 
and w — 5, n = 11 and m -- 5, n — 11 and m — 6, « ~ 14$ and m = 5 Of 
these the first oould not be regarded as quite satisfactory, the second was 
better, the third and last best of all, the latter, in fact, was as nearly perfect 
as oould be hoped for (see fig 1) 

The values of X and Y, the co-ordinates of the parallel transformation 
necessary to secure agreement between theoretical and experimental curves, 


vol ovn — A. 


* hoe. ctt, p 467 


M 
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with the values of the force constants deduced therefrom, are given m 
Table III The diameters are calculated from the formula* 


a 


/ 2^ \iM-i 

\( 3 « — 1 )*/ 


(2 06 ) 



Table III—The Force Constants and “Diameters” of Helium from the 

Equation of State 


» 

m 

_j 

X 

y 

x. 1 

1 

ft 

fi 

0 802 

3 340 

1 14 10-’* 


n 

5 

0 4616 

3 220 

a 26 10-*° I 


iH 

5 

0 6100 

3 102 

2 15 10 -H» 


ii 

0 

i 

0 600 

3 120 

7 47 10-" 

i 


4 364 
2 oil 
1 002 
1 070 



<r 10*om 

♦10“ (ergs) 

io-« 

4 020 

2 066 1 

10“« 

3 634 

2 622 ’ 

10-66 

3 106 

3 168 

J0-6B 

3 607 

6 200 


As a matter of interest, the work required to separate two atoms from the 
• Of. * Roy, Soo proo,’ A, vol. 106, p. 462, eqn (4 30) 

t In each figure, the left-hand portion of the curve corresponds to negative values of 
F(y)i log | F(y) | is plotted 
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position of relative equilibrium to an infinite distance is also included, being 
calculated from the formula 

»-i 

i _ n — m A m” -1 " 

(» —l)(m— 1) ' ^=1 

K*~ m 



Fxo 2 —Theoretical Curves for tho'Seoond Virial Coefficient for various Molecular Models 
(1) a — os, m jm 8, (2) >t 14}, m — 5, 

(1) ii = ll, m — 5, (4) n — 9, to= 5 
(Hoale shown is that appropriate to n - as , in — 5 ) 

In the case of n = 14}, m — 5, the outer limits of a number of independent 
readings (corresponding to independent fitting of the curves) were X - 0 6260, 
Y » 3 102, and X — 0 5120, Y — 3 102 The corresponding values of 
X,, X m and a were 

X» = 2 196 10- ,1# and 2 097 10-“«, 

K « 1*947 10~« and 1 857 10-<», 
o =3-110 10 _# and 3 099 10" # 

In order to illustrate the difference in the theoretical curves for various 
values of n and m, four curves are given in fig. 2 for the same m and different 
values of n, and in fig 3 for the same n and different values of m. The curves 
have been superimposed (with their axes parallel) so that the left-hand portion 
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of the curves, corresponding to negative values of F (y), are as nearly as 
possible m coincidence The latter are clustered about the line shown in 



pnate to n — 11, m = li ) 


the figure, and are too near together to be reproduced in a diagram The 
method is equivalent, practically, to making the “ Boyle points ” coincide 
(that is, the point for which F (y) — 0). 

§ 3 The VutcmUy of Helium. 

Kamerlingh Onnes and Weber* have investigated the viscosity of holm m 
from - 258 1° C to 183 7° C and find that its variation with temperature 
is represented to a remarkable degree by the formula 

(3 01) 

with I 887 10~« at 0° C and s — 0 647 This!formula corresponds 
theoretically to a molecular model m which the molecules are point centres 
of force repelling (without any attraction) according to the law Ar~*, with 
n = 14*6 

* Kamerlingh Onnes and Weber,' Oomm Phys Lab Leiden,’ No, 184 b, p 18 (191S), 
Jeans, ‘Dynamical Theory of Oases,’ 3rd ed., p, 888 (1981), 




Atomic Field* of Helium and Neon. 165 


The theoretical formula for the coefficient of viscosity for such a law of 
force la* 






5 (fanT)* 7i* 


,2kT\- s,n - 1 

\ A ' 


(3 02) 


where wi is the mass of the atom or molecule, k the usual gas constant 
(1 -372 10~ 1# ),t e c a number, depending only on n, which lies between the narrow 
limits 1 000 and 1 • 016J , I 2 (n) is also a function only of n, its value having 
been computed for some values of n by Chapman§ and for others by the 
writer || 

For our particular case n — 14 6, and so e e = 1*007, I g («) -- 0*9751 
Inserting the values fi — 1 *887 10~* T - 273 1, and m — 6 604 10 - ** for 

helium, we find 

i 

A,— 1 =2 662 10~* 

To compare this value of the force constant with those obtained m the 
preceding paragraph, we calculate the “ diameter ” a from the formula (2 06) 
and find 

or = 3-128 10-® 


This is in remarkably close agreement with that obtained for » —. 14$ from 
the equation of state Assuming as a final result the integral value n = 14, 
we find by interpolation from the results given in Table III, 

o=3*124 10-* 

leading to 

Ay"” 1 = 2*32 3 10-', 
and 

A 14 = 5 74 10 1U 
The corresponding value of A*, is 1*930 10~ 4# . 


* Cf Enskog, * Kinetisohe Thoone der Vorg&ngo in radssig vordiinnton Gason, Inaug, 
Dissertation,’ Uppsala, p 94 (1917), explicit formula; are also given by Chapman, ‘Phil 
Trans Roy Soc / A, vol 211, p 483 (1912), 1 Phil Trans A, vol 210, p 338, eqn (261) 
(1916), and again 1 Memoirs Manchester Lit and Phil Soo vol 66, No 1 (1922), Appendix, 
Jeans, * Dynamical Theory of Gases/ 3rd ed, p 287 (1921) The last two formulae should, 


however, be multiplied by a factor 



A more general formula is given in * Roy. 


So© Fro© / A, vol 106, p 441, eqn (4.23), (1924) 
f Jeans,' Dynamical Theory of Gases/ p 119 (1921) 

% Chapman, loo oil.. Table V (1915). 

§ Chapman,' Memoirs Manchester Lit and Phil Soo./ loc at, 
J1 1 Roy Soc. Pro© / loc al , p 466. 
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From the viscosity results it would appear as though the field of helium 
were solely repulsive But this is not surprising m view of the very weak 
attractive held possessed by helium, as evidenced by its low critical temperature 
and (more quantitatively) by the low values of given in Table III The 
attractive force constants there given are, for example, only about 1/100 of 
those found for argon in a former paper Such a weak attractive field can 
have httle influence on the orbits of two helium atoms m collision and so little 
effect on the magnitude of the viscosity 

§ 4 The Thermal Conductivity and Viscosity of Neon 

Although the viscosity of neon has been measured at only two temperatures,* 
viz , 13*8° C and 100° C f further values can be evaluated from the work of 
Weberf on its thermal conductivity at various temperatures, for it has been 
shown by Chapman^ and Enskog§ that there is a theoretical relation between 
viscosity and thermal conductivity of the type 

W/** (4 01) 

where d is the coefficient of thermal conductivity,^ the specific heat at constant 
volume, and / a numerical factor depending on the molecular model In the 
case of molecules repelling according to the law r^ n , the value of / vanes between 
2 600 and 2 622 as n varies from 6 to«> This theoretical formula has received 
quite definite support from experimental evidence,|| especially in the case of 
the monatomic elements We therefore propose to assume its validity and 
to calculate values of // from those of by taking / to be 2 500 and C5* to be 
given by its thennodynanucal value 

c ’“lr£- <*•“> 

when the substitutions k = 1 372 J - 4 184 10 7 ,** and m 20 2, 

I 650 10'" 24 gramsft ttre made, we find for neon (J, — 0 1476 %% The values of 
ft thus calculated, together with the two values obtained by measurement, are 
given m Table IV 

* Rankine, * Boy 8oo FrocA, vol 84, p 191 (1911) 
t Webor, 1 Comm Phys Lab Leiden,' Suppl No 42 b (1918) 
t Chapman, * Phil Trans / A, vol 211, 1912, and vol 216 (1915) 
i Enskog, loc ett 

|| Enskog, loc cti , p 104, Jeans, 1 Dynamical Theory of Oases,’ 3rd ed, p. 300 (1921) 
If Jeans, * Dynamical Theory of Gases,' p 119 (1921) 

** Jeans, lor cti, p 11 
ft Jeans, loc cti , p 9 

tt Of Bannawitz, ‘ Ann. d Physvol 48, p 592 (1915), 
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Table IV —The Coefficients of Heat Conduction and Viscosity of Neon 


Tabu 

3 10' 

fi 10* 

378 80 

1 344 

3 642 

373 09 

— 

3 652* 

286 89 

- 

3 080* 

273 09 

1 087 

2 946 

198 72 

0 879 1 

2 3H2 

91 06 

i 

0 499 

1 152 


* llankine, loc ci t 


Except foT the value of fi calculated from 3 at the highest temperature, the 
results are quite consistent, and when plotted against T he on a smooth curve, 
thus lending encouraging support to the method It should be observed that 
Weber asserts that the value of $ at 0° 0 m certainly accurate to 0 2 per cent 
and agrees with the measurement made by Bannawitz * However, in making 
theoretical use of these results, preference must naturally be given to the 
observed values, and so, m the following work, we take T 0 — 286 81* as the 
temperature of reference with = 3 080 10“ 4 
The theoretical formula for viscosity used is that given m a former paperf 
corresponding to a repulsive held of type A*r ~ n with a weak attractive field, 
viz, 



where x = (n — 3)/(n— I) and S is an attractive constant, independent of 
temperature To secure the best fit between theory and expenmeut, various 
values of n are chosen, and the values of S, required to give agreement 
between theory and experiment, arc calculated from the values of p. given m 
Table IV The results of this preliminary calculation from the formula 

S = 

are given in Table V 

The values appropriate to 273 09 are omitted as being unreliable in view of 
the small range of temperature between it and T 0 . We have already seen from 
Table IV that one of the values of p for 378*90° C. or for 373 09° C is wrong 



* Bannawitz, fee. ctf. 
f # Rov. Soo Proo ,* A, vol 106, p 441 
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Table V —Values of the Attractive Constant (S) of Neon 


- - - ■ 

- —— 

- - - — 


-— 

— — 

T 

n =n 9 

71 — 1 I 

n 15 

n *» 21 


378 90 

~12 075 

-11 198 

-6 451 

5 2549 

37 031 

373 09 

- 9 160 

- 0 211 

0 937 

10 407 

50 900 

198 72 

- * 790 

- 0 012 

7 758 

17 173 

59 429 

91 00 

- 1 605 

1 575 

1 

7 070 

14 752 

44 800 

Value taken 

4 848 

- 1 r.85 

5 457 

14 111 

53 730 


The above table shows that the measured value at 373 09 gives values more 
consistent with the others, and may therefore be regarded as more reliable 
Average values of S calculated from this and the other two values are given 
at the foot of each column 

With these values of S, the repulsive force constants are then calculated from 
the formula* 


2 " 


C 


i, W r ( 4 --A-),*; 


nT5 


1 (To 


«-* i 

*-' + S) 


(4 05) 


where 

c — (*M 


(4 06) 


The values of I 2 (») are obtained from a former paper f The results, with 
the corresponding values of the “ diameter ” a, arc given m Table VI 


Table VI.—The Repulsive Force Constants of Neon 


n 

. ..i 

0 

11 

15 

21 

00 

Repulsive Force 
Constant 

6 663 10-“ 

4 440 10'“ 

1 764 10- 1 " 

3 802 10-‘« 

0 

<r 10* cma 

6*022 

4 300 

3 500 

3 163 

2 350 


While the method does not determine the attractive field, it may be supposed 
that its effect is represented by the values of S given above (however interpreted), 
and is therefore separated from the effect of the repulsive fi el d. The 
attractive field may be taken to be weak in view of the small values of 8, as 
compared with those of argon and carbon dioxide found elaewhere.J 

* ‘Roy Soo, Procfoe cil.eqn (701) 
t ' Roy. 800 Proo loc. ctt, | 6 , 
t * R«y- Boo. Proo.,' he at, pp 458 and 400 
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$5 Application to Crystals 

Reasons have been given elsewhere* for supposing that the positive and 
negative ions of the elements next to the pure gases in the periodic table 
have the same outer field as the pure gases, plus, of course, that due to their 
electrostatic charges With this assumption, theoretical calculations have been 
made of the inter-atomic distances in the crystals KC1 and CaS from a knowledge 
of the held of argon, and have been shown to accord well with fart Vice 
versa * the crystal measurements of KCl and CaS may be regarded as faxing the 
atomic model for argon from a senes of models determined by other methods 
In the same w f ay, we can here apply the results of X-ray measurements of the 
crystals NaF and MgO to determine the atomic field of neon When the 
repulsive field between atoms is the potential of any one atom is given, 

as shown in the former paper by 

(1 742) e*z 2 _ KK-i , 

™ s (n— l)E n “ 1 ' 

z referring to the valency of the ions concerned, A n 1 being a function of n 
determined by a recent investigation^ c the unit electrostatic change, and c 
the closest distance of approach between atoms The condition that </> shall 
be a minimum leads to 

2 A n A n ^ 1 

(1-742)<V 

The value z — 1 corresponds to NaF, that of z ~ 2 to MgO Using the 
values of X* in Table VI, we arrive at the results given in Table VII 


Table VII—Theoretical Calculations of Inter-atomic Distances in the Crystals 

o 

of NaF and MgO (in Angstroms) J 


1 

i n 

l 

9 

11 

15 

21 

30 

Measured 
00 * 

•n»F 

1 073 

! 2 077 

2 193 

2 272 

2 300 

2 34 

MgO 

1 010 

1 1 781 

1 

1 974 

1 i 

2 112 

2 350 

2 no 


* Bragg, ‘ X-rays and Crystal Structure,* p 166 (1924) 


The model indicated is clearly that of n = 21 

Finally, for this model, with 14 11, the values of the coefficient of 
* ‘ Roy Soo. Proo * (above) „ 

f A E Ingham and J E. Jones, * Roy Soo Proo ,* to be published shortly A few 
values of A*^, have been given m 4 Roy Soo Proc ' (December, 1924) 

X The calculated numbers would probably be diminished by (at most) 0 5 per cent if 
the attractive field of neon were taken into account, cf the calculations for argon (Jot at ) 
VOL. OVII —A N 
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viscosity have been calculated from the formula (4 03), leading to the results 
given in Table V11T For comparison, the values are also calculated for the 
Sutherland model (n — oo) with S — 53*73, and are included in the same table. 


Table Vlll —The Viscosity of Neon 


T 


H — 21 (S «■ 14 H) 

Sutherland (8 — 53 73) 

1°* 

Per tont diff 

/'ck. 10 * 

Per cent diff 

378 00* 

3 042 

3 705 

+ 1 75 

3 681 

+> 0 

373 00 

3 052 

\ 007 

i 0 4 

3 645 

*0 02 

273 00 

2 040 

2 970 

-ft o 

2 981 

ft 2 

108 72 

2 382 

2 300 

+0 0 

2 300 

+0 0 

01 00 

1 352 

J 350 

f 0 05 

1 303 

-3 7 


* As observed above, the value of n at this temperature is doubtful 


The calculated values lor n -21 could obviously be brought into closer 
accord with experiment by redui ing //„ by about 0 5 per cent, say, to 
/Ug =• 3 066 10 * The calculated vaiueB would then not differ from the 
observed (except in the case of the highest temperature) by more than 
0 5 per cent 

The conclusion then is that neon repels according to an inverse 21st power 
law with X„ — 3 892 10' 1W ’ 

§0 Sum)nary 

The atomic field of helium has been determined by using conjointly the 
experimental results on its viscosity and on its equation of state The 
conclusion is that its field can be represented by a repulsive force ^r - * with 
n = 14, and = 6 74 10 118 together with an attractive force with 

m = 5, and X m -- 1 930 10 *•* That of neon has been determined from 
measurements of its thermal conductivity and its uscosity, and from 
measurements of the inter-atomic distances in the crystals NaF and 
MgO The repulsive force *Kt~" is shown to be given by t*= 21 and 
X n = 3*892 10 ' 1## , the attractive force is not determined, but is shown to 
be weak 
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Experiments cm the Distortion of Suu/le-Crystal Te^t-Pieces of 

Aluminium 

By H C H Oarpinteh, FR8, Professor of Metallurgy, Imperial College of 
Science and Technology, and Miss C F Emm, MA, Armourer*’ and 
Brasiers’ Company Research Fellow 

{Received Octobei 30 1924 ) 

[Pj ATE 1 ] 

When alununiuiu test pieces are broken in t< risum and subsequently heated 
to a sufficiently high temperature, they re-orystallise and break up into a 
number of smaller rrvstals whose size depends on the amount of distortion 
For ex a ill ph near the fracture the crystals arc smallest, and they increase 
in sue towards the shoulders of the test-piece In oidoi to investigate this 
matter further a number of single crystal test-pieces were extended to varying 
amounts and heated The following Table shows the' results obtained - 


Table 1 


Extension j>or Heal 

tent mi 2inches ' Tmitimnt 


KtallH 


251 

*152 

*53 

35(5 

■m 

377 

380 

380 

415 





Howled foi 
10 hours at 
550 t 1 


No i hauge 
No (hangt 
No t hangr 
No rhangt* 

No t hango i xcc pfc that < ryhlal in 
shouldci ro trVHtallwud 

No change 
No change 
He i rystalllsed 
He crystallised 
Re < rystaUiftcd 


Nos 351 377 wxre subsequently heated at. 600° C for two hours, after which 
no change watt observed The orientations of the crystals probably differed, 
ao that the results are not strictly comparable, but it is evident that the 
crystals can be deformed as much as 7 per cent without being destroyed on 
heating Those that did re-crystalksc show exceptionally straight crystal 
boundaries, and are frequently twinned 
A round test-piece (No 78) was similarly treated The orientation was first 
VOL. OVTT.—A. O 
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determined by meant* of X-rays, and the bar extended B per cent The position 
of the crystal axes was again determined, and it was noticed that the reflections 
on the photographic plate were not so well defined, and were spread over a large 
reflecting angle This will be referred to again later The crystal was then 
heated at 400° C , *500° 0 , and 600° C , and examined after various periods at 
these temperatures There did not appear to be any 'change after this treat¬ 



ment The nature of the X-ray reflections was unaltered, and there was no 
change in the position of the reflecting planes 
After a second extension of 5 per cent the positions of the reflecting planes 
were ro-deterramed, and the bar heated at 350° 0 and 450° C No cliange was 
observed After heating at 560° C , however, the reflections that had been found 
previously had disappeared, but new ones were obtained in other positions 
A comparison of the reflecting planes from/hfferent parts of the bar, including 
opposite sides of the same reference plane, showed that it was stall a single 
crystal, but that it possessed a totally different orientation from that of the 
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original Etching in caustic soda revealed an homogeneous structure in 
accordance with tins deduction The X-ray reflections now obtained were 
sharp and well defined, as in the original crystal 
A further extension of 5 per cent produced results similar to the first extension, 
and heating up to 600° C (beginning as before at 350° C ) produced no change 
On heating after the fourth extension, however, the orientation was found 



Fig 2 


to have changed once more, the bar still remaining a single crystal On 
heating after the sixth extension a partial re-crystalhsation took plate 
Another tost-piece (No 80) was subjected to this treatment with exactly 
similar results The orientation was changed twice 

Pull details of the treatment of these bars and the positions of the crystal 
axes at each stage will be found m Tables II and III The figures refer always 
to the same reference plane 

Figs 1 and 2 show the positions of the axis of the test-piece relative to the 
crystal axes at different stages 

o 2 
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The positions of the cubic axes of the crystal have been plotted on the 
spherical diagram, in which the centre represents the axis of the teat-piece 
and the line AB, a vertical plane to which all the X-ray measurements were 
referred The great circles passing through each set of axes have been 
drawn, and the triangles so obtained numbered 1, 2 and 3, representing the 
first, second and third orientations of the te9t-pieces The change in 
position of the spherical triangles relative to the axis of the test-piece and 
the reference plane shows the amount of re-orientation which has taken 
place after each re-crystalbsation 

There does not Beem to be any relation between the first, second and thud 
orientations of the bars It is probable that the new crystal grows from a new 
centre as in another bar, which had received somewhat similar treatment to 
the above, etching revealed the presence of new crystals while the rest of the 
bar gave the same X-ray reflections as it did before treatment No inter¬ 
mediate stages, however w r erc observed in either No 78 or No 8f> 

It has already been mentioned that, after straining the X-Tay reflections irom 
the crystal planes are not so sharp or well defined, and the setting angle over 
which reflection occurs increases This matter has also been reteired to b> 
Muller,* JofT6, J* O/olclmilakiJ arid others It can be explained by supposing 
that the crystal is slightly distorted, probably by a uniform bending of the 
crystal planes It has not been found that any one particular plane shows a 
gTCatcr distortion ilmn the others Fig & (- Plate 3) shows photographs of 
X-ray reflections from an octahedral plane* (111) m test-piece No 78 No 1 
is that from the crystal before treatment, No 2 after an extension of fi per cent, 
No A after an extension of 10 per cent No 4 refers to the same extension as 

No 3, but after heating at 450° 0 for thirty-six hours, while No 5 shows the 

appearance of a new plane (200) due to re crystallisation This last is \ery sharp 
and clear, and quite unlike the diffuse spots m the previous photographs 
The angle over which reflection occurs is doubled by an extension of 10 per 
cent, and this is reduced to the normal when the material has re-crystallisod 

The most interesting feature brought out by these photographs is that 
heating does not destroy this effect of mechanical deformation unless the metal 
re-crystalhses, and this will only occur if the degree of strain is sufficiently great 
and the temperature is sufficiently high In this connection it is interesting to 

* A Mtillor, * Roy Soc Proc A, vol 105 (1924) 

t A Joftt, M W Kirpitschewa, M A Fewiteky, ‘Zeifcahnfl fttr Phyaik/ vol 22, 

No 5 

% Gzolohralaki, * Zoitschnft ftlr Metallkunde, 1923, March-May 
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Table II —No 78 


Kx tension 

Heat Treatment 

Hcflcctmg Planes 

0 

__ 

•m 

_ 

80 

55 

*iu - 

01° 

33' 


i 

* 

—4 

150 J 

JO' 

* - 

03° 

23' 

1st Extc nwon S per cent 




__ 


•ill - 

01° 

O' 







* - 

83 

0' 

tf 

Heated 17 hours at 

**111 

_ 

81‘ 

2b' 

•ill - 

00° 

30 


400° C 

* 

- 

249 

40 

+ - 

b2 

65' 

»» 

Heated 5<J0 C 

•m 

— 

81" 

20' 

•ill - 

W 

20' 





340 

3> 

+ «= 

02° 

50' 

M 

Heated 000° (' 

*111 

- 

«r 

30' 

•ill — 

01° 

0' 



* 

— 

340 

40' 

* - 

ti2" 

0' 

2nd Kx tens] on 5 per rent 

_ 

**111 


82 

25' 

*111 - 

0O n 

25' 



* 

— 

W 

40' 

* 

02° 

20' 

»» 

Hcattyi 72 hours at 

**111 


81 

30' 

•ill - 

00° 

10 


V>0 V 

* 

- 

340 

40' 

* — 

0O J 

30 

ti 

Heated Mi hours at 

•n, 


82 

25 

•ill - 

tiO° 

25' 


450 V 

* 

- 

350 

40' 

* 

62 

20' 

** 

Hcaterl 18 hours fit 

•ill 


95 

30 

•••no — 

42 a 

30 


550* ( 


- 

2(1 

40' 

* * 

5' 

25 

Jrd Fx tension 5 per rent 

- 

•m 


0fi ( 

0' 

_ 

_ 





- 

21 J 

Jt> 

- 

- 



Heated to MX> 0 

•in 

_ 

IMP 

0 

•.oo ~ 

4l r 

20' 




** 

SI' 

W 

* ” 

11° 

30' 

4th Extension 5 per cent 


•in 


05 r 

10< 

•aoo ” 

40° 

15' 



* 

- 

27 3 

45 

* - 

18° 

10' 


Heated to tMX) 0 

•in 

- 

90 J 

tv 

•.oo — 

42° 

95' 



* 


3 

0 

* - 

33 

20' 

15th Kxtenaion 5 per cent 


•m 

-- 

9tF 

47' 

•boo ~ 

30° 

30 



* 

=■ 

1° 

0' 

* - 

30° 

30' 


Heated to A00« V 

•m 

__ 

90 

47' 

•aoo — 

40° 

20 





0 K 

8' 

♦ * 

28" 

10' 

fl'li Extension 5 per cent 

— 

•in 


90° 

4.5' 

•too ^ 

38 u 

15' 



* 

* 

0> 

0' 


21° 

20' 


Heated to tJOO 5 C 



Partly re-c 

rystalluied 




0 « angle between vertical axis of test piece and the normal to the reflecting plane 
» angle between reference plane and plane containing normal to reflecting plane ^ w 
measured anti clockwise 
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Table Ili-No 86 


Extension 

Heat Treatment | 

Reflecting Pianos 

0 


fl lU - 50' 

if, « 309° 10' 

1 1! 

o 0 

feg 

1st Extension 5 per cent 

i 

— 

» ni = 140° 40' 
if, --- 300° 50' 

«,oo - 90° 20' 

* 347° 35' 

1 

M 

Heated to 600° 0 j 

e nt « 140° 11' 

* - 307° 05' 

98“ UK 
* . M7 30' 

2nd Extension 5 per cent 

— 

s m 130 15' 

iff - J(Hl° 40' 

97 no 
if- 348' 30 

** 

3rd Extension 5 per tent 

Heafrsd to 000° (' 

i 

(t ni - 124° 20' 

if - 3° r>' 

» ni - 123° 05' 

^ 3 U 0 

tf ul - 90° 0' 

if - 00" 52 

*> 

Heated to 0OO ft < 

e lu - I 2 T OB' 

+ 2 C O' 

e ul 8H n 

iff _ 07 52 

4th Extension 5 per cent 

i 

0 1U -- 120° 55' 

4 - o° ir> 

V in Kr 45' 

if, - 60° 22' 

»» 

! Htated to MK) C V 

1 

i 

o lu « tn° 4o' 

+ - V c 20' 

o iu 82" 45 

+ - 100° 10' 


compare the loads required to extend the bars 5 per cent at each stage of the 
experiment These are given in Table IV In each case the load lias been calcu¬ 
lated on the cross-sectional area measured after each extension It will be seen 
that the load drops after each re-crystallisation, and that with one exception 
it was always higher for the second extension of 5 per cent —% c , the 2nd, 4th 
and 6th—than for the first—t e , the 1st, 3rd and 5th, although the metal had 
been heated at 600° C between each extension The change of orientation 
due to the extension is too small to account for it, although it is probably the 
cause of the difference observed when a now crystal is extended for the first 
time It appears, therefore, that the increase in load required to extend the 
metal by an equal amount is chiefly due to the effect of the previous extension, 
and that the increase m resistance to slip is intimately connected with the 
cliange in the X-ray reflections 

It is difficult to obtain any quantitative results m this connection, as it is 
undesirable to compare the effects of equal amounts of deformation on crystals 
of different orientations It will be noticed, however, in Table IV, that in 
No 78 the second extension was 670 lbs greater than the first and the sixth 
extension was 615 lbs greater than the fifth These differences are not great 
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Table IV 


• Extension 

Load in Urn 
per «q inch 

\o 7H —1st Extennion 5 per ten! 

4,900\ 

2nd „ ,, 

5,660/ 

Ird , , 

5,280 \ 

4th , „ 

5,130/ 

5th t* ,« 

4,325 \ 

Olh ip >i 

4,940/ 

Re-crystiillis8tion occurred after the 2nd, 4th and 6th extensions 

No 86 —lnt Extension 6 per u nt 

4,090 \ 

2nd 

5,080/ 

3rd 

4,600\ 

4th 

5,025/ 


Rc-( rysto Hi nation omirrcd after the 2nd and 4th extension* 


The figureM lor the tlurd and fourth extensions do not agree with any other 
similai figures m that the fourth is less than the third It is probable that 
some error in measurement is the cause of this discrepancy In No 8b the 
agreement ih even closer, the loads for the second and fourth extensions being 
3 4 H) lbs and 423 lbs gieatei than for the first and third 

The cllect of on< ntation is most marked at the beginning of a tensile test, 
since ns the deformation proceeds the crystal axes rotate' and take up a fixed 
position with regard to the axis of the test-piece * It is therefore possible to 
compaie the^effccts of plastic deformation on a crystal during the latter stage of 
the extension, with tin complication of ehangmg orientation very much reduced 
in eftcct As the final orientation assumed by aluminium crystals is the same 
whate\er the original position of the axes, the results from a number of crystals 
are also comparable 

Fig 4 shows the curses obtained for four crystals by plotting the extension 
against the load calculated on the cross sectional area of the it st-piece at each 
stage after it had been stretched The actual figures are given in Tables V 
and VI The curves differ considerably at the beginning of the extension, and 
the increase m load is relatively greater than the amount of deformation As 
the extension proceeds the curves become nearly straight, and the values for 
all the crystals differ only slightly for the same degree of extension This is 
* G I Taylor and 0 F Flam, loc ett 
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evident from the diagram During the latter part of the test, therefore, the 
increase in hardness is directly proportional to the amount of plastic deforma* 
tion The ourve for a polyciyatalline bar is also given It is interesting to note 
that the breaking load w approximately the same as for some of the single 
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crystals, although it is harder at all earlier stages No 59, a single crystal, 
has, however, the highest breaking load, and also the highest percentage elonga¬ 
tion These results show quite definitely that, in the case of aluminium crystals, 
the increase in hardness is intimately connected with the degree of plastic 
deformation, and that the original onentation of a crystal plays only a minor 
part This conclusion has also been arrived at bv Polanyi,* Schmidf and others 
It has already been stated that differences m orientation may account for 
some of the differences noticed at the beginning of the extension There must 
be another factor, however, which affects the change of hardness during the 
earlier stages The laTges^ percentage increase m hardness occurs dunng the 
first 5 per cent elongation, and the value diminishes as the extension proceeds 
until it becomes constant as the above curves have shown The same effect 
is noticeable in the initial steep rise in the stress-strain diagrams for 
}>olyerystalline metal It appears to be connected in some way with the first 
break-down of the crystal, of which the uctual mechanism is unknown 


Table V Polyrrystallmc Test-pieces 



Ratio of 

trow sectional 

Load 

No^ 

Extended to 

nrta 

Tons per 


initial Length 

1 

| Square in< lies 

square inch 

99 

1 052 

0 235 

1 81 


1 101 

0 225 

4 07 


1 193 

0 207 

5 54 


1 225 

0 109 

5 87 


1 338 

ft 184 

0 44 

10O 

1 050 

0 235 

3 81 


1 102 

0 225 

4 71 


1 148 

0 210 

5 14 


1 210 

0 205 

5 71 


1 258 

0 197 

5 97 

1 

1 301 

0 1901 

0 20 


* Polanyi, * Zeitachrift fttr Phymk,’ vol 17, No 1{1923) 
f E Schmid, ‘ Zeitsohrift fttr Phymk,’ vol 22, No 5 (1924) 
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Table VI.—Single-Crystal Teat-pieces. 


No* 

Static* of 
Extended to 
Initial Length 

Crow-Seotkmal 

we*. 

Square inches. 

Load* 

Too* per 
square inch 

0 

X 053 

0 168 

1 03 


1 110 

0*160 

2 55 


1 161 

0 152 

9 80 



0 140 

3 21 



0 128 

3 83 



0 116 

4 32 


1 785 

0 089 

6 13 

72 

1 058 

0 238 

1 81 


1 100 

0 226 

2 55 


1 210 

o afo 

3 47 


1 410 

0 182 

4 5 


1 506 


5 02 


1 610 

0 358 

5 47 


1 687 

0 146 

6 01 

50 

3 101 

0 156 

1 46 


1 484 

0 107 

4 76 


1 060 

0 102 

5 OB 


l 745 

0 000 

6 08 


1 930 

0 082 

7 06 

8 

1 093 

0 108 

1 10 


1 411 

0 084 

4 20 


1 (500 


5 65 


1 690 

0 005 

5 76 


Summary 

la Single crystal test-pieces of aluminium can be extended up to 7 per cent, 
without re-crystalhsmg on heating to 600° C 

2 They will re-crystallise to form either another single crystal of a different 
orientation, or several crystals according to the degree of strain 

3 The onentation of the new crystal has no apparent relation to that of the 
crystal from which it has formed When a largo crystal grows from a number 
of small ones it also has neither a particular onentation nor a relation to the 
direction of mechanical strain. 

4 The distortion of the crystal as shown by the X-ray reflections is not 
removed by heating unless the metal re-crystallises 

5 Heating does not remove the whole of the hardness acquired through 
mechanical strain unless the metal re-crystalbses 

6. Hardening by mechanical deformation can take place independently 
of change of onentation 

7 The proportional increase in hardening is greatest during the early stages of 
extension, but m the case of single crystals a stage is reached when the menace 
in hardness is approximately proportional to the amount of plastio deformation. 
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On the Thirteen Sepii-regular Solids of Archimedes , and on 
their Development by the Transformation of certain Plane 
Configurations. 

By D’Abcy Wentworth Thompson, F R S 
(Received November 27, 1023 - -Re\ised Novembei, 1024 ) 

W© learn from Pappus* that Archimedes discovered thirteen isogonal 
polyhedra bounded by two or by three kinds of regular polygons Keplerf 
reinvestigated them, and showed that, just as the five regular solids known to 
the ancients are all that exist, so also the Archimedean bodies are thirteen and 
no morej , that Archimedes should not only have described them but described 
them all, is a remarkable fact in the history of geometry 

Oatalan§ investigated them again , and m doing so showed the existence of 
a second, or conjugate, family of thirteen isohedral but not isogonal solids of 
which two only (the rhombic dodecahedron and tnakontahedron) had been 
know'n to Kepler Max Bruckner f* VielecLe und Vielflache,’ 3900) has brought 
together all, or w T ell nigh all, that is known regarding these two families 

The Archimedean bodies may be derived bv truncation from the five 
regular solids, though in two cases (the so-called 14 snub cube” and “snub 
dodecahedron ”) no simple method exists for performing this operation, that 
the method of truncation was m Kepler’s mind is plain from the names which 
he gives to the several bodies and it is also the method set forth m a scholium 
to the Vatican MS of Pappus Catalan approached the matter in another 
way, namely, through spherical trigonometry, || and found the same two polyhedra 
again presenting considerable difficulty That there remains a third wav of 
regarding, or of constructing, the Archimedean bodies is the theme of the 
present note 

* Pappus, ‘Collectanea,’ ed Hultsrh, vol 5, pp 3 r )2-f>H {rf Heath, 1 Hmtor\ of Gretk 
Mathematics,’ vol 2, pp US-101 (1021) 

f Kepler, 1 Harmomcea Munch, Lib II,* “Re Figmarum Haimoimarmn (ongrucntia ’ 
('Opera,* cd 18(14, vol 5, pp 114-127) 

t Tbe number 13 was to tho Greek mind a notably irregulai one, and was incited often 
used to denote a vague or indefinite number To a Greek it would probable wem liatnial 
and appropriate that the regular solids should lie five m numliei, and the at mi regul&i 
solid* 13 

§ Catalan, 1 Joura do l’Etole Polyteehmquc,' vol 24, pp 1-71 (1865) 

|| ** La reohereho des polyftdrcs semi leguhor* du premier «enre «o redmt .t la 
ddoomposition, en polygons r4guhers, d’uno surface sphrnquo ” {op cit , p 33) , 
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The following is a list of the Archimedean bodies, according to Kepler’s 
order and nomenclature We may define, or symbolise, each by a formula 
which shall either give the number and kind of faces in the entire polyhedron, 
or of those meeting m a single corner ot summit for instance, No I, the snub 
cube, may be denoted by (F) 32 8 0 4 , or (C) 4 3 1 4 


Kwpler h Name and Order 

Fa< e» of 
! Pol v hedron 

! 

i 

Faces at 
oat h (ornr i 

V 

1 

v 

K 

T (’ithum Bimum 

!>4 

1#* -I* 

3K 

24 

60 

II Cuborta-hwliOlt* 

«4 

2, 2, 

14 

12 

24 

HI lUiombic ubof tahedion 

s„ 1S 4 

1*4* 3 4 

2h 

24 

13 

1\ Oodeeahedion mm mu 

HU,, 12 S 

4 3 , 1, 

02 

60 

150 

\ Icosidodoc aliodi on 

2<> 3 , 12, 

2 a , 2 S 

32 

10 

00 

VI Fctrahedron trumum 

h 4 a 

2 a 

8 

12 

18 

VJ1 (’ubuin inimuin 

H» (i 

la 2, 

14 

24 

30 

VIII Dodecahedron truncum 

ao, i 2 1(J 

l»Sta 

H2 

m 

00 

I\ Octahedron truncum 

0 4 , «a 

1 4 2 tt 

14 

21 

36 

\ Icosahedron tiunrmn 

12, SOi, 

1 , 2« 

32 

«n 

00 

XI Hliombx oMidodetahedron 

20, 30,, 12, 

h.2 4 n 

02 

00 

120 

XI! Oubot tahodron tiunoum 

12 t , 8„ 6„ 

I» In 

20 

48 

72 

\ III It osidodeeaU* dron t rum urn 

20 # , 12 J0 

1** !« 140 

02 

120 

180 


* Note thftt Kepler’s ‘ t ubocl-ahedron ” u» not the hgurt which Von l'udoiovi calla by that 
name Von htulorow s (ubm tahedron oj heptnparallcluhcdiuti, and Kehin’w orthn tetra- 
kaidLkahcdnni, ar** idontual mith Kepler a * tnimatid ot tahedron,” No T\ 


Kepi ex preceded his account of these and other more or less regular solids 
by an account of the various possible “ congruentire harmonica 1 ” of the regular 
polygons m a plane surface lie showed that these congruent associations are 
eighteen m number, but that of these eighteen, ten only are symmetrical 
repeating patterns The ten are as follows — 


Plane symmetrical repeating Pattern# Nodal formula 

a Contiguous triangles 6j 

b squares 4 4 

r hexagons 

d Hexagons, each surrounded by 18 triangles 4 8 , 1 6 

e Squares, with a triangle on eacli side 3,, 2 4 

/ Hexagons, with a triangle on each side 2 3 , 2 fl 

g Dodecagons, with triangles on alternate sides . 1^ 2 18 

h Octagons, with squares on alternate sides ] 4 , 2 8 

i Hexagons, with a square on each side, and intercalated 

anplea 1„ 2 4 ,1* 

j Dodecagons, surrounded alternately by squares and 

hexagons 1 4 , 1„ l lg . 
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We shall now see that these plane repeating polygonal patterns stand in direct 
relation to the isogonal polyhedra, and can be transformed info them—a fact 



which Kepler does not- record, nor (so far as T am aware) has any later student 
observed or indicated it Let us take nnv one of these plane patterns, except 
the first, and consider the angles (each the angle of a regular polygon) which 
meet at a node , then let us reduce one of these angles to that of a polygon of 
lower order, and so on The resulting angular combinations v ill then be found 
to be just such solid angles as go to form one or another of the isogonal polyhedra 
Thus, if we take (c) the continuous sheet of hexagons, where ea<h node is formed 
by three adjacent hexagons, or 3 6 , call this 2 H , 1 6 , and wo have, sue ccssuelv — 


Or, again, 


2 e , a no( ie of the plane repeating pattern c 


l fil 

^3* 


isogonal polyhedron 


X 

JX 


1 4 , lia> a node of the plane repeating jiattem ; 


lio» 

lii lj> 

I41 lj) lj|i 


isogonal polyhedron 


XIII 

XII 

IX 


Moreover, the composition of a solid angle or comer is the fundamental 
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character (and is equivalent to a definition) of any isogonal solid, from whioh 
all its other characteristics may m turn be derived 

We may illustrate these serial relations by concrete models Take, for 
instance, a ring of six hexagons (which we may construct of cardboard, joining 
them together by hmges of tape or paper), and slit one of the hinges, then 
slide one hexagon over another across the slit The hexagonal fenestra in the 
middle of the ring is thus reduced to a pentagonal fenestra, surrounded by 
five hexagons Slide two over two hexagons, and we get a square fenestra 
surrounded by four hexagons , slide three over three, and the fenestra becomes 
a triangle Now if, instead of a single rmg of hexagons, we begm with the 
continuous sheet, removing alternate hexagons so that everywhere a hexagonal 
fenestra lies withm a ring of hexagons, we find that our procoss of folding the 
sheet, or sliding the hexagons, goes on continuously , the whole system bends 
round and closes up into a symmetrical solid network, with twelve pentagonal 
windows and twenty hexagons, it is Kepler’s M truncated lcosihedron,” the 
tenth on lus list of the Archimedean bodies If there be more rings of hexagons 
than are actually required to complete the figure, the superfluous ones fold over 
and over upon the completed figure after it has once appeared Folding two 
upon two, we get m like manner Kepler’s truncated octahedron (IX), Kelvin’s 
orthic teirakaidekahedron, or Von Fedorow’s " cuboctahedron M , and, 
folding three over three, we arrive at the truncated tetrahedron (VI) In 
short, we have produced successively the three possible symmetrical isogonal 
polyhedra m which hexagons and pentagons, hexagons and squares, and 
hexagons and triangles are combined 

What we have done is, apparently, to impart a certain definite amount of 
curvature, to a portion of our plane sheet, and then to go on applying the same 
amount of curvature to equally and symmetrically interspaced portions of the 
same sheet, the total curvature is, therefore, essentially spherical, and the 
plane sheet is converted into a symmetrical solid mscnbable m a sphere 

We may perhaps look at the operation from another point of view It 
seems to me to present an analogy to, and to offer an extension of, Camille 
Jordan’s principle of (l group movements ” But, whereas Jordan traced the 
correlated movements of a rigid system, such that every point travels to a place 
formerly occupied by a homologous point, and the whole movement therefore 
leaves the system unchanged, in our case every point travels by a definite 
pathway to a definite point, which, however, is one in an entirely different but 
still symmetrical configuration And, apart from the pathways travelled, we 
seem to perceive very curious topological relations between the two figures, for 
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instance, m the superposed polygons which, coming from different parts of the 
plane assemblage and remaining unchanged in form, travel to the same place 
and, completely overlapping one another, become merged m a single face In 
the whole movement of the system we seem to have a very curious combination 
of rigid and non-rigid parts, and a somewhat simple but very curious arrange* 
ment of degrees of freedom 

We have not yet come to the end of out series, for we may slide four hexagons 
over four , the fenestra is then obliterated, and all the hexagons fold flat over 
one another We seem to have come, m this limiting case, to a single plane 
hexagon But having passed from solid to solid, we are entitled to look upon 
this limiting case as a solid too , it is Klein’s “ solid of no volume ” I So looked 
at, its six angles are not plane angles of 120°, but solid angles of 240° , and the 
number of its faces, edges and comers conform, like those of any other poly* 
hedron, to Euler’s law 

The foregoing instance may suffice for a description or illustration of the whole 
method We may proceed after a similar fashion, occasionally m more ways 
than one, with every one of the ten plane repeating patterns, with the single 
exception of the continuous sheet of triangles The snub cube (I) and snub 
dodecahedron (IV), which, as we have seen, are not easy to produce either by 
truncation of a regular solid or by partition of the sphere, are developed 
according to our method in as simple a fashion as any of the rest 

That the sheet of triangles is an exceptional case, and one to which our 
method (strictly speaking) does not apply, is obvious enough , for a triangle, 
or triangular fenestra, ib not capable of reduction to a polygon of lower order 
Moreover, the network of triangles is a six-way node system, and it is an 
accepted theorem (of Von Fcdorow’s) that we can have no Bolid whose nodes 
ate all six-way, that is to say, whose comers are all hexahedral, it is a theorem 
analogous to that one of Euler’s which tells us that we can have no sobd (in 
the ordinary sense) whose faces are all hexagonal But there is another 
method of transformation, a different but analogous method, which is still 
open to us Let us consider our sheet of triangles as consisting not of so 
many annular assemblages of faces around a central face, but as so many 
hexagonal assemblages of six triangles around a node , Let us then slit this 
hexagonal ring (along a side common to two triangles), and slide one triangle 
over another Formerly, we altered the shape of a central facet, now we are 
altering the character of a node, or composition of a comer—transforming a 
six-way into a five-way node. The result is to develop a frustum of an icosi- 
hedron, and by continuing the process we may proceed to build up the whole 
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icosihedron from our continuous sheet Again, slide two triangles over two, 
then three over three , and we develop (successively the octahedron and the 
tetrahedron These three form a descending senes of solids whose faces are 
all regular triangles, and which differ m the fact that their solid angles contain, 
successively, five-way. four-way and three-way nodes In this manner also 
we may develop the cube from the plane homogeneous sheet of squares The 
fact is we are now treating these regular solids ns equifaual or isohedral solids, 
when before we were treating them as equiangular or isogonal These regular 
solids are easily amenable to this mode of transformation, but it is otherwise 
with the semi-regular isohedral bodies which form Catalan's second family, 
for in these latter the alteration of the nodal angles involves a strain on the 
faces, which are thereby converted into non-regular triangles, rhombs, &e 
To some extent it is possible to demonstrate 1 the transformation, in these latter 
cases, by models in which the facets are represented by hinged frameworks, 
but I am not prepared meanwhile to pursue this subject Returning now to 
our first or typical method of transformation, we find that, while the sheet 
of tnangles docs not permit of development after the same fashion as the rest, 
so also the dodecahedron and tetrahedron are nol capable of being so developed 
As to the tetrahedron, we could only hope to develop it by the continued trans¬ 
formation of some solid (omposed of triangles and squares , but of these we 
possess two only (I and 11), from which come, as their ultimate derivatives, 
the icosihedron and the octahedion They arc, respectively, five-way and 
four-way node-systems , and the three-way system which the tetrahedron 
would require does not exist 

The case of the dodecahedron is peculiar If we attempt to make a con¬ 
tinuous network of pentagons, the net overlaps more and more, and so becomes 
a system of multiple sheets instead of a single sheet like the net of hexagons 
and the rest We may simplify this net if we keep adding our successive 
pentagons only to the two outer sides of the pre-existing ones , and we then 
have between the pentagons (or certain of them) rhomboidal fenestra (Were 
we to add the full number of pentagons, the fenestra would still be there . 
but they would be represented by regions of fewer overlaps instead of by vacant 
interspaces) Now, when we begin to fold up our net we do two things , we 
close up the fenestra, and we also cause more and more pentagons to overlap 
one another The net folds up directly into the regular dodecahedron. The 
network of pentagons together with the rhomboidal interspaces is a four-way 
node system, and the four-way is reduced to a three-way node when we 
obliterate the rhombs in the process of folding. This transfonnation, then, is 
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quite analogous to that by which we have just derived the other regular 
sohds 

In the following table arc shown the several senes of polyhedra resulting 
from the development of the several plane, congruent, repeating patterns 
In one case the hexagonal prism is introduced, as an ultimate derivative from 
the plane configuration j , the hexagonal prism is, of course, a semi-regular 
isogonal solid, though it is not included in the particular group with which 
we deal 

The few and very simple formulae at the bottom of the table show how, 
from a knowledge of the constitution of a solid angle or corner, all the other 
characteristics of the several polyhedra may be deduced 

Kepler classified the Archimedean bodies into those with two and those 
with three kinds of faces, and further graded them in order according to the 
polygons of which they are composed, from triangles upwards , Catalan classi¬ 
fied them according to the number and kind of facets which enter into the 
composition of each corner Our table indicates other ways in which these 
thirteen bodies may be classified (1) according to the plane polygonal patterns 
faTwhich they are severally related , (2) according to the sum of the plane 
angles in each corner (a) and (3) by their nodal numbers (N), t e , mto 
those with five-way, four-way or three-way nodes 


VOL* OVIL-A. 
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be the faces meeting in one comer, and /, /' (or /*/'*,) the facets of the entire polyhedron. 
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On the Formation of Water Waves hy Wind . 

By Harold Jeffreys, M A , D Sc , Fellow and Lecturer of St John’s College, 

Cambridge 

(Communicated by Prof G I Taylor, F It S —Received October 24,1924 ) 

[Plates 4-5] 

It is well known that in certain circumstances a type of instability may 
arise at the surface of separation of two fluids when there is a finite difference 
between the velocities on the two sides of the surface Some disturbances 
of the surface, of simple harmonic type, may increase exponentially in ampli¬ 
tude until the customary simplifying assumption, that the terms of the second 
degree m the displacements from the undisturbed state can be ignored, breaks 
down One would paturallv expect that m the case, for instance, of a wind 
blowing over the surface of water, waves would be first formed when the 
velocity of the wind is just great enough to make one particular type of wave 
grow , thus the critical wind velocity and the wave-length of the waves first 
formed will constitute checks on any theory of wave formation The problem 
for fnctionless fluids lias been solved by Lord Kelvin*, subject to the restric 
tion that the disturbames considered are two-dimensional, no horizontal dis¬ 
placement occurring across the relative velocity of the fluids Since, how¬ 
ever the possible initial deformations of a horizontal surface will not as a rule 
satisfy this condition, an investigation of the growth or decay of deformations 
of other types is desirable 

1 Hypothesis of Irrotahonal Motion 

Let the two fluids be incompressible (a legitimate approximation so long 
as the wave velocity is small compared with that of sound in either fluid) 
and of great vertical extent Let the origin be in the undisturbed position 
of the surface of separation and the axis of z vertically upwards Let £ be the 
elevation of the surface, and suppose the two fluids to have initially velocities 
U and U' parallel to the axis of z, accents referring to the upper fluid Let 
the densities of the fluids he respectively p and p\ and the velocity potentials 

* * Phil. Mag* (4), vol. 42, pp. 368-370 (1871), or Lamb, ‘Hydrodynamics,’ p. 439 
(1906). 

P 2 
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in them <f> and <f>' Let the operators 3/3/, djdz, 3/3y, 3/3 z be denoted by 
a, p, q, and $ respectively Putting r 5 for — (p 2 *f J 2 ) Bee that 


is equivalent to 
whence 


= 0 


<f> = Ujc + ^*A, 


( 1 ) 

( 2 ) 

(3) 


where A is a function of j and determined by the value of ^ where z 
is zero 

Now the vertical velocity of a particle in the surface is dC/cft, where d/dl 
denotes differentiation following a particle of the fluid, and tins must be equal 
to the value of $<f> for surface particles Hence to the first order in the 
small disturbanc es 


(* + V P K = rA (4) 

Thus 

U*f (5) 


Similarly 

p^wx- z-t y> f -wg ( 6 ) 


If P denote the pressure and Q the resultant velocity, the pressure integral is 

~ ^ — iQ 2 — 9« + const 

= — a<f> — Ue™j»A — gz + const, (7) 

to the first order This becomes, when z — £, 

j~ — £ 4 - const. ( 8 ) 

Similarly we hove, when z ~ 

»;_{fe±ztf _,}«+w 

Also 

p'-p=T(p*+ ? *)i:, (io) 

where T is the surface-tension Hence £ satisfies the differential equation 

{p (<y + Uj>)» + p' (<r + U 'p)* + g (p — p') r -f Tr*} £ = 0 ( 11 ) 

In particular, if £ is proportional to cos (yt — kx) oos k% where y, *, #' are 
constants, we muBt have 

p (y — U«)> + P' (y — U'#e)* = g (p — p') r + Tr* f (12) 
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where 
This gives 




r p + p- “L p + p' 


K Z 


PP' (U' -up ? 
(P + P? J 


(13) 

(14) 


If the motion is two-dimensional, so that «' = 0 and r = tc, the solution 
becomes equivalent to that of Lord Kelvin 
So long as y is purely real, the given disturbance will neither increase nor 
decrease m amplitude Thus the condition for a nave to develop is that y 
shall be imaginary This gives at once 


* 2 (U' -U)*>e-±£{0(p-p')r + Tr»} (15) 

PP 

> L± £{0(P-P')* + T**} (16) 

PP 

> 2 P±il{T ! /(p-p , )}i* a (17) 

PP 

the first sign of equality holding when the w md is just strong enough to increase 
the wave considered, the second when the wave is two-dimensional, and the 

third when the wave-length is such as to make ^ + T* a minimum 

K 

If the corresponding value of k is * 0 , we have 



For air and water we have 

p = 1 gm./cm 3 , p' = 0 0013 gm /cm 8 , T — 73 dyne/cm (19) 

Hence from (18) tc 0 is 3 5/cm , and the c ntical w^ave-length is 2i u /* 0 or 1 8 cm 
The critical value of U' — U, the velocity of the wind relative to the water, 
is given by 

(U' - U) 2 - 2 {ty (P - p')}*, (20) 

PP 

making 

U' — U = 640 cm /sec (21) 

Again, if « be the rate of travel of the waves first formed, we have 

a = y! k ( 22 ) 

and 

«- u =-£-j(U'-U) (23) 

P + P 

» 0 * 8 cm /sec (24) 
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At each point these predictions are in disagreement with observation The 
velocity of a wind just strong enough to raise waves is actually only about 
110 cm./sec , the wave-length of the waves first formed by such a wind is 
from 6 to 8 cm , and the rate of travel of the waves is about 30 cm /sec 
A further discrepancy is provided by the wave-length of the swell in mid- 
ocean Vaughan Cornish* gives 1,130 feet as the wave-length of a typical 
swell This makes tc equal to 1 8 x 10 ~ 4 /cm, and htsnce by (16) 

U' - U = 6 5 x 10 * cm /sec 

This is far beyond any actual velocity It follows that no wind occurring at 
sea would be capable of raising a typical swell if the theory of irrotational 
motion were applicable to the formation of water waves 

2 The Hypotheses of Sheltering and Skin Friction 
It therefore appears that, m any theory of wave formation that is to stand 
the test of quantitative comparison with observation, the hypothesis of irro- 
tational motion must be abandoned, and the effects of quasi-discontinuities 
and turbulence must be included The regular form of the waves first formed 
suggests that discontinuities and turbulence m the water are unimportant, at 
least when waves first appear , so that attention will have to be given primarily 
to irregular motions in the air There are two obvious mechanisms by which 
the existence of waves on the surface of the water may introduce rotational 
motions in the air, which may then react on the water in such a way as to alter 
the size of the waves The first is that the air blowing ovej the waves may be 
unable to follow the deformed surface of the water Water flowing past a 
sphere does not m general flow all round it, the particles that stnke the front 
of the sphere leave it soon after they have passed the centre, and the region 
behind the sphere is occupied by eddying liquid with little or no systematic 
motion relative to the sphere By analogy one may suggest that if waves 
are once formed on water, the mam air current, instead of flowing steadily 
down into the troughs and over the crests, merely slides over each crest and 
impinges on the next wave at some point intermediate between the trough and 
the crest The region sheltered from the mam air current contains an eddy 
with a horizontal axis, while smaller eddies exist along the boundary between 
this eddy and the mam current If such a theory is correct, the pressure of 
the air will be greater on the slopes facing the wmd than on those away from 
it, for the deflexion of the air upwards when it strikes the exposed slopes 

* 4 Waves of the Sea and Other Water Waves/ p 97 (1910). 
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implies a reaction between the air and the water By analogy with the two* 
dimensional problem of the thrust of a current on a plane lamina inclined to 
the direction of flow,* we may infer that the reaction is approximately normal 
to the surface and proportional to p'U'* 32J/3;r, where U' is now the velocity 
of the wind over the crests Within the sheltered region the reaction will be 
nearly uniform The reaction is thus not an analytic function of x t but it 
could be expressed as a senes of harmonic functions of multiples of x This 
senes would evidently contain many terms , but so long as we are considering 
only whether the fundamental wave will increase or decrease, it will be suffi¬ 
cient to consider only the term of the same wave-length as the disturbance of 
the surface of the water We shall, therefore, consider the reaction as equal 
to jyp'U' 9 3£/3x } where s is a numerical constant, not necessarily small This 
hypothesis will be called the hypothesis of sheltenng 
The alternative hypothesis is based on the conception of skm friction There 
is a great deal of evidence to indicate that the tangential reaction of a turbulent 
fluid on a fixed surface fs of the form s'p'V 3 where s' is a numerical coefficient 
about equal to 0 002 and V is the tangential velocity m the neighbourhood 
of the surface We shall overestimate this effect if we neglect the reaction 
of this friction on the air, which reduces the velocity of the air near the surface, 
and simply calculate V as if the motion of the air was irrotational 
Up to a point the*e two hypotheses can be treated together The equations 
of viscous motion of the water are three, of the form 


(lu _ _ 1 0P 
dt p 


+ 


( 1 ) 


where v is the effective kinematic coefficient of viscosity With our previous 
conventions we can wnte these 

{ff + ulp_ v(^ + g» + *»)}(«, v, v>)= (p, q, $)P (2) 

P 

The equation of continuity is 

pu + =* 0 (3) 

Combining (2) and (3) we have 

(p* + j # +^)P»0, (4) 

whence 

£ - /■n . (5) 


Lamb, • Hydrodynamic*,’ p M. 
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where It is a function of x and y Hence 

tt-iv- 

a + Up 

» = Ve“- 

a 4- Up 

w« fTW* 

w = We w -—f r , 

a -f Up 

where U lf V and W are unspecified functions of x and y , and 

a + Up — v (A 2 — r 1 ) — 0 
In consequence of (3) we must have 

pUi + ?V + AW =0 


w — We w — 


The surface condition is 


leading to 


d£ 

= W 

dt 


(ff + UpK-W-- 


' ' a 4- Up 

The stress-components across the surface z ~ 0 are 

p„ = — P 4- 2vp dw = 2vp AW — pH (l + 


1 r r r 1 a + Vp 

Ptz = pv ($w + jno) = pv ( AUj + pW — 




" ^ \ ‘ ’ a+Vpi 

Suppose also that these stress-components aTe given in terms ot the surface 
elevation bv the relations 

Pa — pQS. p n — f>pR£, p n — p?RC (16) 

where Q and R arc linear operators Then (14) and (15) give 

iu is= iv == R5_ w+ _2 r n 

p q v a + Up 

and on substitution m (10) we find 

Eliminating W between (12) and (18) we have, using (9), 

n =rR$- (a + Up) C (19) 



and thence 
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W - (<r + Ity) C + - v(A*+ r*K 

a + Up 

— — *v»«c+ ^ (20) 

a f Up 

Substituting in (IS) we liave now 

-(! + -™-) (fBC - g -- + - U ^- + -— (<r d U ») C ^ (21) 

The amplitudes of the types of w ave« considered do not change by large fi ai toons 
of themselves within a wave-length Hence we shall expect that vr 2 will be 
small compared with a -) Up, and that will be small ronipaicd with 
(a ) Up) 2 If then, we omit all terms of order higher than the first in v and R f 
we have 

{(a + U p + 2vH) 2 - Qr - Rr 2 } C -*■ 0 (22) 

which is the differential equation required For further progress it is necessary 
to specify the forms of Q and R 

3 Hypothesis of ahdtennq 

On the hypothesis of discontinuous motion of the air thine is no tangentm 
reaction, so that R is zero The \eitical pressure aiross a given horizontal 
surface will depart from its value* in the undisturbed state foi three leasons 
First, there is a depth £ of water above the surface instead oi an equal depth of 
air hence the pressure is im. leased bv <j (p - - p') £ or amr e in (13) tensions are 
reckoned positive, p„ must contain a term — q (p — p') £ Second, as in the 
irrotational case, the suifate tension introduces a discontinuity of amount 
T^+J 8 )^ Third, the pressure of the air on the side of the wave facing the 
wind introduces a term sp'U' 2 p£, where such a velocity has been supposed 
superposed on the whole system that the crests of the waves have no horizontal 
motion T he exposed aide of the wave is that facing in the direction of * 
increasing, if U' is negative, which will be the case considered Thus p* is 
positive when p£ is positive, and tins term must therefore be associated with a 
positive sign Thus in all 

pQ«-*(p~pO-T/*+sp'U'*p 


( 1 ) 
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and the differential equation satisfied hv £ becomes 



-[(<r + Up + 2w*)« + cM - ^U>-} C - 0, 

(2) 

where 

pc* = - (p — p') + Tr 

f 

(3) 


In accordance with our conventions the nave is a stationary one, with 
gradually varying amplitude Thus we can take £ as proportional to 
c T< cos kt cos i <c'y, where y, * and k' are constants Then 

oX. = yX., pK=-*K, /(r 8 ) ?=/(** +*'*)?: (4) 

Then (2) gives 

{(y + 2vr*)* + cV - UV} £ + 12U (y + 2vr 8 ) - ££-' U ' 8 !-}pZ «= 0 (5) 


Neither £ nor is m general zero, nor zb their ratio a < onstant 
coeftiuients must both vanish, giving 

y = — 2vr* 4- S P- ?—, 
y ^ 2p U ’ 

**U* = cV 8 + a second-order quantity 


Hence the 


( 6 ) 

(7) 


We notice from (6) that the wave will necessarily die down if U is negative 
Thus when U' is negative U must be positive Hemembenng that these 
velocities were both referred to the crests of the waves, we see that this lmphes 
that the velocitv of the waves is intermediate between those of the air and 
the water Again, (3) and (7) give 



and if y is positive we must also have 


U' 8 >^£Uf. 

«p 


(») 


Let us denote the coefficient 4vp/sp' by C For every value of x, r increases 
steadily with *' Hence U and | U'| both increase with *' But the observed 
speed of the wind relative to the water is U' — U, and its absolute value ia 
| U' | +• U Hence, for any given wave-length m the ^-direction, the wind 
velocity relative to the water needed to excite the disturbance is least when the 
wave-length in the y-direction u infinite , that is, when the disturbance is two- 
dimensional Thus the waves produced by the gentlest wind that can ruffle 
the water at all should be two-dimensional 
Let us assume that the value of k corresponding to actual waves is such as to 
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make Tx s /^(p ~p') small, that is, that wind-raised waves are gravity waves 
and not ripples Also let the velocity of the wind relative to the water be V 
Then (P) gives 


the sign of equality holding when the wave can just he maintained Again, 
we have 

r>* (11) 

the sign of equality holding when the disturbance is two-dimensional Then, 
subject to the neglect of T, we have from (8) 


and, therefore, 

From (10) and (Id) then 


*U»>yLZJE^ 

P 




U(V-U) 2 >CV p 

p 


( 12 ) 

(13) 

(14) 


For a given value of V, the value of U between 0 and V that makes the 
quantity on the left greatest is 

U =-- $V (16) 

so that the condition for a wind to be able to raise a wave, at all is 


v>”c* <■-»: 

4 p 

whence, with v — 0 018 cm */see 

V>73s"*cm /eec 


and from (12) 




(16) 

(17) 

(18) 


for the critical case Thus so long as s is less than unity as it must he the 
assumption made m the neglect of the surface tension is justified 


4. Hypothesis of 8km Fnotton 

In discussing this hypothesis the motion of the air will be treated as if 
unmodified by friction. In this way the velocity of the air m contact with the 
Water surface will be exaggerated, and therefore the effects of skill friction will 
be over-estimated The pressure in the air is given by 

p* 

jp- =a — g S — a<f>’ — JQ'* -f const. 

=* — (o-f- U'j») — gt -f* const, 


U) 
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and the value over the Itoundary is — g* + £ -|- constant Then 

pQC = {-g(P~p')+ i<J+ V'p) a p > _ Tf aj C (2) 

The tangential velocity over the surface is, to the first order, p<f>, and the skin 
friction is s' p' {p<t>') 2 The components p ** and p^ cannot as a iule be put in 
the form used in 3 (16), except when the motion is two-dimensional Restricting 
the discussion to this case, we have for the first order part of 

= PPBZ, ( 3 ) 

and from 3 (22) 

-f (<r + Up + 2vr2 )*+g r + -1* - («r + U» 2 P ' 

L p p p 

+ 2evu: ((y+u , y)r | !:==0 (4) 

P J 

If now we suppose, as before, that £ is proportional to e ** cos kj, and introduce 
e 2 as before, we have 

(y + 2v* 2 ) 2 + (c 2 - U 2 )* 2 - (/ - U'V - 2 s'k Y ) Si = o (5) 

P 

(y f 2v« 2 ) U - yW P ' + £ - * - U > (6) 

P P 

First approximations to these are 

r — t ( 7 ) 

P u 

U* - c 2 ( 8 ) 

In deriving the skin friction we have tacitly supposed U' to be positive. 
Hence (7) shows that for a wave to grow U must be negative, and the wave- 
velocity must, as before, be between those of the water and the air But s' 
is known to be about 0 002 Hence, for a wave to grow we must have 

U' s > 14400 ko 

and thence 

U'-U> 120 (**)» + (*)*. 


The right side of this inequality has its least value when * is 1/23 cm., making 
the wave-length 140 cm The corresponding value of U' — U is 480 cm./sec. 
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5. Comparison with Observation 

Observations on the initial stages of wave formation have been described 
by J Scott Russell * He states that a wind with a velocity between half a 
mile and two miles an hour produces small capillary waves, und that rogulur 
gravity waves, with a wave-length of about 2 inches, first develop when the 
wind reaches about two miles an hour 

These observations seein to ha\ e Wen non-instrumental, and I considered it 
desirable to check them against a modern instrument A Negretti and Zambia 
Air Meter was kindly lent to me by the Meteorological Office, to the Director 
of which I am indebted, and observations were made on the River Cum where 
it enters St John’s College grounds, and just above Jesus Lock, and also on 
a large pond at Barnwell produced by the flooding of a day pit It was found 
that velouties up to 3 4 ft /sec produced no change m the appearance of the 
surface of the water, which always showed a slight unevenness howe\ei gentle 
the wind seemed, but that strong legulai waves were produced by winds of 
3 8 and 4 ft /sec , the latter should be reduced by a few inches per second 
to allow for the speed of the water On the pond ripples wen ome obseived 
at a \ eloi ity of A 6 ft /sec 

These velocities are very much lower than would be consistent with either 
the lrrotational theory or the skin-friction theory They agree well, howevei, 
with the theory of sheltering Using the relations found under this theory, 
w'e find the following values for s and for the initial wave-length for various 
values of the critical wind velocity-- 


v f ft /sec 
l cm /sec 

8 

K (l/citl ) 
27 :/* (cm) 


8 4 
104 
0 318 
0 79 
8 0 


3 6 
110 
0 269 
0 71 
8 8 


3 8 
116 
0 229 
0 64 
9 8 


The quantity s is a pure number, and since it expresses the amount of a wave 
that is exposed to the action of the wind, it will be called the exposure 
oo-effioient There are few a priori conditions to guide us as to its value, and 
such as there are indicate that tlie values just found are plausible 
A crucial test of the theory should be provided, however, if the critical 
wave-length could bo found by observation and compared with the theoretical 
estimates just made from the critical wind velocity. Unfortunately the critical 

* * Brit. Assoc. Report,’ pp. 317-8 (1844). 
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wave-length is rather difficult to measure When waves are formed the wind 
must be systematically somewhat above the true critical value, thus 9 \pll 
be systematical!/ under-estimated, and so Mull tc Thus the wave-length 
calculated from the velocity of the wind will, as a rule, be too great On the 
other hand, a wind rather above the critical velocity will raise at first waves 
whose lengths differ ovei a finite range The longest of these move fastest, 
and thus the shortest tend to remain at the rear of the group If, then, the 
waves at the rear of the group are taken as the standard, the wave length will 
be systematically under-estimated By eye estimation I find the length of 
waves raised when the wind is under i ft /sec to be from 6 to 8 cm , which is 
consistent with the above considerations, attempts were made to find the 
length indirectly from the number of waves passing a given fixed object m a 
known time, but they proved unsuccessful on account of the difficulty of 
counting disturbances with such a short period 

The observational evidence, therefore, appears consistent with the theory 
that discontinuous motion in the air plays a fundamental part in the formation 
of water waves 

6 OfHFK AflHKCrS OF THE SHELTERING THEORY 

The account of the sheltering theory given in 3 describes only the initial 
stages of waves produced by winds Winds with velocities greater than the 
critical velocity there found will be capable of raising waves with any length m 
either the x or the y direction within certain finite ranges fn general, all such 
waves will be formed , but the longer ones travel more rapidly than the shorter 
ones, and therefore the shortest waves arc at the rear of the tram produced 
by a given puff of wind This agrees with observation Again, the values of 
U that make 3 (14) an equality are the extreme possible values of U , and it 
has been seen that the equality can hold only if is zero Thus both the 
fastest and the slowest waves, relative to the water, that can be generated by a 
given wind are two-dimensional Three-dimensional waves will be formed, 
but will travel with intermediate velocities This, again, appears consistent 
with observation The swiftest wave m a storm is the swell, which is a two- 
dimensional wave (See Plate 4, fig 1) 

The most striking feature about waves at sea, however, is their irregularity. 
There is never any definite wave pattern, except in so far as the swell can be 
traced through the shorter and slower waves (See fig. 2.) As a rule, the , 
distance between consecutive maxima of elevation is of the same order of 
magnitude in whatever direction it is measured Such wave-systems will be 
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called “ short-created/* as distinguished from waves whose crests have lengths 
mgny times the distance between consecutive crests, the latter type, 
including as particular rases the swell and the first waves raised by a wind 
just strong enough to raise waves at all, will be called “ long-crested " 

In the case of a sudden gust with a velocity considerably more than the 
critical velocity (say, 6 ft /sec ) the equation {14) shows easily that U may have 
any value from about 1/28 of the critical wind velocity up to almost the actual 
wind velocity The wave-length corresponding to the former velocity is about 
two centimetres This is short enough to show that surface tension is not 
negligible m this case However, it is dear that such a wind will be able to 
raise very short waves, and they will include sliort-crested waves Now it can 
be observed that when su<h a gust occurs the first effect is to produce an 
irregular pattern ol short-crested waves, often short enough to be considered 
capillary waves This is to be expected, since 4 it is for intermediate types of 
wave that the rate of growth will be most rapid After an interval of 10 to 
30 seconds the long-crested waves may be Been emerging from the catspaw 
having meamvlnle had time to grow (See Plate 5, fig 3 ) 

When the wind continues steadily for a long tune, several other factors become 
relevant The swifter waves continually gam on the slower, so that at any 
intermediate point of the wave train many different tv pcs of waves might be 
expected to be superposed , as indeed is t he case But a new feature appears 
the shorter waves are wholly obliterated The theory of sheltering offers two 
explanations of this fact, winch probably co-operate m producing the change 
In the development of the theory all terms depending on the squares and products 
of the deviations from steady motion have been ignored It 1ms, how ever been 
found that when a wave is actually formed its amplitude will increase exponen¬ 
tially with the tune, so that a stage must be leached when the neglect is no 
longer justifiable The nature of the change is well known The form of the 
waves ceases to be puiely sinusoidal. the crests become shaiper and the troughs 
flatter than in a simple sine curve (See fig 4 ) Tina is to be expected m 
waves of considerable amplitude on water unaffected by air , the wind only 
provides a mechanism that causes this stage to be attained 
There is a limit to the height that such waves can attain , in a gravity wave 
it is fixed by the fact that the crests become definitely angular, the angle 
being 120°. Thus a wave of given length can never grow beyond a certain 
height, this height being probably proportional to the wave-length Further, 
Wind acting on a wave m this critical state will only cause water to be projected 
from the crests, leaving the height unaltered This is what actually happens , 
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the crests do become sharp ridges, and the tops curl over, casting white foam 
or spray on to the shcHered side of the wave* This effect is presumably 
prominent m producing turbulence m the water 

When waves of different lengths aie superposed, it will not m general be 
possible to discuss them separately as if the equations of the problems were 
linear The linearity of equations 2 (16) is due to the selection from the 
actual stresses across the boundary between the fluids of the harmonic con¬ 
stituents with wave lengths equal to those of the wave whose history we are 
considering Actually the complete expression of the stresses would require 
the overtones of these constituents When two non-commensuiable wave¬ 
lengths are combined the discussion becomes still more difficult 

If, however, we return to the physical desc uption of the sheltering effect, 
it becomes [jossible to make some headway A short wave superposed on a 
long one will be of smaller height than the latter when both are fully developed 
Hence the short one will be sheltered from the wind for the whole time except 
when it is near the crest of the long one and on the exposed side Its oppor¬ 
tunities lor growth are therefore very much less than if it were alone, while 
the damping effect of viscosity will be at least as great Further, when it is 
on the sheltered side of the crest of the long wave, the splashing of the water 
from the crest ot the long wave will tend to fill up the trough of the short 
one On both grounds, therefore, it may be expected that the short wave 
will die out, its motion also will then make a contribution to the turbulence 
of the water 

The waves produced by a long-continued wind would therefore be expected 
to consist mainly of large short-crested wa/e% combined with a fast-travelling 
swell of long wave length, which has not had time to develop a height great 
enough to overshadow the larger short-crested waves This is in qualitative 
agreement with what is observed m mid-ocean. 

There are, however, difficulties in the way of a quantitative comparison, 
though quantitative tests may be sought m several directions In the first 
place, we may consider the total thrust of the wind in a horizontal direction 
on the water This should be equal to the skin friction as determined by 
other means Now the horizontal component m the ^-direction of the pressure 

o! the wind on the surface is p a -~ approximately, and hence the thrust 


within » wave-length is j^'sU'V d* This can only be evaluated 
when we have some knowledge of the relation of the height of the wave to 
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its length ; bat an estimate of this may be made from the fact that the angle 
at the crest of a folly developed wave most be 120°. As an approximation 
let us suppose that the section of the wave is an arc of a circle, so that we 
can write 

C = a (1 - cos 0), (1) 

* = a sin 0, (2) 

and the limits for 0 are 0 and Then the mean value of (3C/3*)* is 

2 J**sm 0 tan 0 d0 = log, 3 — 1 

= 0-0986. (3) 

If then s' be the coefficient of skm friction, the horizontal thrust of the wind 
on the water surface will be s'p'V 2 per unit area and if we take a to be 0 3 
we have the relation 

a'V* = 0-029U'*. (4) 

Now when waves are just on the verge of formation we have 

U' * §V. (6) 

Hence 

s' = 0-013. (6) 

This value is much larger than has been found for the coefficient of skm 
friction in fluids flowing over smooth solids, or even rough solids where the 
roughnesses are irregular Experiments have usually given numbers in the 
neighbourhood of 0 002 Perhaps, however, it would be premature to say 
that the above estimate cannot be right for the conditions it refers to, namely, 
a wind just strong enough to raise waves at all, blowing over water fpr a time 
long enough for them to develop fully. If the ordinary estimate for a smooth 
surface is correct until waves start, as would be expected, it would not be 
surprising if a sudden increase in the friction acoompamed the formation of 
the first waves The point should be capable of experimental test in a wind 
channel; the stress to be sought is of the order of a gram weight per square 
metre. 

When the velocity is greater than has just been considered, the prevalent, 
waves travel with velocities greater than $V, if there is no scale effect tending 
to alter s, as is probable, the anticipated value of s' would therefore be smaller. 
Observations of the wind at sea have shown no reason to believe that it follows 
vol. ova— A 


Q 
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bm very different from those Applicable on land, so that toe true value of 
a' is probably not very different from 0-002. Substitution in (1) now gives 

ir«o-a«v m 

no that the waves that produce most of the resistance (that is, the largest 
waves) should travel with about three-quarters of the velocity of the wind 
Cornish* makes the velocity of the waves, when wdl developed, about 80 
to 90 per cent, of that of the wind; but as the wind was logged on the 
Beaufort Beale an error of 7 per cent, in the wind could escape being logged, 
merely on account of the coarseness of the scale The agreement is therefore 
aa good as ooald be expected. 

If now we return to 8 (9) we have for the condition that a wave of given 
type may be able to grow at all 

U*>^?Ur, 

«P 

and if we apply 8 (8), taking 

r SB K y/2, 

as is roughly true, we have 

»<gs?. 

op 9 

giving with the value of U' just found 

v<8-7x 10-*V» (II) 

to C.G.S units. If the sign of equality holds, the wave will he the longest 
that can grow. 

Mow toe damping of waves m mid-ooean must arise mainly from turbulence 
rather than true visoosity, and independent determinations of turbulence to 
water are available. From a comparison of the velocities of wind and ocean 
currents 1 have foundf values of the eddy-vmxmty in mid-ocean ranging 
from 4 to 400 om */•*>. Durst.J by a similar method, but with much mote 
numerous aod accurately comparable data, has recently earned oat on 
elaborate investigation, and finds that the eddy-viscosity in mid-ooean is well 
by a formula which, when corrected for an arithmetical error, m 

»-8xBr«V«. 

His work amounts to a verification of this formula for values of T tanging from 
260 to 1^00 cm./sec. For a mad of 10 m/s. this makes v equal to 800om^/see.; 
w her e as formula (11) makes it less than 6*7 cm.*/aec. 

* {TO. dL, pp. 111-418. 

t ■ pm. «■*./ vst ss,jpp. sn-m (itto). 

t >{). J. ft. Met. flee./ U*~U» (toSib 


(8) 

(9) 

( 10 ) 



Jeffreys. 


Hoy. Soc. Proc., A, col. 107, PI. 4. 



[Facing p 204 ] 










Jeffreys. 


Roy Soc. Proc., A, vol. 107, Ph 5. 











Formation qf Water Weaves by Wind, 

We have hero, therefore, a definite inconsistency, which becomes more 
•enouH ss the wind velocity n reduced. 

A satisfactory explanation is not yet available It mi^ht be suggested that 
variation of turbulence with depth would provide a posable explanation, but 
numerical comparison does not support tins suggestion If, for instance, 
v is equal to 400 cra.*/sec, the current is reduced to e -1 of its surface value at a 
depth of 26 metres; the motion due to a wave of length 200 metres is reduced 
in a similar ratio at a depth of 32 metres Thus there is no mason to expect 
waves and currents to be very differently affected by any variation of 
turbulence with depth. 

Summary. 

Kelvin's theory of the formation of water waves by wind, which supposed 
the motion in both air and water to be irrotetional, has been found to lead to . 
several quantitative predictions that disagree with observation An alternative 
theory is developed in the present paper According to this theory, the wind 
presses more strongly on the slopes of the waves facing it than on the sheltered 
slopes, and it is when the resulting tendency of the waves to grow is just aide 
to overcome visoosity that waves am first formed. A numerical constant in 
tiie theory can be adjusted to make the wind velocity required to produce 
waves agree with observation, and when this is done the predicted wave-length 
of toe waves first formed agrees with observation without further assumption 
Several other facts of wave-formation am readily explained by toe theory. 

An attempt has been made to account for the akin friction of the wind over 
the seas as toe resultant drag due to the horizontal thrust of the wind on the 
exposed sides of the waves. Agreement with the ordinarily accepted value 
•of the skin friction can be attained if the wave velocity is about tome-quartern 
of the wind velocity, which is w accordance with observation. The formation 

waves with such a velocity, however, appears to require values of toe eddy- 
vituoeity much smaller than are indicated by observations of ocean currents, 
tons them is an outstanding discrepancy. 

DESCRIPTION 07 PLATES 4 ajtd 5. 

Plats 4. 

Pm. 1.—OsmMaaHon of two wind-formed swells la Newaham Wfoai, Outbids*, 
June 10,1024. Mottos the lewuksMe strsIgMwass of toe starts of tbs kapr swU, 
la 4ftos el tos tut tfatfth* fhUepegk ooms in ths middto dtotaass appMsteaWbr 
} tbs diameter of toe pood. (8eep.*0&) 

Pm. 1—Short-erasted werafaKortk Attoatio, J*brSI,MS4 (rap. 206). Swrtl to almost 
imperiMptlblsi 

q 2 
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Plats 5 

Pig, 3 —Long-created waves emerging from the front of a eatspaw (Jews Look, 
Cambridge, June 29, 1924.) (See p 201.) 

Pro, 4—Effect of an increase in the wind velocity on a swell already established. The 
crests have become sharp and are curling over; the formation of new three* ' 
dimensional disturbances is shown by the running together of the crests. (Newnham 
Millpond, June Iff, 1924 ) (See p 201) 


The Thermal and Electrical Conductivities of some Pure Metals. 
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(Physios Department, the National Physical Laboratory) 

I —Introduction. 

The relation between the thermal and electrical conductivities of metals 
has for a long time engaged the attention of physicists. As far hack as 1806 
Wiedemann and Franz* propounded the law to the effect that the ratio of the 
two conductivities was the same for all metals In 1872 Lorenzf, both on theo¬ 
retical and experimental grounds, sought to establish that the above-mentioned 
ratio was proportional to the absolute temperature. On the development of 
the electron theory Prude, H A Lorents, J J Thomson and others# have, 
on the basis of various assumptions, arrived at the same conclusion as Lorenz. 
Up to 1900, however, the experimental values were too uncertain to allow any 
definite confirmation of the theory. In that year Jaeger and Bieaselhorit| 
^published the result of their investigation, which gave directly the ratio of the 
conductivities for a number of metals and alloys over the range 18° to 100* C. 
Leesjl has smoe, by an independent method, confirmed the values of Jaeger and 
Diesselhorst for a number of metals at 18° C. and has earned the investigation 

* * Ann, dor Phyt.,’ vol. 89, p 497 (1863). 

t ‘Ann derPhyo.,’vol 147, p. 429 (1872) 

% Wot a critical review of the most raoeot theories, see Meissner, * Jahrbuoh dor Radio- 
aktivitlt und Elektronlk,’ vol, 17, p. 260 (1920), 

| • Abh dor Phya-Tech Rektenstait,’ woL 8, p. 282 (1900). 

|| ‘ Phil. Tram.,’ A, vol. 208, p. 381 (1908). 




Thermal and Electrical Conductivities of some Pure Metals. 207 


down to —170° C Meissner* has experimented with some pure metals down 
to —260° 0 and Onnes and Holstf even lower 
The result of these investigations has been to show that between —100° C 
and + 100° C the value of the function K/AT (K and A being the thermal and 
electrical conductivities and T the absolute temperature), is sensibly the same 
for the pure metals, with perhaps a slight tendenoy to fall with decreasing tem¬ 
perature. Below —-100° C , however, the function shows an increasingly rapid 
fall with temperature and a considerable divergence between individual metals 
Above a temperature of -{-100° C very few determinations of thermal con¬ 
ductivity have been made, and the object of the present senes of experiments 
has been to measure, in this region, the thermal and electrical conductivities 
of a number of metals of the highest purity obtainable commercially 
The materials used have been obtained through the kindly offices of Dr. 
Hutton, the Director of the Bntish Non-Ferrous Metals Research Association, 
and were presented by the firms whose names appear below In setting out 
the results (see Appendices I to V) it has been thought well to give, in addition 
to the chemical analysis of the metal, particulars as to the method of preparation 
and heat treatment Dr Rosenham, Superintendent of the Metallurgy 
Department of the National Physical Laboratory, kindly undertook to advise 
as to the suitability of the specimens, and arranged for an examination of the 
aluminium specimen, of which details are included m Appendix I 

II — Thermal Conductivity 
(a) Theory of Experiment and Reference to Previous Work 

The methods which have been adopted for measuring the thermal con¬ 
ductivity of metals can be classified under two mam heads which, for convenience, 
may be termed “ electrical ” and “ thermal ” respectively Under the former 
a rod of metal is heated by the passage of an electric current and measurements 
are made of the thermal and electrical potentials along its length By this 
means the ratio of the thermal to the electrical conductivity is obtained The 
determination of the latter by a separate experiment then enables the thermal 
conductivity to be deduced With various modifications this method has been 
exploited by Jaeger and Dieaselhoret,$ Callendar,§ Meissner $ and others The 
method probably presents considerable experimental difficulties at high 

* * Deutaoh Phys tiesaU Verh,' vol 16, p 262 (1914). 
f a Proa Aoad. Amsterdam,* p 760 (1914) 
j Loo eft 

| ‘ Eneyol Britannia*,’ 11th sd., art “ Conduction of Heat.” 
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temperatures, and above 200° C. appears to have been tned only by Augell,* 
who m an ingenious way dealt with the radial, instead of the longitudinal, 
gradient of temperature m a bar of metal heated by an eleotnc current. 

The purely “ thermal ” methods of measuring conductivity are simple in 
theory, and generally resolve themselves into a determination of the rate of heat 
flow through a bar of metal, in which a longitudinal gradient of temperature 
is maintained 

A method of this description was first used by Forbes m his well-knoun 
experiments Forbes allowed the surface of his bar to be exposed to the atmo¬ 
sphere and determined the heat flow past any point on the bar by the amount 
given up by radiation and convection from the cooler parts This procedure 
gives rise to considerable uncertainty, not only on account of the difficulty 
of accurate measurement of heat flow in the manner indicated, but also because 
it involves the necessity of estimating the temperature gradient at a particular 
point. With modem appliances more convenient and accurate methods of 
measuring the heat flow are available and, if it is possible to insulate the bar 
thermally so as to prevent lateral heat loss, the temperature gradient may be 
measured over a finite distance instead of at a point Under the conditions 
indicated the rate of heat flow Q is given by the equation 

Q _ KA (6, - 0,) 
d 

where A is the cross-sectional area of the bar, 6 t and 0, are the temperatures 
at a distance d apart, and K is the mean conductivity of the metal between the 
temperatures 0, and 0 t , and which is assumed over this range to be a linear 
function of the temperature. 

This is the principle of the method adopted in the present senes of experi¬ 
ments. Before descnbmg the details of the apparatus, it is well to refer briefly 
to those used by some previous workers who have adopted methods, 

particularly for experiments above atmosphenc temperature For example, 
CsQendar and Nicholson, f when measuring the thermal conductivity of steel, 
used bam of considerable cross-section (about 4 inches m diameter) and lagged 
them with a material of low conductivity. In this way the lateral escape of heat 
was so reduced as to amount to only a small fraction of that conducted by the 
metal The bar under test wan heated at one end by steam and cooled at the 

* • Phys. Rev.,’ voL 33, p. 421 (1011) 
f Loe, eU. 
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other end by a flow of water Eeer Griffiths* also used a lagged bar with electric 
heating at one end and water cooling at the other, and obtained the conductivity 
of a number of aluminium alloys up to a mean temperature of 260° C. Wilkeef 
eliminated lateral heat loss by an application of the guard-ring principle. He 
surrounded his bar with a coaxial pipe of metal, the annular space between the 
two being filled with a finely powdered insulating medium to prevent convection 
currents. At the hot end of the apparatus the bar and pipe fitted into a common 
end-piece of copper maintained electrically at a constant temperature At 
the other end the bar and pipe were cooled independently by water circulations 
and the cooling was so adjusted that the same longitudinal temperature dis¬ 
tribution was induoed in the bar and pipe, thus eliminating lateral loss from the 
former In the three cases mentioned above, the rate of heat flow (Q) in the 
test bar was determined by means of a flow calorimeter at the cold end This 
method of measuring the heat flow is very accurate and convenient, but it limits 
the temperature to which the conductivity can be determined, since the value 
is given for a temperature intermediate between those of the hot and cold ends 
of the bar, generally the mean of these temperatures If, however, the heat 
flow is determined from the energy input at the hot end, the cooler end of the 
bar may be kept at a higher temperature and the value of the conductivity 
can be obtained at a correspondingly higher mean temperature Honda and 
Shimidut worked in this way in determining the conductivity of nickel and 
various specimens of steel to over 800* G In their apparatus the test bar was 
divided into two portions centrally to allow the insertion of a small heating 
coil, m a very similar way to that subsequently adopted by the author (see 
fig 1, p 210) This specimen baT was inserted into a pipe and packed with 
kaolin powder, and the whole apparatus was placed inside a furnace main¬ 
tained at a steady temperature In conducting an experiment, energy was 
switched on in the central heating coil and was dissipated at a certain rate 
for about 20 minutes, at the end of which time the steady rate of heat flow was 
established in the bar. The temperature difference at two points at a known 
distance apart was then measured by differential thermocouples Under these 
conditions a small amount of the energy dissipated in the central heating coil 
(estimated at 6 per cent) was conducted into the kaolin surrounding the bar 
This amount could not be directly measured, but, on the assumption that the 

* Advisory Committee lor Aeronautic*, Light Alloy* Sub-Committee,. Report No. 7 
(Nov., 1017). 

t ‘ Cham, and Met. Engineering,’ vol 21, p 241 (1019) 

j * 8d. Report*, Tohokn Univ,' vol 6, p 210 (1017) The author did not have eoce e s 
to this papas until after the eonduskm of the experiment* described below 
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same fraction of heat generated was 
always lost by diffusion into the 
kaolin, relative values were obtained 
from room temperature up to 900° C. 
While this assumption may not be 
stnctly valid over very wide ranges of 
temperature, for moderate ranges, at 
any rate, the method seems to be 
admirably adapted to the measurement 
of changes of conductivity with 
temperature 

(b) Details of Apparatus 

In the present senes of experiments 
the attempt has been made to determine 
the thermal conductivity in absolute 
measure by adopting the guard-nng 
principle For this purpose a source 
of heat was applied at the centre of the 
test bar and a sink at each end in such 
a way that a steady flow of heat was 
maintained The guard ring consisted 
of a coaxial pipe of metal which 
surrounded the bar and which, like the 
bar, was heated centrally and cooled 
at the ends m such a way as to 
reproduce as closely as possible the 
same temperature distnbution as that 
obtaining m the bar. 

The details of the apparatus are 
shown in the accompanying diagrams. 
Fig 1 represents a section of the 
apparatus The test specimen is seen 
to be divided into two portions (shown 
shaded in different directions in fig 1) 
which fit into each other with an 
overlapping joint Each of these 
portions is drilled axially to a certain 
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depth, so that when they are brought together an enclosed space is formed, 
about 7*5 nnifl m length, for the reception of a heating unit. For purpose 
of dearness, the latter is not shown in fig 1, but it appears m the enlarged 
drawing of fig 2, and a full description of it is given below To the ends of 
the test specimen are screwed copper extension pieces, and the composite 
bar thus formed is supported by several uralite nngs inside a pipe of metal which, 
in order to facilitate assembly of the apparatus, is cut into halves longitudinally 
The temperatures at a senes of points along the bar and pipe are measured by 
means of thermocouples fixed at the positions marked T lf etc . in fig 1 These 
couples are of wires of platinum and 10 per cent indium-platinum, 0 2 mm 
in diameter In the case of the bar, dll the couples, except the central one, 
were insulated with capillary tubes of pyrex glass or silica inserted into holes 
drilled through the bar The precise arrangement is shown in fig 2 In order 



n 


Fio 2 

to fix the couple in position m the nul the capillary tubes were slightly tapered 
to ensure a tight fit and the wires were bent over the edges of the tubes in the 
i pn-nnwy shown. The central couple was fixed m a groove, cut in the rod, by 
means of a binding of platinum wire In the case of the pipe the couples were 
attached directly to the metal by means of small pegs 
The central portion of the pipe was heated by means of a coil of platinum 
wire wound on a wrapping of mica The length of pipe covered by the winding 
was equal to that of the cavity in the centre of the test bar, and in assembling 
the apparatus care was taken to secure that the ends of the two were in align- 
ment In order to reduce the heat loss from the pipe the whole apparatus was 
encased m magnesia-asbestos lagging 

The sinks of heat at the ends of the bar and pipe consisted of the exposed 
ends HH and KK, to which a number of devices for regulating the heat loss could 
be applied Thus m fig I one end of the bar is shown fitted with a movable 
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sleeve to which radiating fins are attached, in order to increase the heat loss. 
When a still greater loss was required the ends could be wound with composi¬ 
tion pipe, through which water was circulated If, on the other hand, it was 
required to reduce the heat loss, the exposed ends could be covered with 
insulating material, such as asbestos string, or a still greater effect in this 
direction could be obtained by means of sleeves on which heating coils were 
wound An auxiliary heating coil of this kind is shown in fig 1 on one end of 
the pipe 

As has already been indicated, the lateral interchange of heat between the bar 
and pipe was practically eliminated by maintaining the same temperature 
distribution in the two, but, in order that this device should be effective, it was 
necessary to secure that no interference should anse from the heating elements 
themselves The respective heating coils were accordingly situated mstde 
the rod and out/nde the pipe The latter has already been described and pre¬ 
sented no difficulty, but some experiment was necessary before a satisfactory 
design was evolved for a heating coil to be embedded in the rod To secure 
ease of assembly it was desirable that leads should emerge close together near 
the centre of the heater, while to obtain the requisite efficiency it was important 
that there should be no obstruction between the incandescent wire of the heater 
and the interior surface of the bar 

The design adopted is shown in figs 2 and 3, which represent respectively 



a section of the bar and a plan viewed from a position at right-angles to the 
section The heater consists of platinum wire, 0*3 mm in diameter, wound 
upon a silica tube 5 mm m diameter As is shown in fig 2, the ends of the stkea 
tube are splayed out to prevent contact of the winding with the interior surface 
of the bar, and 4 knobs of silica, aa and 6b, are fused to the tube near the centre. 
The winding is effected by belaying one end of the wire round the base of the 
knob a and winding spirally from there to the end of the silica tube. The wire 
then passes through a nick m the splayed end to the interior of the tube and, 
emerging m a similar way from the other end of the tube, is again wound spirally 
toward the centre and belayed round the other knob a In order to prevent 
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overheating of the portion of the circuit inside the sihca tube this section con* 
anted of two strands of wire in parallel The function of the knobs b is to prevent 
the short-circuiting of the complete heating coil owing to a dipping of the 
windings in the neighbourhood of either of the knobs a Incidentally, the knobs 
aa and hb serve to limit any possible sagging of the silica tube at very high 
temperatures It will be noticed from fig 2 that the internal surfaces of the 
two portions of the bar, which are exposed to radiation from the heater, are 
equal 

The assembly was effected by passing the loose ends of the heating coil through 
the holes cc (see fig 3) in the nght-hand portion of the bar and drawingtheheating 
unit in position The left-hand portion of the bar, which w'as provided with a 
slot for clearing the holes cc, was then slid into position The ends of the heating 
coil were insulated in the holes cc by means of silica tubes, and current and 
potential leads of platinum were attached to them where they emerged from the 
tubes 

In the earlier experiments asbestos wool was used for packing the space 
between the rod and pipe, but the material finally adopted was “ Sil-o-cel,” 
which is a finely powdered diatomaceous earth This material has the advantage 
of an extremely low thermal conductivity, while its fine state of division serves 
to prevent convection currents and reduce the oxidation of the specimen bar. 

(c) Method of Experiment 

In carrying out an experiment, adjustments were made of the energy Bupphed 
to the heating coils at the centres of the rod and pipe and of the energy absorbed 
at the ends until the desired gradients were obtained In all cases the gradients 
in the tube were made to correspond as closely as possible with those of the rod. 
Typical distributions of temperature for the specimens of nickel and aluminium 
are shown in fig. 4 (p 214) It will be noticed that in each case the gradients 
m the rod and pipe are approximately straight lines 

A strict linearity of gradient would, of course, be obtained only where the 
metals composing the rod and pipe had conductivities not varying with tem¬ 
perature ; where the lateral heat loss from both rod and pipe were negligible; 
and where the supply of heat was from sources of zero thickness in a plane at 
right-angles to the axis None of these conditions was precisely fulfilled but, 
aB will be seen from fig 4, the nett effect in producing curvature was negligible. 
It should, however, be pointed out that the amount of the lateral loss through 
the lagging from the pipe increased with increasing temperature The resulting 
sag which this would tend to produce in the temperature distribution curve 
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of the pipe was counteracted by using a greater thickness of Ifjgmg and by 
increasing the quantity of heat flowing through the metal itself Consequently* 



throughout the experiments steeper gradients a ere employed at the higher 
temperatures 

As evidence that no systematic error arose from the employment of differing 
temperature gradients, it may be mentioned that the conductivity measurements 
for the same mean temperature, but with different temperature gradients, 
gave results agreeing within the limits of experimental error (See for example 
.the results in Appendix I for a mean temperature of about 150° C obtained with 
temperature differences of 28° C , 35° C. and 50° C respectively) 

(A) Magnitude of Lateral Heat IjOss 

Since the theory of the method presupposes the elimination of lateral heat 
loss from the specimen, it is important to ascertain the magnitude of any error 
due to failure to obtain a coincidence of temperatures over the working area 
of the rod and pipe Consequently, the following senes of experiments were 
made with the specimen of aluminium The several temperatures of the rod 
and pipe were first adjusted to correspond as closely as possible, so as to obtain 
a value of the true conductivity of the metal. The temperatures along the pipe 
'were then adjusted to differ by a certain amount, either above or below, from 
the corresponding temperatures of the rod, and when steady conditions had been 
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obtained the apparent conductivity was calculated. The temperature gradient 
between the points T t T 4 (fig 1) was about 40 s C. throughout, and the tempera* 
ture of T 3 approximately 160° 0 The results obt aine d are shown in fig 5, 



Temp Pipe less Temp Bar 
Fio. 5 


and it will be observed that the error due to a mean difference of 1° C between 
the rod and pipe was about 1 per cent It was estimated that the mean 
temperature difference between corresponding points on rod and pipe could 
be adjusted to between 1° G and 2° C, so that this fixes a definite limit to the 
accuracy of the method This limit may be stated to be from 1 to 2 per cent, 
for the aluminium bar working with a temperature gradient of 40° C Working 
with higher or lower temperature gradients or with metals of higher or lower 
conductivity the accuracy would be correspondingly greater or less 
As a check on the above conclusion, it is possible to make an approximate 
estimate of the lateral heat loss from the known conductivity of insulating 
material No attempt can be made here to give a mathematical solution of the 
problem under consideration, namely, the flow of heat between coaxial cylinders 
with a constant difference of temperature between the corresponding points 
in planes at right-angles to the axis and with a longitudinal gradient in each 
cylinder, but as an approximation it is proposed to take the case of a constant 
difference in temperature, but no gradient The formula for the lateral flow 
of heat per 1° G difference would then be 


2-73KI 

logis (&/<*) 


cals/sec 


Here a and 6, the diameters of the rod and pipe respectively, are 1 9 and 7 0 
cms., l is taken as 30 cms , t e , the complete length between T t and T 4 , and K, 
the thermal conductivity of the insulating medium at a mean temperature of 
160° C, is about 0 *00015 c g s unite for “ Sil-o-cel ” Hence we get 


H = 0*022 cals/sec. 
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Now the flow o! heat through the aluminium rod for a temperature diflereaoe 
of 40° G between T 2 and T 4 at a distance (d) apart of 20 cms is given by 

H = W l. T = 2 95 cals/sec 
4« 

So that the lateral heat loss per 1° C in the case taken is estimated as 0*7 per 
cent of the heat flowing m the rod, a result which is of the B&me order as that 
obtained by experiment 

It may be added that the error due to lateral heat loss vanes inversely as 
the square of the diameter of the specimen rod, provided that the ratio of the 
diameters of the rod and pipe is constant, so that it would be advantageous 
to use specimens of large diameter The limit of the dimensions of the present 
apparatus was decided largely on considerations of convenience and expense 

(e) Magnitude of Longitudinal Heat Loss 
The isothermal surfaces in the lagging being adjusted so as to be approximately 
perpendicular to the axis, it follows that there will be a longitudinal flow of 
heat m the lagging, which will be contributed mainly by the pipe, but to some 
extent from the rod The poorest conductor of all the metals tested, namely, 
nickel, having a conductivity of the order of 1,000 times that of the insulating 
material, it was considered safe to neglect the contribution from the rod to the 
longitudinal heat loss 


III —Electrical Conductivity 

The measurement of the electrical conductivity of the several metals has been 
undertaken merely to throw light on its relation to the thermal conductivity 
For this purpose an accuracy of 1 per cent, suffices, so that an elaborate investiga¬ 
tion has not been called for The method used consisted in a comparison of the 
voltage drop on a measured length of the specimen and on a standard resistance 
arranged in series with it, a constant current being maintained through the two. 

Since this method has been adopted by a number of experimenters, a detailed 
description is not required here, but the following particulars should perhaps 
be mentioned:— 

The current was led into and out of the specimen rod by copper rods 4 mm. 
in diameter screwed into the test rod The voltage drop was measured by means 
of thin potential wires pegged into the specimen at a distance of 22 cms. apart 
The specimen was fixed centrally in a tubular furnace 1 8 metres long wound 
with mchrome ribbon, and its temperature was measured by S thermocouples. 
The space between the specimen and the furnace tube was paoked with “ Sil-o-cel ” 



Thermal and Electrical Conductivities of some Pure Metals. 217 


powder The current, which was supplied from a large storage battery, was of 
the order of 10 amps In order to eliminate any thermal E M.Fs at the potential 
points, measurements were made before and after reversing the main current, 
while the effects of thermal E M Fs in the potentiometer circuit were 
eliminated by taking readings before and after a simultaneous reversal of the 
potential leads and the leads supplying the current to the instrument The 
magnitude of the difference due to these two sets of reversals seldom exceeded 
2 microvolts, and it was estimated that the volt drop was obtained to better 
than 1 microvolt, a precision amply sufficient to meet the requirements 
No special difficulty occurred in applying this method, except m the case of 
magnesium, where at temperatures over 300° G voltaic effects were likely to 
occur, which were eliminated by the use of potential leads of the Bame metal 
as the specimen 


IV —Discussion of Results 

The detailed results of the measurements of thermal and electrical conduc¬ 
tivity are set out m Appendices I to V The values obtained are also shown 
in figs 6 and 7 and, since the majonty of the metals were also investigated by 
Lees and by Jaeger and Diesselhorst, their values over the respective ranges 
of —100° C to 18° C and 18° C to 100° C have been included for purposes of 
comparison. Borne individual values given by other observers have been shown 
on the graphs or are referred to in the text belou For the purpose of dealing 
with the relation of thermal to electrical conductivity, the values of Lorenz’s 
function have been set out in Table I (p. 218) 

In this table the names of the observers have been indicated by initials. 
Their methods of experiment have differed considerably Thus, as already 
stated, an “ electrical ” method was used by Jaeger and Diesselhorst, by Meissner 
and, in a considerably modified form, by Angell The other observers worked 
with “ thermal ” methods Lees, who introduced many refinements, obtained 
his values in absolute units, Konno was primarily interested in changes of 
conductivity on melting, and used a relative method, taking Lees' values at 
18° C for his starting points, the method of Honda and Shimidu has already 
been outlined. Detailed comments on the results are appended under the 
heads of the several metals 
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Table 1 —Relation of Thermal and Electrical Conductivity 


Metal 

Punty 

Ob¬ 

server 

Value of Lorens's function K/xT X 10* (K in watts/om./° 0 , 
x in reciprocal ohms/cm ) at Temperatures of 

-100°C 

18° ( 

100° l’ 

200° C 

300° 0 

400“ C 

owe 

600° C 

700*0. 


1 

WfM 

L 

1 81 

2 13 









1 


J AD 


2 19 

2 27 







Aluminium 4 

1 

99 

A 



2 25 

2 68 

3 18 

3 79 

4 48 

6 06 



1 


K* 


2 30 

2 25 

2 20 

2 26 

2 23 

2 14 

2 03 



J 

98 7 

S 



2 23 

2 36 

2 44 

2 53 





r 




2 32 









i 




2 29 

2 32 







Copper 4 

I 




2 25 

2 33 












2 26 

2 34 








1 

99 9 




2 31 

2 36 

2 34 

2 37 

2 34 

2 35 


Magnesium 

09 6 

8 



2 31 

2 32 


2 33 





i 

00 

It 

s oe 

2 59 









i 

07 

J AD 


Ezm 

2 44 







Nickel J 

■ 


A 





11 til 

2 67 

2 24 

1 81 

1 42 


■ 


HAS 



2 37 

2 53 

2 71 

2 68 

2 71 

2 75 

2 75 


1 

EJjS 

8 



2 28 

2 30 

2 65 

2 79 

2 62 

2 64 

2 68 


r 


L 

2 39 

2 43 











J AD 


2 31 

2 33 







zmo 4 



K* 

2 43 

2 47 

2 47 

2 41 

2 36 





1 


e» 8 

S 


2 28 

2 26 

2 29 







* Konno’s values of thermal conductivity an relative to those of Lees at 18° C. and for electrical 
conductivity he has taken thorn of Tauteumi (‘ Soi Rep ,* vol 7, p 03 (1018)) 


Alummwm 

Like Lees, and Jaeger and Diesselhorst, m their respective ranges, the author 
finds that the conductivity of aluminium shows a slight increase with tempera¬ 
ture It will be noticed from fig 6 that, at the points of overlap, the value* of 
Jaeger and Diesselhorst are considerably lower than the other two, probably 
owing to impurity in their specimen As would be expected, the electrical 
resistivity found by Jaeger and Diesselhorst is correspondingly higher (set' 
fig. 7) Three other sets of values above 100° C are available, namely, those of* 
Baer Griffiths, Angell and Konno The first mentioned used material of nearly the' 
same punty as that tested by the author, viz , 99*5 per cent., as against 99 7 1 
per cent, and he gave values for his four specimens ranging from 0 50 to 0*82 
at 100° C, and found a slight tendency to increasing conductivity with tempera¬ 
ture up to the limit reached (250 s C.) This is m very fair agreement with the 
results of the present experiments. On the other hand, Angell gives the value 
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as increasing from 0*49 at 100° C to 1*0 at 600° G and Konno as decreasing 
from0*60 to 0*36 over the same range 

As to Lorenz’s function, it will be seen that the values of the several 
observers are in good agreement at 100° C. Konno gives a nearly constant 
value throughout, and the others give values rising somewhat with temperature, 
those of Angell showing the greatest change. 

Copper 

The author’s values for the thermal and electrical conductivity show a satis¬ 
factory continuity with those of Lees and of Jaeger and Diesselhoxst The 
copper used m all three cases seems to have been nearly 100 per cent in electrical 
conductivity, according to the international specification. 

Further values for copper were obtained by Meissner with two specimens of 
the metal. One of these (No. 1) was better than, and the other (No 2) equal to, 
the 100 per cent standard in conductivity The respective values obtained we 
as follows — 


Table II—Thermal Conductivity of Copper. 


Observer 

j S» 

K,* 

Meissner (1) 

0 04 

0 94 

» (2) 

0 92 

0 92 

Im 

0 91, 

— 

Jaeger and Diesaelhorst 

0 91, 

0 90, 

Present paper 


0 90, 


Meissner's* figure of 0-94 appears to be the highest reliable value yet obtained 
for copper Schottf gives 0 98 for a natural crystal of copper, but this value 
is probably too high, as his figure for pure commercial copper is as large as 0 94. 

With regard to Lorenz’s function, it will be seen from the table that there 
is a good agreement at 100° C and that the author finds a nearly constant 
value throughout. 

Magnesium, 

The only previous value traced is that of Lorens, who gives 0-87* tot the 
thermal conductivity at 100° C. According to the present experiments, the 
value for the same temperature would be about 0-33,., 

The values for electrioal conductivity are in fair agreement with those of 


* * Ann der Pbys.' (4), vol. 47, p. 1001 (1010). 
t * Verb, der Phys. Gss.,’ vol. 18, p, 27 (1010). 
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Nicolai,* the latter being on the average about 8 per cent higher For Lorenz’s 
function a nearly constant value is obtained, which does not differ greatly 
from those found for copper and zinc. 

Nickel. 

As will be seen from Table I, the purity of the specimens used by the several 
observers varied considerably In correspondence with the punty, the values- 
given by the present experiments at 100° C for the thermal and electrical 
conductivities are somewhat higher than either those of Jaeger and Diesselhont, 
or Honda and Shimidu The curve for electrical conductivity shows a pro¬ 
nounced change m curvature at the change point at about 360° C The form 
of the Jurve agrees closely with those found by Nicolai,Somerville,f Pecheux.J 
and by Honda and Shimidu, while the absolute values are in close agreement 
with that of Pecheux, whose specimen was of 99 6 per cent purity, as compared 
with 99 * 2 for the specimen used in the present experiments The author's values 
for the thermal conductivity show a decrease with temperature between 100° C 
and 300° C , thereafter an approximately constant value to 500° C, while the 
two values obtained in the neighboushood of 700° G. show a considerable rise. 
The results of Honda and Shimidu give a generally similar curve, but their 
method permitted the taking of a large number of values with temperature 
differences as small as 30° C , so that they were able to trace a definite minimum 
of conductivity at about 400° G With the present dimensions of the apparatus 
described m this paper and a metal of as low conducting power as nickel it is 
necessary to use gradients as high as 100° C to obtain an accuracy of 2 or 3 per 
cent. Consequently, the point of inflexion in the conductivity curve could not 
be accurately located This fact probably accounts for the apparently high 
value obtained for Lorenz’s function at a temperature of 400° C It will be 
observed for Table I that the value tends to become constant at about 2*6 from 
a temperature of 300° 0. upwards A similar phenomenon was observed by 
Honda and Shimidu, while Angell found a steady fall m the value with rising 
temperature. 

Ztnc. 

The values obtained fox the thermal and electrical conductivity ace slightly 
lower than those of Jaeger and Dieasdhorst at 100° C lake Konno, the anther 
finds a nearly constant value for Lorenz's function. 

• ‘ Phys. Zetto.,’ voL 0, p. 387 (1808) 
t ' Phys. Rot ,’ toL 38, p. 77 (1811) 

% ‘ 1* Lumltae fileotriqse,* vd. 10, p. 282. 

B 2 
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V. StJMMABY. 

The thermal and electrical conductivity of a number of pure metals has been 
measured for mean temperatures ranging to a maximum of 700° G. The 
thermal conductivity of al uminium was found to increase with rising tem¬ 
perature, that of nickel to decrease at first and then above 500° 0 to show an 
increase The other metals—namely, copper, magnesium, «m« —showed on 
the whole slight decreases of conductivity with temperature 

The values of Lorenz’s function for copper, magnesium and zinc were 
practically constant at all temperatures, that for al uminium Bhowed a rise 
with increasing temperature, that for nickel showed a rise to 300° G, above 
which temperature it remained nearly constant, except for an abnormal value 
at 400° C. 

In conclusion, the author desires to make his acknowledgments, in addition 
to those already recorded, to the Director of the National Physical Laboratory 
and to Dr Kaye, the Superintendent of the Physics Department, for the ample 
facilities placed at his disposal Further, he is especially indebted to Mr 
Chalkmer, observer m the Physics Department, not only for his skill in con¬ 
structing the apparatus and suggesting improvements, but also for taking the 
majority of the observations 


Appendix I. 

Alumtntum 

Particulars of Specimen (British Aluminium Go, Ltd) —The specimen was 
prepared as follows —Billets 6} inch in diameter were cast from a maximum 
temperature of 700° C., annealed for 2J hours at 600° G, extruded at tem¬ 
perature of 420° 0. to f inch diameter, and finally annealed for 2} hours at 
450 # C. 

In order to test the soundness of the material, transverse and longitudinal 
sections were taken from the ends of the specimen and were examined in the 
Metallurgy Department of the National Physical Laboratory These were 
reported to be free from the more serious defects of extruded materials, vis., 
unsoundness, discontinuities between the core and surrounding layers, inclusion 
of dross and oxidised skin. 

Density at 21° 0. 2*70. Purity 99*7 Al. 
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Thermal Conductivity. 


Mean 
Tempera 
tun at 

T. 

Temperature 

Difference 

T,-T 4 

Energy supplied to Bar 


Mean 

Conductivity 
ogs units 

Amps 

Volts 


°c 

°c 






108 7 

36 7 

1 360 

16 00 

6 38 

0 628 

0 528 

188 6 

61 7 

1 136 

28 96 

7 84 

0 632 

0 632 

164*0 

00 0 

2 586 

12 20 

7 63 

0 628 

0 528 

149 4 

28 1 

2 030 

8 70 

4 22 

0 526 


148 9 

28 1 

2 026 

8 70 

4 21 

0 526 

)■ 0 526 

149 1 

28 0 

2 026 

8 70 

4 21 

0 527 

J 

264 0 

46 9 

2 396 

12 60 

7 16 

0 636 

! n con 

263 8 

46 9 

2 396 

12 60 

7 16 

0 536 

► U Dot) 

374 8 

80 0 

2 846 

18 20 

12 36 

0 644 


373 3 

80 5 

2 840 

18*20 

12 36 

0 640 

L A CIA 

871 6 

80 3 

2 830 

18 20 

12 30 

0 637 

> V Mi 

368 8 

78 3 

2 820 

18 20 

12 26 

0 647 

J 

146 4 

34 8 

2 160 

10 20 

6 24 

0 527 

1 

149 4 

36*4 

2 160 

10 30 

6 32 

0 528 

y 0 528* 

149 7 

36 6 

2 160 

10 40 

6 36 

0 530 

/ 


* Repeat leading 


Electrical Resistivity. 


Temperature 

Resistivity 

Temperature 

Resistivity 

•c 

11 

Ohms per cm cube 

°C 

Ohms per om cube. 

16 2 

2 83 X 10** # 

80S 7 

6 15 X 10~* 

16 8 

2 79 

304 4 

6 23 

16 8 

2 81 

306 2 

6 24 

73 0 

3 46 

399 0 

7 39 

77 0 

3 63 

600 0 

8 77 

79 0 

3 63 

602 4 

8 79 

160*0 

1 4 47 

640 7 

9 31 

161*0 

4 48 ; 

i! 



Appendix II. 

Copper. 

Particulars of specimen (T Bolton A Sons, Ltd, Oakmoor) 

The specimen was prepared as follows.—Billets were oast from a mixture of 
i cathodes and f electrolytic wire bars immediately after poling. They were 
rolled hot to 1 moh diameter, drawn cold to § inch diameter, machined and 
polished to J inch diameter, and then annealed 
Density at 21° C ■= 8‘92 Purity 99-9 Cu. 
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Thermal Conductivity. 


Hoad 

temper** 

tare 

T, 

Temperature 

Difference 

t,-t 4 

Energy supplied to Bar 

Conductivity 
c,g.« units 

Conductivity 

ogs unite 

Amps 

Volte 

Cals/aeo 

*c 

— 







93 8 


2 475 

8 30 

4 91 

0 900 



96 2 


2 490 

8 60 

3 06 

0 890 

i 


93 6 

19 9 


8 60 

6 14 

0 908 

I 

l 0 901 

96 0 

19 4 

2 313 

8 30 

4 98 

0 900 

i 


98 4 

20 9 

2 590 

8 75 

5 41 

0 907 

J 


177 4 

43 4 

3 213 

14 40 

11 05 

0 893 

i 

i 

177 9 

44 4 

3 230 

14 60 

11 25 

0 890 


V 0 893 

172 4 

44 0 

3 225 

14 60 

11 25 

0 897 

J 

i 

266 0 

73 6 

3 735 

20 80 

18 05 

0 888 

i 

l 

263 7 

73 6 

i 3 730 

20 83 

18 65 

0 890 


y 0 888 

266 7 

74 0 

3 750 

20 85 

16 65 

0 886 

J 

\ 

473 1 

93 4 

3 585 

26 75 

22 95 

0 862 

i 

\ 

473 4 

94 3 

3 590 

26 80 

23 00 

0 854 

l 

^ 0 858 

472 0 

93 8 

3 586 

26 83 

23 00 

0 858 

j 

1 

624 8 

142 0 

3 720 

38 40 

34 15 

0 842 

i 

I 

624 7 

142 L 

3 720 

38 45 

34 20 

0 844 


y 0 812 

624 7 

142 3 

3 720 

38 45 | 

84 20 

0 839 

j 

f 

131 8 

30 7 

2 060 | 

16 10 

7 03 ] 

0 905 


0 905* 


* Repeat leading. 


Electrical Resistivity 


Temperature ° C 

Resistivity Ohms 
per cm Cube 

Temperature 0 C 

Resistivity Ohms 
per cm Cube 

14 0 

1 69 x 10” • 

470 0 

4 88 X 10'• 

140 0 

2 59 

630 3 

6 00 

144 0 

2 61 


6 07 

306 0 

3 73 




Appendix III 
Magnetwm. 

Particulars of specimen (Magnesium Co , Ltd) —The specimens were extruded 
to l inch diameter from a billet 5 inch in diameter, annealed at 360° C lor 
6 hours, and allowed to cool slowly. 

Density at 21° C ■■ 1*76 Purity 99 6Mg. 
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Thermal Conductivity. 


Mean 

Tempera 

ture 

T. 

Temperature 

Difference 

T.-T 4 

Energy supplied to Bar 

Conductivity 
cgs Unite 

Moan 

Conductivity 
o.g s. Unite 

Amps 

Volte 

Cale/eec 

ieo 4 

42 1 

1 940 

8 00 

3 71 

0 328 


107 0 

42 2 


8 10 

3 71 

0 328 

L A Q4fl 

156*0 

40 4 


7 90 

3 60 

0 332 

> V OffB 

153*2 

39 1 

1 860 

7 60 

3 38 

0 322 

J 

264 0 

74 7 

2 290 

11 85 

6 48 

0 324 

*1 

263 0 

76 5 


11 85 

6 51 

0 317 


261 7 

77*3 


11 80 

6 46 

0 312 

V 0 918 


75 5 

2 285 

11 00 

0 33 

0 313 

[ 

251 3 

72 5 

2 275 

11 50 

6 26 

0 322 

J 

326 5 

102 4 

2 495 

14 20 

8 47 

0 308 

1 


93 6 

2 460 

14 00 

8 23 


y o doe 

320 4 

103 8 

2 510 

14 30 

8 58 

0 308 

J 

456 0 

104 8 

1 510 

24 50 

8 84 

0 314 

l A All 

456 5 

104 6 


24 50 

8 78 

0 314 

A U Jlf 

264-2 

70 5 

1 370 

18 70 

6 12 

0 323 

0 323* 

253*0 

73 0 

2 230 

11 40 

0 08 

0 311 

0 314* 


* Repeat reading* with different heating code. 


Electrical Resistivity 


Temperature ° C 

Resistivity Ohms 
per om Cube 

Temperature ° C. 

Resistivity Ohms 
per om. Cube 

20 0 

4 59 X 10-* 

199 3 

8 08 X 10~* 

101 4 

6 19 

314 0 

10 35 

101 1 

6 21 

348 6 

11 21 

101 1 

0 18 

348 0 

11 04 

199 2 

8 17 

i 

480 1 

13 74 


Appendix IV 

Nickel 

Particulars of specimen (H. Wiggins & Co , Ltd) —The specimen was prepared 
as fellows —Cast in 3-rnoh moulds, hot-rolled to 1} inch diameter, reheated and 
rolled to } inch diameter, olose-annesled at 800 s C., cold-drawn to ft inch 
diameter, again annealed, drawn to } inch diameter, and finally annealed between 
750° C. and 800° C. 

Density at 21° C = 8*79 Purity 99*2 Ni 
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Thermal Conductivity. 


Missn 

/ Temperature 
/ Difference 

1 t,-t 4 

I Energy supplied to Bar 


1 

Tempera¬ 

ture 

T, 





Conductivity 

F Conductivity 
o.g.t. Units. 

Amps. 

Volte 

Cali/eeoB 

c g.s Unite 

m a 

47 5 

1 420 

5 95 

2 02 

0 148 

j. 0 140 

100 8 


1 420 

5 95 

2 02 

0 145 

141*8 

^PfB 

1*490 

7 00 

2 49 

0 143 

1 

141 6 


1 490 

7 00 

2 49 

0 143 

V 0 144 

141 8 

K9 

1 400 

7 00 

2 49 

0 145 

J 


75 3 

1 635 

7 95 

2 91 

0 132 

■j 


78*6 

1 060 

8 20 

8 05 

0 138 

l 0 138 


70 3 


8 15 

3 07 

mm 


74 1 

1 545 

8 00 

2 96 

0 136 


890*2 

81 0 

1 610 

8 45 

3 05 

0*128 


289 7 

81 5 , 

1 610 

8 45 


04 

0 128 

L 0 128 

289 2 

80 0 

1 610 

8 45 

M 

04 

0 129 

888 4 

80 8 

1 610 

8*46 

*1 

i 4 

0 129 

J 

888*6 

99 4 

1 010 

0 70 

3* 

3 

0 129 

] 

800 0 

100 8 

1 610 

9 70 

3* 

3 

0 128 

V 0*128 

387*8 

100 3 

1 010 

9 75 

3* 

5 

0 128 

807*2 

100 3 

1 010 

9 75 

3 

0 

0 128 

J 

491*4 

106 8 

1 895 

10 45 

ai 

98 

0 129 

} 0 128 

491 0 

* 106 9 

1 595 

10 40 

u 

96 

0 127 

708*3 

176 6 

1 966 

10 35 

$ 07 

0 141 

J 0 141 

788*0 

177 3 

1 975 

10 70 

7 88 

0 147 

0 147 

168*0 

66 1 

1 505 

7 20 

2 59 

0 186* 

0 186 

998 7 

84 1 

1 576 

8 70 

3 27 

0 133* 

0 188 


* Repeat reading 


Electrical Resistivity 


Temperature 0 C 

Resistivity Ohms 
per cm Cube 

Temperature 0 C 

Resistivity Ohm* 
per cm. Cube 

14 0 

10 04 X 10-» 

320 5 

29*70 X 10-* 

111*0 

14 00 

827 8 

30 78 

142 4 

10*17 

881 6 

31 20 

148 5 

10 57 

349 6 

32 86 

149 2 

16 02 

808*8 

88 00 

200 5 

19 78 

383 6 

88*96 

227*0 

21*67 

409 0 

86*00 

229 5 

22 10 

466*2 

36*86 

200 0 

20*62 

619 4 

38*60 

206 0 

26 10 

688 6 

40 00 

260 0 

20 90 

691 1 

48 00 

304 1 

28 16 

820 7 

47*00 
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Appendix V 
Ztnc 

Particulars of Specimen (London Zinc Mills) —The specimen was prepared as 
follows •—Billets were cast, were rolled at 200° 0, sawn into stnps and drawn 
cold 

Density at 21° 0. =*> 7 • 13 Purity 99 • 8 Zn 


Thermal Conductivity. 


Mean 
Tempera¬ 
ture at 

T. 

mm 

■ 

Energy supplied to Bar 

Conductivity 
o.ga Units 

Mean 

Conductivity 
o g a Unite 

Amps 

Volta. 

CaU/seo 

B9| 

°c. 








25 0 

1 

520 

4 00 

1 78 

0 256 




25 0 

1 

820 

4 85 

1 77 

0 256 



SB"?®!* 

25 8 

1 

545 

5 06 

1 86 

0 250 




25 l 

1 

530 

4 06 

1 81 

0 250 


• 0 258 


26 0 

1 

540 

5 05 

1 86 

0 286 



wmJmM 

25 0 

1 

540 

5 00 

1 84 

0 264 

J 


160 5 

54 4 

1 

010 

8 10 

3 70 

0 244 

i 


160 3 

53 2 

1 

EZm 

8 05 

3 65 

0 246 



100 3 

53 4 

1 

005 

8 10 

3 68 

0 247 

r v 

160 2 

52 8 

1 

010 

8 00 

3 66 

0 240 

J 

227 5 

80 5 

2 

158 

10 60 

5 46 

0 243 

1 


227 1 

80 0 

2 

160 

10 30 

5 32 

0 230 



227*1 

78 0 

2 

145 

10 60 

5 44 

0 243 



224 5 

70 5 

2 

150 

10 45 

5 37 

0 242 


U 1 

223 6 

78 3 

2 

130 

10 30 

5 25 

0 240 

„ 


284 1 

102 6 

2 

325 

12 40 

0 80 

0 240 

l 


288*5 

102 7 

2 

320 


6 88 

0 230 



200 8 

103 0 

2 

320 


6 88 

0 237 


> V MQ 

201 0 

104 6 

2 

330 


0 01 

0 236 

J 


117 0 

47 8 

1 

050 

7 30 

3 40 

1 

1 

117 7 

48 6 

1 

066 


3 40 

0 251 

V 0 263* 

117 1 

40 0 

! l 

020 

7 50 

3 44 

0 262 

/ 


* Repeat reading 


Electrical Resistivity 


Temperature * 0 

Resistivity Ohms 
per era Cube. 

Temperature 0 C 

j Resistivity Ohms 
per cm. Cube. 

35*0 

— 

105 0 

, 8 08 X 10-« 

107 0 


200 8 

1 10 47 

106 0 



10 48 

105-0 


350 2 

14 50 
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The Colours Due to Thin Films on Metals. 

By UjiiCK R Evans 

(Communicated by C T Heycock, F R S.—Received July 29, 1924) 

In recent papers* it has been shown that the corrosion of metallic objects 
partly covered with liquid is usually connected with electric currents Bet up 
through differences in the oxygen concentration at different parts of the metallic 
surface. When, for instance, a drop of sodium chloride solution u placed on a 
metallic surface, a current passes between the surface of the metal at the 
periphery of the drop and the central portion The metal in the interior, 
where the concentration of oxygen is least, constitutes the anode and suffers 
corrosion The peripheral zone, to which oxygen has direct access, forms the 
cathode, and suffers little or no corrosion in the ordinary sense of the word , 
the immunity, or “ passivity,” of this outer zone, and the local alteration of the 
potential, which causes the current to flow between the outer and inner portions, 
is best ascribed to the formation of an oxide film or oxygen film over the 
“ aerated ” part of the surface 

On iron this him is invisible, presumably because it is too thin to affect the 
optical properties of the surface , on copper, on the other hand, there may be 
seen upon the portions of the surface nearest to the edge of the drop, a aeries 
of bright rings roughly concentric with one another, green, rose and yellow in 
colour It seems likely that these colours are actually due to a thin film of 
cuprous oxide which protects the underlying metal from further attack, and 
which also, by altering the potential, stimulates corrosion at the central parts 
to which oxygen does not diffuse readily Since the anodic product of copper 
in a chlonde solution is cuprous chloride, an efficient absorbent of oxygen, it 
follows that when once this salt has begun to accumulate at the central portion 
of the drop, the corrosion due to “differential aeration currents” will be 
stimulated 

It is naturally desirable to ascertain the order of the thickness of the oxide 
film which causes the ennoblement of the “ aerated ” portion. In oases where 
the refractive index is known, it would be possible to calculate the thickness 
from the tints produced, if we make the assumption that the colours are due 

* U. R. Evans , 4 J last. Mat,,’ vol. 30, p. 239 (1023), 4 Proo.Oamb.PUL 800 .,’ voi 92, 
p 04 (1994), ‘ J. Boo. Cham, lad.,' toL 48, p. 137T (1994). 
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to interference Tammann* has already used such a means of measuring the 
thickness of films m studying the action of iodine upon silver and copper at 
ordinary temperatures, and that of oxygen upon iron and other metals at 
slightly elevated temperatures. It is noteworthy that Tammann, using this 
optical method, found for the attack of iodine upon silver at low temperatures 
a parabolic relation between the thickness (y) and time (() 

where p is a constant The same relation was afterwards established by gravi¬ 
metric methods by Pilling and Bedworthf for the high-temperature oxidation 
of copper, and by VemonJ for the low-temperature tarnishing of copper in a 
moist polluted atmosphere There seems little doubt that in the case of the 
silver iodide films produced by the attack of iodine on Bilver, the interference 
colours afford a fairly accurate measure of the thickness Many yean ago 
Wemicke§ used the converse method to determine the refractive index of 
silver iodide , he obtained the thickness of the film by weighing, and then by 
observing the wave-length of the light extinguished by a film of known thiokness, 
calculated the refraction index, the numbers obtained agreed fairly well with 
those obtained by him by the ordinary prism method Clearly when once the 
refractive index has been established, the colour of the film is a reliable indication 
of the thickness 

But before this method can be applied to the case of oxide films, attention 
must be paid to the fact that two separate investigators have recently asserted 
that the tints produced by the superficial oxidation of metals are not due to 
interference at all Mallock[| has stated that the temper colours which appear 
upon steel heated in air cannot represent an interference effect, because he has 
attempted to reduce the thickness of the film present on “ blued ” steel by 
polishing, and has failed to obtain the yellow colour which would be charac¬ 
teristic of a thinner film, the blue remained blue, although its intensity 
decreased as the film was rubbed away Mallock attributes the colpura to 
selective opacity depending on “ damped molecular periods.” It would seem, 
however, very unlikely that such a method as polishing could reduce the film 
with the uniformity required, it would surely be beyond the power of human 

* G. Tammann, 1 Zeitaoh Anorg Chem.,’ vol 111, p 78 (1880), vol 124, p 25 (1922); 
■G. Tammann and W. KCater, * Zeitaoh. Anorg. Cham,’ vol. 123, p. 198 (1822) 
t N B Filling and R. E. Bedworth, * J Inst. Met ,* vol 29, p 529 (1923) 
j W. H, J. Vernon,' Trans. Faraday fioo.,’ voL 19, p. 839 (1924) 

| W Wemioka, • Fogg Ann,’ vol. 142, p. 080 (1871) 

|| A. Mallook,' Boy. Boo. hoe./ A, vol. 94, p. 588 (1918). 
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technique to reduce a film of, Bay, 200 molecules thickness, uniformly to a film, 
of 100 molecules thickness. What probably occurred was that Mallock com¬ 
pletely rubbed away the film at some points, whilst leaving it intact at others; 
ibis would explain the gradual diminution of intensity and the c on stancy of 
tint Raman* also thinks that temper colours are not an interference effect, 
and ascribes them to a granular structure in the film 

Investigation of Mullock's Objections —Whilst Mallock faded to obtain the 
alteration of temper colours on steel by a process of polishing, it seemed not 
impossible that some other method might produce sufficiently uniform thinning 
to cause the desired change of tint Chemical solvents suggested themselves, 
but it was necessary to choose a procedure which would give general reduction 
of thickness, rather than pitting or etching of the familiar kind. After some 
preliminary experiments, the method of reducing the thickness of the oxide coat 
on heated iron by cathodic treatment in dilute hydrochloric acid wsb adopted; 
apparently, the cathodic treatment reduces the magnetite which constitutes 
the oxide film to the state of ferrouB oxide, which is at once dissolved by 
the acid 

A strip of iron is cleaned with emery and heated at one end in a Bunsen 
burner so as to produce a range of temper colours brown, mauve, indigo, 
pale blue, steel colour, pink-lavender, and pale steel blue m order (passing from 
the cold to the hot end) When cold, the strip is connected to the negative 
pole of a 4-volt accumulator, and is introduced in a vertical position into a 
N/50 solution of hydrochloric acid, m such a way that only the lower half of 
the stop enters the liquid. A piece of sine about S cm from the specimen 
serves as anode and is joined through a resistance to the positive pole of the 
same battery, the resistance being adjusted to give a current of about 1 7 milk- 
amperes per square centimetre After about £ minute, the specimen is taken 
out, washed, dned and examined It will be found that the colours in the 
lower part of the strip which has been immersed in the liquid have ahiffaid 
relatively to the colours m the unimmersed part of the specimen, in the manner 
indicated in fig 1. 

This shows that the thinning of the film produced by the treatment does 
actually cause the change of colour whioh the interference theory would predict; 
Mallock’s objections, therefore, would not seem to possess the importance which 
he attaches to them If the cathodic treatment is continued too long, ■.leimn gii 
a greater lateral shift is produced, the colours grow muddy and are somewhat 
difficult to identify, the mauve disappears comparatively soon, although the 
* C V. Raman, ‘Nature,* vol. 109, p 100 (1999). 
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lighter bluish tints can be identified even after a comparatively great thinning 
has taken place The diminution of brightness, and the final disappearance 
of colour altogether, are no doubt due to the fact that 
the thinning is not sufficiently uniform, pits having a 
depth of even a few molecules diameter would interfere 
considerably with the brightness of the tints. 

If a similar senes of colours is formed on silver foil by 
graduated exposure to the vapour of iodine, a similar shift 
of the colours may be produced by subjecting one-half of 
the specimen to cathodic treatment in normal sulphunc 
acid, for this purpose an E.M F of 2 volts is suitable 

Investigation of Romm's Proposal of a Granular Structure 
m the Film —When lead is melted in a shallow iron dish 
in air a beautiful series of colours appear in order on the 
lead' the surface becomes brown, rose, blue, steel grey, 
yellow, brown, rose, blue, bright green, yellow, rose, famt 
green, pale rose, greenish grey, and finally the colour 
becomes stationary at a dirty yellowish-grey tmt A 
short way above the melting point the film consists of 
solid lead oxide, which may readily be skimmed off at any time, giving rise to 
a fresh sequence of the beautiful colours from the start If, however, the lead 
is heated more strongly by placing one Bunsen burner below the dish and 
allowing another Bunsen flame to play over the lead surface, the oxide film on 
the surface becomes liquid, and yet the interference colours are still seen and 
are of the same character If at this stage the oxidizing flame is allowed to 
{day upon one part of the surface, the oxide may locally be blown off the lead 
by the current of hot gas, and at the edges of the part where the dear lead 
is seen a beautiful senes of coloured fringes appear, which advance and retire 
as the flame is moved in one direction or the other There is no doubt that 
the oxide film is liquid at this stage, if the flame is directed upon the edge of 
the vessel where solid flakeB of the oxide exist, they are at once seen to melt 
The production of the colours above the melting-point of lead oxide shows 
quite dearly that they cannot be due to a granular structure, but that they 
are connected with variations in the thickness of the film. 

If the lead is allowed to drop below the melting-point of die oxide, it is 
possible to remove the film at any stage on a piece of mica or thin glass The 
colours of the film may be seen when it is stopped off the lead. Examination 
under the microscope fails to detect any signs of a regular granulated structure 


i 

n 




UNCHANGED 

UNCHANGED 


BROWN 

BROWN 

MAUVE " 

THEraoH 

BLUE 

BLUE 

HI. 1.11 AM CMV 

BLUISH 
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lavender 


PALE 

BLUE 

PALE 
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which might produce diffraction-colours. The colours are less bright whan 
viewed on glass or mica than when the film is on the lead, but nevertheless 
they are quite distinct The colour when viewed by transmitted light is oomple- 
mentary to that seen when viewed by reflected light, which is in agreement with 
the interference view 

It is possible to obtain on glass a film of lead oxide of gradually increasing 
thickness m the following way.—A portion of the lead surface is cleared by 
skimming, and a very thm microscope slide-glass, held in pliers at one end, is 
pushed into the metal at a small angle to the horizontal, so that the other end 
presses on the bottom of the iron dish The glass gradually softens and is 
allowed to subside slowly, as it subsides, it gradually clears away the super¬ 
ficial oxide at the one side, and leaves momentarily bright unoxidized lead on 
the other 

When the position reached is that shown in fig 2, it is evident that the 
lead above the glass will show the “ earliest tints ” characteristic of the thinnest 



films at the end B, and a regular sequence will exist, until at A, where the 
lead has been oxidizing undisturbed for a considerable time, the later 
characteristic of thicker films are observed At this stage, the glass may be 
raised, and tilted sidewards to pour off the molten metal from between th e 
oxide film and the glass On examining the film, a regular sequence of 
(yellow, rose, blue, green etc.) is seen extending from the thin to the 

thick end; the order is the same by transmitted as by reflected light Thus: 


1 

Thin end 


Thiele 

end. 


yellow 

| red 

yellow 

blue 

red 

green 

blue 

yellow 

W 


At any given point the colour by transmitted light is always comple¬ 
mentary to that seen by reflected light, as would be Bat the 
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hues observed by reflected light (if the corrected angle is obtained) are often 
considerably brighter than those seen by transmitted light; for instance, 
where the colour is faint blue by transmitted light, it is a beautiful golden 
yellow when viewed at the proper angle by reflected light, where it is 
distinctly blue by reflected light, it is often only a dull yellowish-brown by 
transmitted light. 

Scales of Colours on Different Metals —It may be of interest to tabulate the 
sequence of tints observed on different metals treated m different ways They 
are arranged side by side, so as to show analogous tints m horizontal rows. 
The hues refer to metal roughened with emery (except, of course, in the case 
of molten lead) 


Iron heated in Air 

Molten lead in Air 

Silver exposed to 
Iodine Vapour 

Copper* over Dilute 
Solution of HgS 

Straw yellow 

Brown yellow 

Yellowish brown 
Brown 

Yellow 

Brown 

Rosy mauve 

Rose 

Rose 

Rose 

Indigo 

Bright blue 

Blue 

— 

Mauve 

Deep blue 

Pale sky blue 

Pale blue 

Lavender 

Pale blue 

Steely 

Steely (greenish) 

Silvery (greenish) 

Brilliant silver 


Yellow 

Brown 

Yellow 

Yellow brown 

Pale pinkish grey 
Pale lavender 

Rose 

Blue 

Rose 

Lavender 

Rose 

Blue 

Pale steel blue 

Bright green 

Yellow 

Green 

Yellow 

Bright green 

Brown 


Rose 

Rose (trace of lavender) 

Rose 

Lavender 


Green 

Dull green 

Green 


Pale rosef 

Dirty pmk} 

Dirty rose 


Faint greent 

Dirty green 


Grey 

Grey 

Grey 


* The copper «h exposed at constant or rising temperature to prevent condensation of 
water 

+ FUm beoomee “ pnokered” about this stage. 

j On some specimens, further alternations of pink and green are just observable before the 
oolour r el a p ses Into grey 

It will be seen that m all oases the sequence of colours corresponds fairly 
wall to that which would be expected from the interference theory, but that 
the surface always finally assumes a grey hue or steely blue aspect The only 
remarkable feature of the phenomena was the absence or difficulty of detec¬ 
tion of the " first-order green.” The other slight departures from the theo¬ 
retical sequence can mostly be explained by the fact that the metal and the 
film-material themselves possess specific colours Thus we may have prefer¬ 
ential reflection of certain wave-lengths from the surface of the metal (aa from 
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copper), or from the film material (as from magnetite); or again we may have 
specific absorption of certain wave-lengths during the passage through the 
film (as m silver iodide) The essential similarity between the scales confirms 
the view that the colours are chiefly determined by interference in all 
cases 

It is interesting to note that colours can be produced by the formation of a 
thin film upon a basis which is not a metal If a sheet of copper be exposed 
over a saturated solution of hydrogen sulphide in a closed vessel for a few days, 
a thick layer of black copper sulphide is formed, if afterwards the specimen 
is exposed for a few minutes to the vapours arising from concentrated hydro¬ 
chloric acid, a senes of tints—due to a thin film of cuprous chlonde on the bans 
of sulphide—appears The tarnish tints which are met with on naturally 
oocumng specimens of sulphide minerals may be mentioned at this point 

Consideration of Tammann’s Work —It is probable, therefore, that Tammann 
was justified in employing the principle of interference to compare the thiclmew* 
of his films at different times during their formation. Unfortunately then 
seems to be some little doubt whether the principle has been employed correctly. 
Tammann and KSster,* for instance, publish the following examples of the 
manner in which the thickness of the silver iodide film can be estimated from 
the appearance of the different oolours .— 


Straw Yellow 

. 61 |i|i 

or 

43 molecules Ag I 

Red I 

108 „ 


77 

)» >» I 

Red II .. 

216 „ 

» 

166 

» J> I 

Red III 

330 

2 

236 

» 99 I 

Red IV 

439 „ 

>» 

313 

9 > I 


It will be noticed that the ratio of the thicknesses supposed to correspond 
to the reds of the 1st, 2nd, 3rd and 4th order is approximately 1*2 3:4. 
But the correct application of the interference principle shows that the ratio 
should be approximately 1.3 6 7 There may be some merely 
error involved, but if the printed figures really represent part of the table 
which Tammann and Kfister actually used throughout their research m 
estimating the thicknesses of the films, it is clear that the between 

the “ found ’’ and “ calculated ” values in their researches was fortuitous, 
and that the various rather complicated equations which they to have 
established lack experimental basis. 

* 0. Tammann and W. KOster, • Zeitsch. Anorg, Ghem.,’ voL 123, p. 190 (1222), 
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Consideration of Hmshelwood's Work. —Hinahelwood,* who has carried oat 
some interesting work on the production of brightly coloured dims an copper 
by alternate oxidation and reduction, states that here the ooloure are 
structural, being connected with the existence of numerous spherical granules 
in the film of oxide Since the oxide layer is undoubtedly porous, it would be 
quite conceivable that the colours might depend on the size of the granules, 
possibly in the same way as the colour of colloids. It is noteworthy that 
Schaum and Langf have prepared a complete series of silver sols containing 
particles of different size, with the colour varying from mange, through red, 
purple, blue-violet to green as the particle-size increases, in close agreement 
with the accepted theory of colloidal colours But the two facts which 
Hinahelwood has adduced m support of his view are quite consistent with 
the view that the colours are merely due to interference, caused by a thin 
oxide film surrounding each of the granules These facts are.— 

(1) The colours are seen to grow brighter as the chemical activity increases, 
that is, as the oxide presents a larger surface area But dearly, as the layer 
of oxide granules becomes thicker, the rays entering the porous layer will 
suffer more internal reflection, and hence the colour will be brighter 

(2) The ratio of oxygen to copper in the granular film is constant for a given 
colour, even when different thicknesses of the granular film are examined. 
This is necessanly the case if the coloure depend on the thickness of the 
oxide layer on each particle, as the interference view supposes The ratio 
cannot be altered by the total number of particles, i e., by the total thiokness 
of the granular film. 

Therefore, whilst further work on this matter might be advantageous, 
there is at present no reason to think that the colours of Hinshelwood’s porous 
films are other than interference effects 


Summary. 

An experimental examination has been made of the objections raised by 
Mallock and by Raman to the generally accepted view that the colours of thin 
films of oxide, sulphide and iodide on metals are interference effects. Mallock 
has objected to the interference theory on the grounds that he had failed to 
alter the ooloure of tempered iron by polishing the metal, it has now been 
shown that the odours can be changed when the thickness of the film is 
uniformly reduced by oathodic treatment in dilute hydrochloric acid. Raman 
* C. N. Hinahelwood,* Roy Soo. Fno,’ A, voL 102, p. 318 (1822). 
t K. Schaum and H Lug, < KolL Zattooh.,’ voL 28, p. 24* (1021). 

VOL. CVU. —A 8 
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has proposed that the colours are due to a granular structure; bat it has 
been shown that the colours on molten lead can be obtained as easily when the 
oxide film is molten as when it is solid, and thus the “ granular theory ” fails. 
The oxide films have been lifted off molten lead, and examined, supported on 
glass; the colours by transmitted light are complementary to those by 
reflected light, as is to be expected on the interference view. 

Tammann and Roster were therefore justified m using the pnnoiple of 
interference to follow the velocity of the growth of films, but certain figures 
published by them suggest that the principle may hove been applied incorrectly, 
and until this matter is cleared up their equations must be accepted with 
reserve. 

I would like to thank Col C T Heycock, F R S, and Mr A Wood for 
much helpful advice and encouragement 

Addendum 

[Added December 17, 1924—Since this paper was actually printed, two 
other papers on the same subject have appeared C W Mason (* J. Phys. 
Chem,’ vol. 28, p 1233 (1924)), after criticising Mallock’s procedure, states that 
he has obtained colour-transformations of oxidised steel by means of very 
dilute nitnc acid—the blue changing to reddish-purple, and finally to straw 
yellow He discusses the views of Hinshelwood and Raman, and reaches 
the conclusion that the colours represent an interference-effect The present 
writer is in substantial agreement with Mason’s views. 

R. C Gale (‘ J Soc Chem Ind ,’ vol 43, p 349T (1924)) has succeeded in 
obtaining the alteration of blue to purple and yellow by means of polishing— 
the method actually tried, without success, by Mallock Gale has also 
endeavoured to estimate the thickness of the film by means of the weight- 
increment , he states that the thickness of the film on heated iron increases, 
as the colour changes from yellow through purple to blue, but that (although 
the order of the thickness is what would be needed to produce interference) 
the ratio of the thicknesses corresponding to the vanous tints is not in accordance 
with the simple interference view It must, however, be remembered that 
Stead (‘ J. Iron and Steel Instvol 103, p 271 (1921)) showed that the first 
effect of oxygen on heated iron is to give a solid solution, and it is only when 
the oxygen-concentration reaches a certain value that oxide will appear as a 
separate phase. Any sample of iron which has been heated in an will oontain 
oxygen below the surface (mainly on the grain-boundaries) in solid solution, and 



287 


Quantum Dynamic* qf Degenerate Systems. 

thus the weight-increment method cannot be expected to give a very accurate 
measure of the thickness of the film of oxide. 

The work of Chuckerbutti (‘Proc Indian Assoc Cult Set ,* vol 7, p. 75 (1923)) 
is vitiated by the same error 

Prof. T Turner has lately informed me that m the course of a research by 
F B Jenkins, earned out at Birmingham m 1920, it was shown possible to 
alter the colour of blued steel to purple and yellow by means of very dilute 
sulphuno acid Unfortunately Jenkins's work was never published 

It would appear, therefore, that the reversed colour-changes, the existence 
of which Mallock regarded as essential to the interference-view, have been 
demonstrated independently by four different workers using four different 
methods ] 


On the Quantum Dynamics of Degenerate Systems 
By A. M Moshaubapa, D Sc., Ph.D. 

(Communicated by Prof 0 W Richardson, F R S —Received November 4,1924 ) 

51. It is well known that if 

F* — rnK *==1,2,.. (1) 

be a set of quantum conditions applicable to a class of dynamical systems, then 
F< must satisfy the definite condition 

0F*/3o = 0, (2) 

where a is a parameter, such as an external field, etc, which is allowed to 
undergo a slow non-systematic variation In other words, F< must be an 
" adiabatic invariant ” of the class of systems Burgers* has shown, on the 
basis of Newtonian dynamics, that 

I* - 

fulfils this condition m the case of a conditionally periodic system of several 
degrees of freedom where q t , p t are separable Hamiltonian co-ordinates, 
provided the system be non-degmerate, t.e , provided no relation of the form 

Sa/v* = 0 

* J M Bergen , 4 Ann. d. Phys.,’ voL 52, p. 196 (1917). 

S 2 


(3) 
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exist between the frequencies v‘, where is an integer, positive or negative. 
In the case of a system of charged particles, W. Wilson* has shown that on the 
basis of the general theory of relativity, p< should be replaced by wt, where 

=* Pi +®A> (4) 

e being the charge on the particle involved and A the generalised magnetic 
vector potential. Thus the application of the quantum conditions in the form 

( 6 ) 

where n< is a positive integer (including zero) and the integration is extended 
from qi = minimum to q x = maximum and back to = minimum, can only 
be said to have been justified in the case of non-degenerate systems 
§2 If now we consider a degenerate configuration, we no longer find that 
each of the phase-integrals J 1# J s , , is, in general, an adiabatic invariant 
If, however, a “ cyclic ” co-ordinate q $ exist, such that the corresponding 
momentum co-ordinate tt, is independent of the variable parameter a, then the 
phase-integral 

j.=(®) 

will dearly be independent of a, t.e., will be an adiabatic invariant. For such 
co-ordinates we may still write 

J, = nji, (7) 

where », is a positive integer. An example of such a cyclic co-ordinate is the 
azimuthal angle <{/ about the direction of the external fidd in the case of the 
hydrogen atom Further, it has been ahownf that certain linear combinations 
of J lt J t , . , are adiabatic invariants for degenerate systems. These are 
given by 

Yj = Sr/Jf, (8) 

where r/ is an integer, positive or negative, such that 

2« t V =* 0 (9) 

and is defined by (S) above. It is natural, therefore, to postulate that the 
quantum conditions for degenerate systems assume the form 

Yj "■ *T/A, J as 1,2, .. (10) 

* W. Wilson,' Roy Soc. Froo.,’ A, vol 102, p, 478 (1922). 

t ' Akad. van Wetensch. Amsterdam, Sits.’ v. 30, De* 1916, note, however, that we 
replace the co-ordinate jh by the corresponding w ( . 
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where t, is an integer, positive or negative, together with the general conditions 
(7) which apply to cyclic co-ordinates whether the system he degenerate or 
otherwise. 

§3 The application of the postulates of the previous section to a specified 
problem may be illustrated by an example Taking the case of a hydrogen 
atom [mass of electron . m„, charges on electron and nucleus (— e) and E 
respectively] in the presence of an external electric field F and referring the 
system to parabolic co-ordinates (£, ij, iji) with the origin in the nucleus and the 
axis of <]> m the direction of F, so that 

9i = £ 9»— vj, 9s “ +» (** 1) 


we arrive at the well-known expression for the energy 


where both the relativity refinement and higher powers of F are neglected 
We calculate the frequencies from the formula 

v* = 3W/3J, (11) 


giving. 




(2weE) a mg 

(Ji + J* + Js)* 




V® = 


(2?teE)* m n_ 3F 

(Jj -)- Jg -)- J 3 )® S^WIgE 

(2toE) 2 wt u , 3F 
(J| -j- Jj -j- J$)® 8rt*WlgE 


(2J,+ J,) > 
(Ji-Js) 


(3 3) 


so that 

v 1 4 - v 2 2v® sat 0 (3 4) 


This last equation corresponds to (3) above and the system is thus seen to 
possess a one-fold degeneracy In order to find a set of equations corresponding 
to (8) we have from (9) 

f 1 + »■* — 2f* 0 (36) 

giving the two independent solutions 

1 

1. f, 1 —+ 1, f,* —0 

whence we have the two independent invariants 

Yj« -f Jj + J3 "1 

Y.-J.-J* J 
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The hypothesis (10) now leads to the quantum conditions 

+ + = 

J 

and, farther, as J lt J,, J, are defined in such a way as to be all positive, we see 
that Tj must remain a positive integer whilst t 8 may be either a positive or a 
negative integer. The co-ordinate t|i being cyclic we, moreover, have from (7) 

J 3 — nji (3 0) 

where ng is a positive integer subject to the condition 

Mj > Tp (3.10) 


We see from (3.2) and (3 8 ) that the energy expression involves no other 
functions of J v J t , J a than the two adiabatic invariants Y t , Y, Thus, in 
calculating the frequencies of the light equtted, we need only consider the 
two quantum conditions (3 8 ) The polarisation and intensities of the various 
components, on the other hand, are governed by the azimuthal condition (3 9) 
which refers to the direction of the external field Thus, following Sommer- 
feld* we exclude the value 0 from the possible values for J s , since it involves a 
collision of the electron with the nucleus This leads to the restriction on x t 

Nl <Tp (311) 


In order to compare the results of our theory with the already existing 
Epstem-Sommerfeld theory, we have, on solving (3 8 ) and (3 9) for J lt J„ J 8 . 


Ji = ( Tl —n„— t,)A/2 ' 

= (tj— »s + t,)A/2 > 

Jg — Sji . 

This is equivalent to 

Jj ■ Sji ' 

J g — Ugh * 

J g = nji « 


(3.12) 


(3 13) 


where and n a (but not ng) may simultaneously assume half-integral values. 
Thus if we consider the “ ground orbit ” of the Balmer senes we have in 
addition to the whole-number values * 


(«i, »,) « (0,1); (1, 0) 

the fractional value 

K. i) 


* * Atomio Structure and Spectral Line*,' English Translation, p. 238 (1023). 



Quantum Dynamics of Degenerate Systems. 24T 

and for the H 8 orbit («! + »»» + «» =* 4) we must also permit the fractional 
V&luGS * 

(«i> »*) or (« 8 , »,) = (i, 2J), (li 1J), (i, 1J), ($, t) 

and so forth 

In a previous paper* the adoption of such half-integral values has been 
suggested on other grounds and has been shown to account successfully for 
exactly those observed components of H* which have not been explained on 
the Epstem-Sommerfeld theory 

§4 In the foregoing section we have neglected the relativity refinement 
since no system of co-ordinates has hitherto been discovered m which the 
variables are separable on relativistic dynamics It is, however, noteworthy 
that in the case of orbits which would be circular m the absence of the 
external field the variables actually allow themselves to be separated if we 
neglect products of F and l/c* where c is the velocity of light For such 
orbits we have the relation 

?i* + ?**=2r 

= constant + terms in F 

where r is the distance of the electron from the nucleus. The relativistic 
Hamiltonian equation, which may be put m the form 

Pi + P» + (~i + Pi = 2»«oW (fc* + qf) — me F (qf — q t *) 

+ 4m 0 cE +|{W + eE/r -eF ( ?1 a - y.*)/2}* (4 2) 

is seen to allow of separation of the variables if we neglect products of F and 
1/c* and thus write for the last term in view of (4*1) 

2r 0 (W 0 + eE/r 0 )V. 

where r„ and W 0 are calculated in the absence of the field 

r o - (Ji + J. + Js)V(2t:) 4 «*E \ 

W 0 --(2«E)*w # /2(J 1 + Ja + J»)* J ' 

This is seen to be equivalent to replacing eE by 

«E{l + r 0 (W 8 + eE/r # )*/2sEV} 

- eE {1 + (2*eB)Ve<f (Ji + J, +J,)*} (4.4) 



* 1 Roy. Boo. Prac.,’ A, vol. 106, p. 641 (1024). 
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On using this result in the formula for the energy we have the relativistic 
expression for this class of orbits 


w=— ( 2wE ) >m » 

2 (Jj + J« + J») 


5^d.-JJ(»,+J.+W 

(27wE)*«Wb 
8e*(Ji + J, + J,)‘ 


(4 5) 


and on applying the formula (11) above, we ogam have the relation (3 4) 
between the frequencies. Now, for this class of orbits it has been shown in 
a previous paper* that 

Jj~ Jj = 0 (4.6) 

It follows that of the fractional values which our non-relativistio anal ysis 
allows for the quantum numbers n v n t , those for which 

n 4 — »! = 0 (4.7) 

are also permissible on relativistic dynamics Hence, the adoption of a™* 
sets of values as (n v »,) = ($, $) or (1£, 1|) may be claimed to have been 
fully justified on theoretical grounds The success attained by adopting such 
values m accounting for experimental results has already been pointed out 
in the paper quoted above 


§ 5. As a further illustration of the application of the quantum condit io n s (10) 
and (7) to degenerate systems, we consider the case of the harmonm oscillator 
taken by Sommerfeldf as an example First, we consider a particle (mass = m^) 
acted on by forces (— kjX v — lc^c it — kjc a ) in the directions of three mutually 
perpendicular axes The energy W, on neglecting the relativity refinement, 

is given by _ 

W - S V*,/m 0 J t /2rc, (6.1) 

where 

J. ■» | V OK — mJCiXi* dgn (5.2) 


and «],«!,«, are constants subject to the condition 

S«(= 


( 6 . 8 ) 


If Iq, £», ij are all different, the system is non-degenerate and the phase- 
integrals Jj, Jj, Jj are adiabatic invariants, thus setting 

J < = ^ (5.4) 

Where n ( is a positive integer, we obtain 

W — 2 W m o nfil2n 

* A. M. Mosharrafa, toe. cit, p 046. 
t Loc. e#«, p, 559. 


(55) 
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Next, we consider a degenerate case of the problem by potting 

ki^kt — k (say). 

(5 1) and (5 2) now assume the forms 

w - (j x + J,) + J, 


jj — <f*x 

J a = J* V#| — mjcxt 

J 8 = ^V^ — n^ktz^dxt 


(51 A) 


(52 A) 


the frequencies as given by the formula 

v‘ = 3W/0J, 

conform to the relation 

v 1 — v* = 0, 


whence we have for (9) 


r 1 — r* = 0 


and thus the adiabatic invariant corresponding to (10) is 

Y^Jx + J, 


Thus we have 


J i -f* J | — xh 
J$ = 


the last condition being clearly independent of the degenerate nature of the 
Bystem The expression for the energy is therefore 


W = xh + n t h. 


1(5 5 A) 


We now refer the same degenerate system to cylindrical co-ordinates (r, 0, *,), 
this gives ____ ___ 

W — (2J f + J»)V k/mfin + Vhs/**# J 8 /27c (61 B) 

where 


J, = j Vt* — — a'/r*] dr, 

J»=* j V*' dd, 

J,-{ V*» — dz%. 


(5.2 B) 
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and the integration extends in each case, as throughout this paper, from the 
minimum value to the mftriwmm value and back again to the minimum value 
of the independent variable involved, oc, ot', ocg are constants subject to the 
condition 

oc "f“ 0 C 3 — 2wi()W. (5 3 B) 

The relation between the frequencies is now 

v l — 2 v s = 0 , 

so that 

r 1 — 2 r* = 0 

and the quantum conditions are 

2 J r -f- 3$ — t f h 
J3 = nji ► 

J* =» n*A 

the last condition being in consequence of the hypothesis 
co-ordinates The energy is given by 

2tt 2 n 

We see that the two results (5 5 A) and (5.5 B) are in complete accord. they 
yield an identical set of values for the energy In particular, we emphasise 
that no discordant results concerning the mbits are yielded Thus one of the 
outstanding difficulties of the application of the quantum conditions to 
dynamical systems is removed 

We remark that the set of conditions (5 9 B) give for J r half-integral multiples 
of h Had we, on the other hand, integrated J r over the complete penod of the 
motion in the r — 0 plane, namely, over twice the penod of lihration of r, we 
should have replaced (2 J t ) by (J r ) m the expression for the energy (51 B). 
This, m turn, would have involved the same substitution in (5 9 B) and thus 
left the final expression for the energy (5 5 B) unaltered. In fact, the limits of 
integration for such non-cydio co-ordinates as r in the evaluation of the phase- 
integrals can in no way affect the final expression for the energy on our theory. 
This is especially significant in consideration of the arbitrary nature that 
integration limits must possess for such co-ordinates in the case of degenerate 
systems 

§6. Consider an /-fold degenerate system with n degrees of freedom and let m 
of these correspond to oyclic co-ordinates. For such a system there will be 


(5 7 B) 
(5 8 B) 

(5 9 B) 
( 10 ) for cyclic 
(5 5 B) 
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f relations of the type (3), involving the » frequencies* v l , v*, v* 
Consequently there will be/ equations of the type (9) involving the »integers 
f 1 , ♦*, ..., r". These will possess (n —/) independent solutions and we 
shall have the (» — /) quantum conditions. 

Y| — r l ^ 1 + •• 4* I’i'Jn — tfi ' 

Yj= fa^j + r^J 2 + 4“ f a"J« — y (g j) 

Y„_/ = 4- 4 4- »V/J* = **-ih - 


together with the m cyclic conditions 

J ^ — 8yh | J 2 IjA j 1 Ifl * 

If now we substitute from (6 2) in (6 1) we obtain 



+ 4* 

r t=m 1 

55* 

II 

O 



l {^1 J 


(6+ It I W + 8 t 1 

r % Jm+IT-Pj J mf2-T 

+ + \ 

<=m -) 

S W—Ta f 

an 

II 

0 

• 


1 J 


C lj «+i+C‘ J «<*+ 

+ r »-z J »+i 

r f . 

0 

II 

s’ 

i 


In the case where 


m=/, 

it will be possible to solve for the J’s, obtaining 


( 6 . 2 ) 


(6 3) 


(6 4) 


Jm+i = Jas], 2, . , M — TO. (6 5) 

"m+i 

.where * m+ < involves the arbitrary integers and t<, <r m+J w a function of 
the fixed integers r” +t atone and is therefore a fixed integer 

It will be observed that the example considered in §4 fulfils the condition (6 4) 
There the fixed integer a m+ i assumed the value 2 for each of the two non* 
cyclic oo-ordinateB involved If, on the other hand, 

m<f 

then it is no longer possible to assign values to each of the non-cyclie phase- 
integrals separately, but only to their lineal combinations Y lt Y g , Y„_/ 
It is these lineal combinations, as we have seen, which function in the expres¬ 
sion for the energy 

* If soy of the frequencies ace not involved at ell, then the corresponding oo-ordinateB 
ate clearly independent of the degenerate nature of the system and the oorreeponding 
de g rees of freedom may be left out of the discussion , ef the oo-ordinete *, in |0. 
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§7. The analysis of the preceding sections strongly suggests that the origin 
of the fractional numbers defining phase-integrals is to be looked for in the 
mechanism of degenerate systems Thus the denominators of the fractions 
involved are derived m certain cases as functions of the whole numbers governing 
the relations between the frequencies It is, moreover, to be remarked that 
as the mechanical system becomes less and less degenerate these whole-numbers 
[r/ of equation (9), §1] become larger The whole-numbers Tj, t 2 , etc , of the 
conditions (10) must therefore be assumed to increase in magnitude accordingly, 
if the phase-integrals are to remain finite The quantum conditions for non- 
degenerate systems may therefore be looked upon as limiting forms of those for 
degenerate ones, where the quantum numbers t 1} t 2 , increase in such a way 
that the right-hand side of (6 5) becomes an integral multiple of h This 
transition from degenerate to non-degenerate Bystems does not, however, corre¬ 
spond on the classical side to a transition from the adiabatic invariants Yj to 
the phase-integrals J* It is more of the nature of a sudden occurrence than 
a gradually approached limit 


(1) A set of quantum restrictions is suggested for degenerate conditionally 
periodic systems, in the form 

Y, = t, A 

where Y* is a specified “ adiabatic invariant.” 

(2) The conditions are applied to the case of the hydrogen atom m the 
presence of an external electric field and are shown to lead to the adoption of 
“ half-integral orbits ” m the Stark effect already suggested by the present 
writer on other grounds 

(3) A further example of the application of the conditions is disoussed. It 
is shown that they lead to completely consistent results In particular, no 
discordant results concerning the orbits are yielded 

(4) The relation of the hypothesis to the general question of famtiAiyd 
quantum numbers is pointed out It is suggested that the origin of these 
fractions is td be sought m the mechanism of degenerate systems. 
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On the Effect of Temperature on the Anomalous Reflection 

of Silver 

By M. de Sj6uncoubt, Soholar of Brasenose College, Oxford 
(Communicated by Prof F A Lmdemann, FBS —Received November 7,1924.) 

It has long been known that the reflection coefficient of silver, besides 
diminishing steadily in the ultra-violet, shows a marked anomaly m the 

a 

neighbourhood of wave-length 3,200 A, sinking to a value of nearly aero, while 
on either side of this point it amounts to about 50 per cent The cause of 
this phenomenon is unknown, though from the classical electro-magnetic 
point of view it would naturally be regarded as some land of “ resonance ” 
effect, that is to say, that the “ free ” electrons cannot, for some reason, 
vibrate with frequencies corresponding to this region, for the “ bound ” 
electrons, though they could, if they were in resonance with frequency, increase 
the total reflection, could hardly decrease it, as actually occurs. 

If this is so, and if the restoring force on the vibrating electrons vanes with 
the distance between them and the neighbouring atoms and electrons, it may 
be expected that the limiting frequency on either side of this band will vary 
as the metal contracts or expands A change in the temperature of the silver 
should then produce a corresponding shift in the position of the band of weak 
reflection, and measurement of the amount of this shift may afford some 
due to the nature and magnitude of the forces which act upon the “ free ” 
electrons 

Lowering the temperature, which causes the metal to contract and so brings 
the atoms closer together, would tend to increase the force, if any ordinary 
law of force holds, and consequently to increase the proper frequency of the 
“ resonance ”, for if the effect is due to some euoh cause the frequency will 
be proportional to the square root of the restoring force The band will 
thus be shifted towards the shorter wave-lengths as the silver is cooled, while 
heating will obviously produce the opposite result • 

The experimental method consisted in (a) photographing the continuous 
spectrum of a tungsten filament lamp, after causing the light to suffer 
reflection on its way to the spectrograph by a silver surface whose tempera¬ 
ture could be varied, and (b) measuring the blackening of the photographic 
plate thus obtained photo-eleotnoally 

The source of light used was a filament lamp fitted with a quarts window, 
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this was ground and sealed with sealing-wax on to the end of a side-tube, so 
that the wax should not be melted by the heat of the filament. 

The silver was a solid plate 1| inches in diameter and 1 mm. in thickness, 
ground flat, and brought by hand to as high a polish as posable. It was 
suspended from a flat horizontal iron bar by means of three iron rods 12 inches 
in length, and was surrounded by an air-tight cylinder, the lower half of which 
was made of copper and the upper half of iron, these metals being chosen for 
their respective heat conductivities The cylinder was supported by its lid, 
which had a quartz window to admit the light, inlet and outlet tubes for gas, 
and a passage for a thermo-element, and was bolted to the iron rods 

A parallel beam of light from the source travelled along the large iron bar 
and was deflected on to the silver and back into its original direction by quartz 
prisms placed over holes in the bar It was finally condensed on to the slit 
of a large quartz spectrograph 

Owing to the far greater intensity in the visible, compared to the ultra¬ 
violet, part of the spectrum, the plate was badly fogged by scattered visible 
light, when the exposure was sufficient to give the desired amount of 
blackening in the ultra-violet A silica tube containing bromine vapour was 
therefore placed in the path of the light This absorbed all the visible light 
(with the exception of a small quantity m the red) but was transparent to the 
ultra-violet. 

The wave-length of the point of minimum reflection was ascertained from a 
comparison spectrum of copper, placed alongside of the continuous spectrum 
already mentioned It should be noticed that as the absolute coefficient of 
reflection was not determined, the apparent position of the band was shifted 
slightly as a result of the steady diminution of blackening with decreasing wave¬ 
length. The discrepancy in the absolute value of the frequency is about 
4 per cent, but as the present experiment is concerned only with venations 
in the position and width of the band this slight general shift is 
unimportant 

In the first photographs, taken at room temperature,» e, at 16° C, the band 
was found to*vary in dearness on different plates The cause of this variation 
was not actually discovered, but it appeared to be connected with the pohahing, 
as later, when greater attention was devoted to this, a reasonable constancy 
was attained. It was suggested that a polish containing mercury had accident¬ 
ally been used, but this did not seem a bkely explanation ; possibly the con¬ 
tinued friction interfered in some way with the lattice arrangement which 
presumably exists, as after, heating the silver the band waa usually restored 
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to its former clearness This, again, indicates that it is the lattice formed by 
the “free” electrons with which we are concerned, as the bound electrons 
would scarcely be affected by heating As soon as good constancy had been 
secured the cylinder was immersed m a bath of liquid air, or solid carbon 
dioxide in alcohol, and photographs were taken with the silver plate at 
- 183° C and - 79° C 

The temperature was measured with a thermo-element, and dry hydrogen 
was passed through the oyhnder to prevent the condensation of moisture inside 
as the temperature fell A difficulty was encountered working with these 
temperatures, as moisture condensed and froze on the outside of the quartz 
window, blocking the passage of the light At first an arrangement was made 
for a stream of warm dry air to keep blowing on to the outside of the window 
This kept a good part of the window dry, but it was troublesome in many ways, 
and it was ultimately found best to keep the window moist with methylated 
spirit, whioh showed no inclination to freeze and was apparently transparent to 
light of all wave-lengths in the region m question All the photographs showed 
that on lowering the temperature the band was shifted towards the shorter 
wave-lengths Further, the band was at the same time rendered sharper 
and narrower 

A further set of photographs was then taken with the silver plate heated, 
by means of a bunsen flame, to a temperature of about 150° C In these the 
band became so broad that the position of the minimum was scarcely 
measurable and it seemed useless to proceed to any higher temperatures 
The shape of the band for each particular temperature was determined 
photo-electncally 

The photo-electnc cell employed for this purpose was enclosed in a wooden 
box and the light admitted to it through a slit in the top Over this slit the 
plate was held by a earner, with slow motion in two directions at right-angles 
to each other The current was measured with an electrometer and the gnd 
of the cell was earthed through a xylene-alcohol leak As it was principally 
tbe position of the minimum which was of interest, no calibration of the 
instrument was undertaken, the deflection of the electrometer bong assumed 
to be proportional to the quantity of light entering the cell. 

The measurements of wave-length were always made from the same definite 
line in the comparison spectrum, and the blackening of the plate was first 
plotted against the scale divisions of the plate earner. These were subse¬ 
quently transformed to wave-lengths by passing the copper spectrum over the 
slit (starting, of course, from the same line as before) 
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Fig. 1 shows the curves thus obtained for the four different temperatures. 



From these the points of minimum reflection are found to be as follows *— 


Temp. 

Wave length 

•c 

A 

-188 

3217 

- 78 

3297 

16 

8236 

160 

3247 


If the cause of this effect is some kind of resonance the restoring force will 
be proportional to the square of the frequency, on the other hand, the m ea n 
distance between the points of the space lattice, e.g , the centres of the •fe w, is 
proportional to the reciprocal of the cube root of the density. 

That a relation exists between these quantities is shown by the following 
table.— 
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Temp 


Ai^/p 8 os* AF/F 

p" 1 

Ap-i/p-* - Ar/r 

Ar/r 

°C 

-183 

906266 

per cent 

0 4650 



- 70 

960289 

0 6188 

0 4666 

0 1967 

3 162 

16 

964906 

1 1700 

0 4666 


3 323 

100 

948606 

1 8380 

0 4676 


3 131 


The values obtained for v 2 are plotted against r, the mean distances between 
atoms, in fig 2, and as is evident from the constancy of column 6 they lie 



Approximately on a straight line, this, of course, is to be expected, as the 
variation in the distance is only a small fraction of the total 

The ratio of the percentage change of these quantities {% e , — , where 

F/ r 

F is the restoring force and e the mean distance between these ato m s), is found 
by graphical interpolation to be 3* 16 

This result can be well explained by assuming that the “ free ” electrons form 
a lattice interpenetrating the atomic lattice, the electron lattice would neces¬ 
sarily contract with the atomic lattice, and the mean distances between the 
electrons would, therefore, be proportional to, and of the same order of magni¬ 
tude as, the mean distances between the atoms. If the forces between electrons 
vol. cvn •—a. x 
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are subject to the inverse-square law, then the force acting on an electron from 

either side may be represented by "Z— If the electron is displaced by a small 

r 

amount A r the resulting force on it is 

r n 2 r w 8 2 r n 4 

Neglecting Ar 8 and higher orders, we have the restoring force proportional to 

S^Ar, if only the neighbouring particles are effective, as is usually 

assumed, therefore, the restoring force will be proportional to the inverse cube 
of the distance between the atoms This theoretical value is plotted in fig 2 
as a contrast to the experimental value 3 16 Though the two are evidently 
distinct, the discrepancy is so small that it might well be due to a residual 
effect from the other ions 

Thus, though it gives no reason for the existence of a region where electrons 
cannot vibrate, the idea of an electron lattice enables us to predict a temperature 
shift of the observed order of magnitude, if we make the assumption that the 
distances between the oscillating electrons and the particles which are holding 
them in position vary as the distances between the atoms themselves when the 
whole solid expands or contracts 

This derivation, of course, implies that the restoring force is due onh. or 
mainly, to the neighbouring free electrons, which arc assumed to form a lattice 
interleaved with the atomic lattice Why the positive ions are to be left out 
of account is not very clear, but if free electrons exist at all some such assumption 
seems inevitable 

If, however, the electrons form a lattice m which they are controlled solely 
by an inverse square law of force between themselves, we should then expect 
the mean amplitude of vibration to be independent of the temperature, for 
though the electron lattice must contract with the atomic lattice the “ free ” 
electrons cannot be regarded as attached to the atoms, while the atoms vibrate 
with amplitudes depending on the total heat energy, the electrons should, 
therefore, vibrate with constant amplitude over all temperatures, for their 
frequency of oscillation is too great to admit of their partaking of the heat 
motion of the atoms 

The breadth of the band should therefore be constant, as it depends upon the 
mean amplitude of vibration. For if the amplitude is zero the restoring force is 
constant for all electrons, whereas if the amplitude has a finite value the restoring 
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force on an electron, and consequently its frequency, vanes according as it is 
nearer or further from its neighbours than in the mean position 
As we haye seen, expenment showB that the breadth does vary with the 
temperature, further, it appears to agree with the supposition that the 
particles controlling the electrons have an amplitude of oscillation of 
the same order as the atom For if we calculate their mean amplitude 

from the formula inv \/— (where v = 4 5 X 10 1 *, l — 1 346 x 10 -1 *, 
v m 

wi=l 782 X 10' ai ) and assume that the restoring force vanes with the power 
3 16 of the distance, as was found above from the shift of the band, we have 
for the maximum and minimum wave-lengths of resonance — 


Temp 

Maximum 

Minimum 

# C 

• 

A. 

A 

- 181 

3,160 

3110 

- 7ft 

3429 

3056 

10 

3482 

3037 

150 

3553 

3009 


According to this the width of the bands at these temperatures should be 
m the ratio 1 1 452 1 735 2 12 Since in this rough calculation the 
maximum and minimum wave-lengths are obtained when the neighbouring 
particles are at their maximum and minimum amplitudes, they may be regarded 
as somewhat improbable limits, and in effect the resonance band observed 
covers a range of wave-length only about half that predicted above, this, 
however, does not affect the values of the ratios of the widths 
Near the limitB of possible resonance the curve scarcely differs from that 
corresponding to the direct beam, so that it would be extremely difficult to 
estimate the width of the band at this point, the depth of the curve also 
depends on many factors other than the resonance of silver (e g , the exposure 
of the plate, development, etc), so that the width of the curve at adjacent 
points would be meaningless The width was, therefore, measured at some 
definite fraction of the depth of the curve 
The curve was drawn as it would probably have run had there been no 
resonanoe, but merely the diminishing reflecting power m the ultra-violet 
A vertical line was then drawn up to meet it .from the muumum point, the 
width of the curves of weak reflection was then measured (in arbitrary unite.) 
at points 1/3, 1/2 and 2/3 of the way along this line The same was done for 
all except the highest-temperature curve, which was too vague to allow of 

T 2 
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any estimate being made The mean ratio found in these measurement* for 
the widths of the band at - 183° C . - 79° C 16° C is 1 00 1*43.: 1*90, 

and is thus not far removed from the theoretical value 1 00 1 452 1 735 

The magnitude of this effect is thus of the same order as would be expected 
if (a) the electrons moved m sympathy with the heat vibration of the atoms, 
or (5) they were controlled by the atoms themselves, though this latter view is 
scarcely tenable m view of the fact that the ions must carry a residual + charge, 
which cannot well be imagined to repel an electron If the free electrons 
were controlled by the repulsion of the electrons revolving round the atoms 
they might well be affected by the atomic oscillations, so that a nse m tem¬ 
perature would produce a broadening of the band But these start much 
nearer to the “ free ” electrons, so that a change of 1 per cent in the inter¬ 
atomic distances would mean change of at least 10 per cent in the distance 
over which the force acted, and the observed values of both the shift and the 
broadening would m this case be too small 

If, therefore, we endeavour to treat the problem from the classical point of 
view, we are led back to our original view of the electronic lattice , but why 
the electron should vibrate with amplitudes similar to those of the atom is 
not yet apparent Probably here, again, a radical restatement m terms of 
the quantum theory will have to be undertaken 

In conclusion I must express my deep gratitude to Prof Lmdemann for 
the original suggestion of the experiment, and both to him and to Mr I 0 
Griffith for the continual help and advice which have enabled it to be carried 
out 
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The Catalytic Activity of Copper. Part V.—The Comparison of 
the Rates of Dehydrogenation of Various Alcohols . 

By W. 0 Pauses, Fellow of St John's College, Cambridge, and F. H 
Constable, Strathcona Research Student, St John’s College, Cambridge 

(Commuuoated by Sir William Pope, F R 8 —Received November 1, 1924.) 

The study of the dehydrogenation velocity, and the temperature coefficient 
of the dehydrogenation velooity for various alcohols should give valuable 
information on the mechanism of the catalytic decomposition 
T« eliminate possible errors due to continued gram growth in the catalyst 
the reaction velocities for all the alcohols used were compared with that of 
ethyl alcohol These measurements showed that the activity of the catalyst 
at a constant temperature of reduction slowly decreased, as would be expected 
from the results of Part IV * This decrease does not affect the accuracy of 
the comparison since the gram growth is Blow, and therefore the change in 
activity between an experiment with a selected alcohol, and another with 
ethyl alcohol is negligible The ethyl alcohol behaved in a manner which was 
well known from the previous experiments, and moreover, since it could be 
obtained very pure, it afforded an excellent standard of reference 

The Purification of the Alcohols 

Great care was taken to ensure the punty of the alcohols used They were 
dried with lime, often twice, and then subjected to continued fractional dis¬ 
tillation through a Dufton column till they boiled over a range of not more 
than 0 1° C The apparatus was arranged to prevent the absorption of water 
vapour With normal propyl, normal butyl, and one sample of iso-propyl 
alcohol, this process resulted in a product which was free from catalyst poisons 
as shown by the overlapping of the heating and cooling curves But m the 
case of another sample of iso-propyl alcohol, and with iso-butyl and iso-amyl 
alcohols, though the boiling points were constant to 0 1° C, and the values so 
obtained agreed with the published values for the pure substances, rapid 
poisoning of the catalyst occurred. In the case of iso-amyl alcohol the velocity 
became negligibly small in 40 minutes Smoe the poison cannot be removed 
by repeated fractionation, these alcohols provide an excellent opportunity 
for investigating the mechanism of poisoning with a constant pressure 
* * Roy. Boo. Proo.,’ A, vol 106, p. 250 (1924) 
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» 

oi poison, the composition of the alcohol mixture being unchanged by 
distillation. 

In the case of iso-propyl alcohol complete purification could be effected 
with the aid of liquid air.* The alcohol was slowly cooled m a test-tube above 
the liquid air As the temperature fell the liquid became more and more 
viscous The bottom of the tube was left in contact with the liquid air surface 
for a short time, and the liquid was stirred with a glass rod, and then the tnbe 
was scratched at the bottom This procedure caused crystalline nuclei to 
form on the glass The contents of the tube were continuously stirred and very 
slowly cooled, causing the separation of the pure crystalline solid at the bottom 
of the tube The process was continued till three-quarters of the liquid had 
crystallised The tube was then placed m a clear glass Dewar vacuum flask 
and allowed to warm up slowly till half the alcohol was left crystalline The 
mother liquor was sucked off, by means of a pump, through a linen filter 
spread oveT the end of a capillary tube The crystals were pressed against the 
linen filter to free them from as much liquid as possible The alcohol obtained 
from the melted crystals did jiot poison the catalyst The boiling point was 
unchanged 


Table 1 - Physical Constants of Alcohols used in Final Comparisons 


Alcohols * 

l 

i 

Density D„" j 

Boiling Point at 
760mm (cost) 

Boiling Point for pure 
substance * 

] 

Primary— 


°C 


Ethyl 

0 8061 

78 3 

78 3 

5a* 

Iso butyl 

0 8174 

97 4-07 6 

07 4 

0 8237 

117 4-117 6 

116 8 

— 

107 7-108 0 

106 4 to 108 39 

Iso amyl 

— 

131 1-131 2 

131 

Secondary — 




Iso propyl 

Cycfohexanol 

0 8001 

82 3-82 4 

82 0to82 0 

— 

160 

160f 

C 

M-P 16 6° C 

Published M -P 16 0" 


* Taken from * Bedstem’s Handbuch,’ 
t The cydohexonol was frozen and filtered 


Exjmtmmtal Detaila. 

Difficulty was experienced in regulating the boiling current The energy 
supplied to the heating coil is used up m radiating away energy from the glass 
walls of the boiler, as well as in vaporising the liquid. All alcohols have about 
* Carrara and Coppadoro, ‘Gaczetta,’ vol 33(1), p 343. 
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the same latent heat of vaporisation, but the heat lost by radiation is greater 
the higher the boiling point Thus a larger boiling current must be used as 
the homologous senes is ascended The current cannot, however, be reduced 
once an experiment has started as this causes sucking-back of gas over the 
catalyst and subsequent poisoning, making the experiment wholly unreliable* 
A very low rate of boiling is likewise objectionable From the expenence 
gamed m using the first few alcohols, the current necessary for valorisation 
at the rate of about 20 c c an hour could easily be predicted 
Precisely the same rate of boiling was not used throughout these experiments, 
the variation being about 50 per cent It has, however, been shown (Part I)* 
that the rate of reaction is independent of the rate of boiling above a slow 
limiting rate 

Preliminary Ex}>enments 

The reaction-velocity temperature curves were drawn using the constant 
temperature of 225° C for the reduction of the copper oxide Slight impurities 
cause marked changes in the form of the heating and cooling curves The 
curve for a sample of propyl alcohol which showed a boiling range of 0 4° C 
is shown in fig 1, and is lettered EFGHIJK It was found that AB repre¬ 
sented the behaviour of aqueous propyl alcohol, and CD that of anhydrous 
alcohol The propyl alcohol, therefore, contains a small quantity of water 
The cause of this form of curve is as follows EF represents the distillation 
of the constant-boiling mixture, along FG the vapour phase contained less 
and less water as the distillation proceeded, till at and after G anhydrous 
alcohol was distilling At H poisoning commences to occur, accounting for 
the vertical portion HI At about J the alcohol film has become thick enough 
to protect the copper, the poisoning stopped, and the curve JK has the true 
temperature coefficient On further drying the heating and cooling curves 
for this alcohol overlapped, and agreed with the ethyl alcohol measurements 
LM shows the behaviour of iso-propyl alcohol containing poison From 
this curve, and a knowledge of the rate of < overmg of the surface, the curve 
m fig 2 was calculated. The curve NO shows a pure specimen of iso-propvi 
alcohol reacting through the range 220-350° V In spite of the stability of 
acetone poisoning is marked above 300° V PQ shows iso-amyl alcohol which 
poisoned the surface more rapidly than any of the other alcohols Fig 1 thus 
' shows the principal types of curves due to the promoter action of water, and 
to surface poisoning 


* 1 Boy, Soc, Free A, vol 9$, p, 13, 
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The reaotion-velocity-temperature curves were obtained for the alcohols 
la order of their ascending boiling points. One of the chief difficulties with 



the higher alcohols was the removal of the reactant from die reaction tube 
The Fleuss pump was worked till a pressure of about 0 1 mm was obtained 
With cyclohexanol, however, the tube had to be dismantled to he cleaned 

The Retuita for Ethyl, Propyl and Butyl Alcohols. 

The results for ethyl, normal propyl and normal butyl alcohols are shown 
in fig 2 Satisfactory agreement of the same sort was obtained between ethyl 
and propyl alcohols in the previous paper, Part IV The number of oatalyst 
rods used in this comparison was decreased 0 32 tunes for the expenmenta 
of Part V The activity was diminished 0 42 times Allowing for the 
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inequalities in the copper film on individual rods, the agreement shows that 
the whole of the catalyst surface was active The results are summarised 
in Tables II and III. 
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Table II —Reaction Velocity * 


Temperature. 

1 

Ethyl Alcohol 

Propyl Alcohol. 

84 

_1 

0 258 

0 246 

210 

0 320 

0 321 

215 

0 410 

0 418 

220 

0 543 

0 531 

225 

0 686 

0 688 

230 

0 940 

0 916 

235 

1 148 

1 142 

240 

1 40 

1 38 


245 

1 72 

1 681 


200 

2 04 

2 191 


255 

2 46 

2 601 


260 1 

2 08 

3 301 


265 

1 3 64 

3 981 


270 

1 4 26 

1 

4 901 



*-*»•» —*« ! Si 

• Units c oa Hydrogen per min (at 16° C and 760 mm.) 
t Extrapolated from the observations at lower temperatures. 


Table 11 —Reaction Velocity 
[Observations of Part IV, loc. at ] 


Temp j 

Ethyl Alcohol j 

Propyl Afoohol. 

°r 



240 1 

1 52 

1 40 

245 

1 98 

1 94 

250 

1 2 55 

2 56 

256 

3 18 

3 24 

260 

! 3 93 

4 05 

265 

; 4 82 

4 95 

270 

1 0 05 

6 00 

275 

; 7 30 

7 20 

280 

1 

9 00 

8 90 
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Older of Experiment— 

1 

2 

8 

Temperature. 

Butyl Aloohol 

Ethyl Alcohol. 

Butyl Aloohol, 

°C 




205 

0 168 

0 169 

0 169* 

210 

0 243 

0 248 

0 240* 

215 


0 331 

0 306* 

220 

0 410 

0 413 

0 390 

225 

0 528 

0 513 

0 491 

230 

0 678 

0 650 

0 63) 

235 

0 848 

0 810 

0 798 

240 

1 050 

1 050 

0 908 

245 

1 270 

1 240 

1 220 

250 

1 540 

1 500 

1 480 

255 

1 880 

1 920 

1 900* 


Temperature coefficient at 200° C 


Butyl (I)=* 1 542 
Ethyl (2)« I 533 
Butyl (3)« 1 543 


* Extrapolated from exponential law 


The Comparison of the Reaction Velocity when the Alcohol contains Catalyst 

Poisons 

The curve LM in fig 1 wan corrected for the rate of covering of the anrface. 
The velocity of dehydrogenation of this sample of iso-propyl alcohol was 
measured at a constant temperature of 225° C The result obtained is shown 
in curve III, fig 3 Log 10 v plotted against the time (?) gave the straight 
line V in fig 4 The straight line VI was obtained by subtracting the ordinates 
of V from the initial ordinate of curve V obtained by producing the straight 
line to meet the axis Hence at any time (t) line VI gives the logarithm of the 
correcting factor by which the observed activity must he multiplied. By 
this means the calculated curve TU (fig 2) was obtained for iso-propyl alcohol 
Comparing this curve with the result obtained from iso-propyl alcohol which 
had been crystallized (Table IV and fig 2, RS and TU), the method is seen to 
involve an error of 30 per cent The tracking of the source of this error 
lad to the adoption of an alternative method 
There is no doubt, however, that the velocity of dehydrogenation of iso* 
propyl alcohol » much greater than that of the primary alcohols 












Logarithms of fttocttpn ifetodtte* 
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1 

Iso-Propyl Alcohol 

Temperature 

Ethyl Alcohol 

Observed 

Calculated from 
Curve LM, fig 1* 

•c 

210 

0 24 

1 06 


216 

0 34 

1 60 

2 22 

220 

0 43 

1 06 

2 34 

226 

0 61 

2 64 

3 44 

230 


3 32 

4 32 

235 

0 86 

4 24 

5*46 

240 

0 00 

6 31 

~ 


Temperature coeffiment* 280“ C { £ ^^p^eohol = 1 m 


Theory of the Poisoning of Catalysts. 

(a) Poisons in the Reactant —Since the poison could not be removed by 
fractionation the pressure of poison in the alcohol vapour is constant during 
distillation 

Let A = the area of the catalyst surface not covered by poison, 
v — the rate of reaction at the surface 

Then v = pA, (1) 

where p is a constant at constant temperature. But the surface A is continually 
being covered up by the poison from the vapour phase Since the amount of 
catalyst used in these experiments is very small, the amount of poison removed 
from the vapour is negligible The rate of covering of the surface is therefore 
proportional to the amount exposed 

Hence 

dt 

But t>= pA from (1) 

Therefore — x * v > or ~T-—kv, where k is a constant, 
at at 

t.e., logo sm — kt -f o (2) 

This type of relation was found to hold for the relatively slow poisoning due 
to impurities in the iso-propyl alcohol, and in a modified form for iso-butyl 
and mo-amyl alcohols (see figs. 3 and 4) 

(b) Poisons Produced tn the Reaction —The observations of Fart IY led to 
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the conclusion that the poisoning of the catalyst at temperatures above 280° C. 
was due to the bombarding of the bare surface of the catalyst by the reaction 
products At constant temperature, the fraction of the exposed catalyst 
surface that is not covered by adsorbed alcohol, is constant 
Let this fraction be X Then the rate of covering the surface is proportional 
to XA But the pressure of the poison is proportional to A also, and, ammining 
the rate of covering is proportional to the pressure of the poison, we obtain 

~ « A X A. Therefore ^x A* 

dt dt 

And from (1) ^ where k is constant 

dt 

Hence - *» kt + c. (3) 

v 

Owing to the assumptions made, and also to the fact that the catalyst has a 
finite length, this treatment is only approximate It does show, however, 
that the rate of decay to be expected is much less, as the tune proceeds, than 
would be the case with poisons present in the reactant, and the equation is in 
accordance with experience m the later stages of the poisoning (fig 4. curve VII, 
fig 3, curve IV) Equation (2) was tested with the impure sample of iso-propyl 
alcohol The rate of poisoning was assumed independent of the temperature 
of the surface over a range of 20°, and the values of the reaction velocity in 
fig, 1 were corrected for the covering of the surface 
The corrected curve (TU, fig 2) agrees fairly well in general character with 
the curve determined from pure crystallised iso-propyl alcohol, but the magni¬ 
tude of the activity is 30-40 per cent m error The method is only approxi¬ 
mate The sources of error were — 

(a) The assumption that the rate of poisoning is independent of the 
temperature 

(i b) The adsorbed carbon monoxide protects the surface from poison in 
the early stages of the reaction 

(c) The correction for the displaced nitrogen is somewhat uncertain 

The error due to (6) is serious, especially when the rate of poisoning is huge. 
Another method was, therefore, adopted for iso-butyl and iBO-amyl alcohol. 
This was to study the rate of poisoning at two temperatures considerably 
removed from one another 
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Theory of the Rapid Poisoning of Surfaces 

When the activity is short-lived the adsorbed carbon monoxide causes 
considerable depression of the activity, especially in the early stages of the 
reaction 

Let x be the fraction of the surface covered with carbon monoxide , then 
the rate of removal of the carbon monoxide is proportional to the amount 
present* Hence 



where a is a constant at oonstant temperature, and the larger a the larger 
the rate of removal of the adsorbed gas Therefore 

log x = — at + c 

where c is an arbitrary constant, or 

x = b e- l ( 4 ) 

and b is a constant 

Let A = the fraction of the surface uncovered by poison, but partially 
covered by carbon monoxide, then the fraction of the catalyst surface active 

-= (A -x) -= (A — ft. e a< ) 

Therefore, m before, 

Jfe (A b e-*) 
dl 


But from (1) v — uA, therefore 


dt u 


, -at\ 


( 6 ) 


The time when the experiments commenced was not the instant when the 
alcohol first passed over the catalyst, but when the distillate first appeared 
in the condenser Thus, when 

£=o. **«. 

at u 


The solution to equation (5) is 

v L. e-“ 


kb 


u [a —k) 




(«) 


where L is a constant. 

Since the rate of removal of carbon monoxide is much greater than the rate 
of covering of the surfaoe, a is much greater than k The equation thus 


takes the form 

v =» A t . e~ u — A,. e~ a> 

where A, and A, are positive constants, and a is much greater than k 


(7) 
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The values of v in Table V were obtained assuming = 1 *0, A a = 0*60, 
0*1. and k— 0*01 


Table V 


Time>»(t) 

A,*-*' 

- A*-' 


1 

1 000 

0 462 

0 948 

0 

0 960 

0 304 

0 096 

10 

0 905 

0 184 

0 821 

90 

0 819 

0 068 

0 791 

90 

0 741 

0 019 

0 722 

40 

0 670 

0 009 

0 661 


The values of v show that there is a maximum in the reaction velocity, and 
consideration of the second term in the formula shows that this term rapidly 
becomes negligible After the initial period, therefore, the poisoning pro¬ 
gresses as if the adsorbed gas had not been present 

The predicted maximum was observed with iso-amyl alcohol reacting at 
204° 0 and 237° C (fig 3), but not m the self-poisoning of ethyl alcohol 
at 326° C The maximum occurred about 10 mins after the commencement 
of the experiment 

The foregoing considerations show that the catalyst was protected com¬ 
pletely at first, but that no appreciable protection was afforded shortly after 
the maximum, the adsorbed gas being almost completely removed Thus, the 
activity extrapolated from the decay curve 10 mins after the commencement 
will be too small, and that for the start too large , so, to obtain an approxima¬ 
tion to the true reaction velocity, the activity was calculated for five minutes 
after the start 

Observations were made in this manner for iso-butyl and iso-amyl alcohol 
They oonfirm the theoretical prediction Fig 3, curves I and II, and fig 4, 
curves VIII, show also that the rate of poisoning with both iso-butyl and 
iso-amyl alcohol was higher the lower the temperature This is to be expected, 
since the poison acts from the adsorption film, and the lower the temperature 
the thicker the film * 

Cyclohexanol was the moat difficult liquid to work with on account of its 
high viscosity, and also on account of its high boiling point, which caused 
slight local variations in temperature to have a large effect on the rate of boil¬ 
ing The alcohol did not show a poisoning effeot described by an exponential 
law, the decrease seeming irregular The maximum value of the reaction 
velocity observed is given. 
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Table VI.—Results for Iso-Butyl Alcohol, Iso-Amyl Alcohol, and CydohexanoL 

I to butyl AluM 


Temper*ton, *C 

Come ted velocity, oubio centimetres per minute 

Ethyl aloohol comparison, cubic centimetres per minute 

230 0 

0 00 

0 64 

251 0 

1 46 

1 55 

/ 00 -amyl Alcohol 

Temperature, * C. 

Corrected velocity, cubic oentimetres per minute 

Ethyl aloohol comparison, cubic centimetres per minute 

237 2 

0 01 

1 04 

204 0 

2 40 

2 03 

Cyehhexanolt 

Temperature, 0 C 

Corrected velocity, oubio oentimetres per minute 

Ethyl alcohol comparison, oubio centimetre# per minute 

210 1 

0 26 

0 41 

248 7 

1 22 

1 41 


Conclusions 

The rates of dehydrogenation of the primary alcohols, ethyl, propyl, butyl, 
iso-butyl, and iso-amyl, are all equal within the limits of experimental error, 
and the temperature coefficient of the velocity is the same for all. Sabatier* 
stated that the temperature of commencement of the reaction increased with 
the molecular weight of the alcohol He neglected the poisoning effects that 
occur with the higher alcohols In addition his catalyst could not be described 
as very reproducible The ease of decomposition, as measured by the self- 
poisoning effects, increases with the molecular weight, thus confirming 
Sabatier’s observations. 

Secondary propyl alcohol reacts with a velocity about five tunes that of the 
primary alcohols, and in addition seems to have a slightly larger temperature 
coefficient This is also in accord with Sabatier’s observation that the tem¬ 
perature of commencement is much lower with the secondary alcohols. 

The Mechanism of the Dehydrogenation. 

Ipatievf suggested that the production of ethylene was the 
CH, CH,OH —► CH, * CH, -j- H,0 

normal reaction, the aldehyde being produced by copper oxide oxidizing the 
alcohol, and the copper bang supposed to form the intermediate oxide from 
the water. Sabatier* emphasised dehydrogenation as the cause of the 

* ‘ Compt. Rend.,’ voL 186, p. 738. 
t *Ber.,' 1901, pp 696,8679, 1902, pp. 10*7 and 1057. 

VOU CV1I.—A. 
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reaction, his chief evidence being that no trace of ethylene and water could be 
detected in the reaction products, and that copper does not reduce water even 
at 800° C 

These observations also oonfirm his statement. Since the specific volumes 
of copper and copper oxide differ by about 40 per cent, the intermediate forma¬ 
tion and reduction of the oxide at the surface of the grains would tend to shatter 
the structure. The activity of the catalyst was observed to remain oonstant 
for four to five hours. No shattering takes place The hydrogen atoms are, 
therefore, lost directly from the alcohol molecule 

Reaction occurs in au adsorption film covering the copper surface. The 
film becomes one molecule thick at 280° C and its thickness increases as the 
temperature falls All primary alcohols contain the — CH a OH group at the end 
of the hydrocarbon chain The rate of dehydrogenation has been shown to 
remain oonstant while the length of the hydrocarbon chain is doubled It is 
very improbable, considering the very specific action of catalysts, that reaction 
could be initiated at a distance from the surface These observations, therefore, 
show that the primary alcohols are adsorbed with the —CH s OH group in contact 
with the surface, and the hydrocarbon chains in contact perpendicular to the 
copper surface. 

Summary. 

(1) The rates of dehydrogenation of ethyl, propyl, and butyl alcohols have 
been compared Direct experiment showed that the reaction velocity was the 
same for all With iso-propyl alcohol the velocity was five times that of the 
others 

(2) One sample of iso-propyl alcohol, the iso-butyl and the iso-amyl alcohols 
poisoned the catalyst rapidly 

(3) An attempt to correct the observed velocity for the rate of covering the 
surface gave values of the right order, but 30 per cent, in error. A. detailed 
study was therefore made of the decay curves at two constant temperatures, 
removed 20° to 30° C. from one another. 

(4) It was deduced that for— 

(а) poisons in the reactant, the law 

log«» — fe + c 
should describe the poisoning; whereas for 

(б) poisons produced in the reaction, the equation 

ljv= —kt + c 
is an approximate solution, 
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(5) With fast rates of poisoning correction was made for the adsorbed 
carbon monoxide covering the film catalyst Investigation led to the 
equation — 

e~ lt - A a e“°* 

where A a and A 2 are positive constants, and a is greater than k It was 
shown that a maximum was to be expected in the reaction velocity, and that 
an approximation to the true activity could be obtained by extrapolating the 
activity from the logarithmic decay curve, for a time interval after the com¬ 
mencement which was half that of attaining the maximum activity The 
theory was confirmed by experiment. 

(6) By thiB method it was shown that iso-butyl and iso-amyl alcohols were 
identical in activity (within the limits of experimental error) with ethyl alcohol 

(7) Cyclohexanol behaved irregularly, its rate of reaction being slightly 
less than that of ethyl alcohol 

(8) The long activity of the catalyst is further evidence m support of Saba¬ 
tier's dehydrogenation mechanism 

(9) The results, taken with the probable assumption that the activated 
layer of molecules is urn-molecular, show that these alcohols are adsorbed with 
the CH,OH group in contact with the copper surface, and the hydrocarbon 
chains in contact perpendicular to the surface 
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The Catalytic Action of Copper. Part VI.—An Explanation of 
the Reproducibility of the Catalyst, and of the Periodic 
Change in its Activity, together with some Experiments on 
the Activation of the Catalyst by Alternate Oxidation and 
Reduction. 

By P H Constable, Strathcona Research Student of St John’B 
College, Cambridge 

(Communicated by Sir William Pope, F R S —Received November 12, 1924 > 

The experiments of Parts 1,11, III, 4 ' IV, and V,f have shown that the catalytio 
activity’ of supported copper films can be made reproducible throughout suc¬ 
cessive oxidations and reductions Particularly was this the case during the 
comparison of the velocities of dehydrogenation of various alcoholic substances 
in Part V. The catalyst which had been reduced at 420° C showed a falling 
activity for several reductions at 225° C, after which the activity remained 
constant for almost twenty reductions The maximum variation was about 
10 per cent In view of the random variation which is often observed in the 
activity of surfaces, it is interesting to attempt to discover why this film catalyst 
is stable under standard conditions of oxidation and reduction 

The films were activated by successive oxidation and reduction It was 
thought that a study of the reaction velocity temperature curves for the 
dehydrogenation of ethyl alcohol during the activation might throw light 
on the structure of the film The behaviour of copper films supported on copper 
' foil has been studied by Hinshelwood.J and though there is still some doubt 
whether interference or diffraction is the cause of the colour, there seems to be 
little doubt that the structure is granular. He suggested that these active 
films have a structure " which is fine grained compared with the wave-length 
of light, but coarse grained compared with molecular magnitudes.” The films 
were made active by successive oxidation and reduction “ During the activa¬ 
tion process ... the copper atoms are able, under the influence of surface- 
tension, to aggregate themselves more and more completely into small discrete 
units (Beilby’s open formation), and the film assumes a granular structure freely 
permeable to gases . . . Each small unit of copper is oxidised independently. 


* Palmer, ‘ Boy. Boo. Proo,’ A, vol 98, p. 18, vol. 99, p. 412; voL 101, p. 178. 
t Palmer and Constable, * bid., vol 100, p. 200, and vol 107, p. 200. 

X Hlnshelvood, 1 Boy Soc. ProcA, vol 102, p 318 
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and the extent to which it is converted to oxide determined the colour'of the 
diffracted light It is suggested that, while in oxidation each Aviafawg granule 
is gradually converted into oxide, reduction necessitates the growth of fresh 
granules, which grow about nuclei of copper, so that the film is an assemblage of 
growing granules of copper and diminishing granules of oxide " 

There is a considerable amount of qualitative and quantitative evidence 
showing that reduction occurs about copper nuclei.* It does not seem obvious, 
however, that reduction necessitates the growth of fresh granules of copper m the 
case of these tlnn films The reproducibility of the catalytic activity suggests 
that the original structure was reproduced The structure was very open 
Assuming the density of copper to be 8 95, and that of oopper oxide 6 35, then 
there is a grain expansion of 41 per cent on oxidation. 

It is probable that the oxide grains so formed are only in contact with each 
other over a small area, the structure still remaining fairly open This view 
is confirmed by some observations of Pease f He has shown that a reduced 
copper catalyst may be heated to 350° and 400° C without any marked change 
in activity, whereas a temperature of 450° C is necessary to cause destruction of 
the activity Beilby has shown that the annealing temperature of massive 
copper is about 230° C. This temperature is sufficient to facilitate the growth 
of some grains at the expense of others. The observations of Part IV show that 
a constant oatalytic activity is maintained at temperatures ranging from 230° to 
280° C , hence the effect of intergranular diffusion is very much reduced The 
grains, therefore, only touch over a very small area, and sufficiently rapid 
growth can only occur when the high temperature of 450° C is reached 
The volume of a gram of reduced copper is considerably less than that of the 
oxide from which it was formed, thus the existence of two growing nuclei 
separated by some distance in one grain will cause the splitting into two smaller 
grains, since the mass of copper now between the two nuclei is insufficient to 
join them This process, by decreasing the size of the grains, increases the total 
surface and therefore the activity of the catalyst 
It was thus essential to attempt to obtain growth starting from the centre of 
the crystal grain Since oxidation prooeeds from the outside inwards, the 
selection of a long time for oxidation should achieve this end, the nuclei being 
situated very near the centre of each crystal gram. Experiment showed that 
four hours' oxidation at 300° C gave the neoessary conditions By selecting 

* Pmm and Taylor, ‘J Amer. Cham. Soc voL 48, p. 8178) Palmar, 4 Boy. Boo. 
PfOttaa* Aa VOl. lOl P 454. 

t 4 J. Amu Cham Socvol. 48, j> 1186(1088) 
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identically the same conditions for oxidation each time, the same statistical 
distribution of nuolei can be ensured.* The cause of the reproducibility of 
this film oatalyst is therefore two-fold — 

(a) The persistence of the granular structure through oxidation, which is 

assisted by the china-day support, 

(b) The standardisation of the conditions of oxidation. 

As the temperature of reduction was raised, a periodic variation was dis¬ 
covered in the activity of the catalyst There are two factom which may 
change The size of the individual gram . and hence the total surface 
exposed. and also the nature of the surface There is evidence that both 
change. After reduction at high temperature, the value of the activity at 
successive constant temperature of reduction Blowly falls without any corre¬ 
sponding change in the temperature coefficient, hence the grains were slowly 
growing 

In general as the temperature of reduction was raised the temperature 
coefficient of the reaction changed also This cannot be accounted for by any 
mere change m the surface area exposed It is necessary to conclude, therefore, 
that the nature of the surface has changed also. The problem thus turns on 
the nature of each individual gram Whatever change that occurs is caused by 
the increasing temperature of reduction, and this has two effects on the factors 
governing the production of the grains It increases the rate of growth of the 
nuclei, at the same time increasing the rate of intergranular diffusion Both 
factors increase exponentially with the temperature, but the second probably 
does not come into consideration below 400° C, since Pease has shown that one 
hour’s heating at this temperature has no marked effect on the catalytic activity. 

The nature of the surface of the grams must change There are three possible 
types of change m the grams themselves.— 

(1) Due to mixtures of the amorphous and crystalline states. 

(2) Due to the existence of allotropic forms. 

(3) Due to the existence of a definite orientation of the crystal grains at 

the lower temperatures breaking up as the temperature of reduc¬ 
tion rises 

It may be that all these states occur together in the grains, but it is difficult 
to obtain evidence of the first two ohanges. 

* Catalyst poisons were found not to affect the reproducibility. They cover the 
outside of the grains and are oxidised away very rapidly before the copper is attacked- 
The poisons met with were all capable of oxidation in this manner. 
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A preliminary experiment showed that a copper surface which had been 
polished with rouge had no appreciable activity on ethyl alcohol between 
220° and 800° C ; hence the vitreous-flowed layer, which covered the surface, 
had a very small, if any, catalytic activity There is considerable doubt, 
however, from the point of view of X-ray analysis, whether the amorphous 
state exists at all in such a layer, the reflections being as strong as those 
from ordinary crystalline copper * 

If allotropic modifications exist, it is remarkable that they have not been 
observed in other connections Cohen and Heldermanf reported that copper 
had a transition temperature of 71 7° C, and that the transition temperature 
depended on the prevous thermal history of the metal, and therefore more than 
two allotropes exist In 1916 this was adversely criticised % X-ray analysis 
shows no evidence of allotropic change 

On the other hand, the existence of a definite orientation m thin films of gold, 
silver, and copper, has been placed beyond doubt With copper leaf the grains 
are orientated so that a cube face lies approximately m the plane of tho 
leaf As the leaf is heated this arrangement is gradually destroyed, being 
replaced by a random arrangement of the small crystals Similar results 
were obtained with thin films of metals on glass, the transparency marking 
the change in orientation * 

In the case of the films used as catalysts it is probable that some change in 
the orientation of the crystal grains took place as the temperature of reduction 
was increased, the grain structure being fixed at the instant of reduction and 
persisting at the temperatures used in the dehydrogenation The cause of the 
catalytic decomposition is located in the electrostatic and electromagnetic 
fields at the lattice surface, and these fields change with the orientation of 
the grain Some of the surface planes are more effective than others m 
promoting chemical decomposition All cannot be effective, since both pure 
electrolytic copper and copper annealed at temperatures above 460° C are 
inactive The faces on which there is the closest packing of atoms are 
usually cleavage planes, the fields of force between successive layers being 
here the weakest in the orystal Conversely, the faces with the most open 
packing are those with the most intense field perpendicular to them For 
chemical reaction to take place it is necessary that there should be a 

* Private communications from Dr. G Shearer. 

t 1 Proc. K Ak&d Wetentch. Amsterdam,' vol. 16, p. 628 (1013), vol 17, p 60 

<»U) 

X Burgess and Kell berg, • J. Washington Aoad. Sol,’ vol ft, p. 667 (1916) 
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number of aloohol molecules each situated over some definite arrangement 
of copper atoms, giving a field which facilitates the release of two hydrogen 
atoms from the molecule. This particular arrangement of the adsorbed 
molecule m relation to a definite group of atoms in the surface has been 
called a “ Reaction Centre ” It has been discussed in other connections 
The catalytic activity is thus influenced both by the exponential activa¬ 
tion factor and by the density of the reaction centres on the surface 
These factors are capable of independent variation Both factors, however, 
will depend on the packing of the alcohol molecules on the surface as well as the 
actual distribution of the atoms of copper, and, therefore, the fieldB of force 
at the crystal face 

It is interesting to calculate the number of atoms of copper lying beneath 
one adsorbed alcohol molecule The experiments of Part V have shown that 
the alcohol molecules are adsorbed with their hydroxyl groups in contact with 
the surface, and the hydrocarbon chains packed perpendicular to the surface 
The work of Muller and Shearer,* and of N K Adam f has shown that the 
hydrocarbon chain fits mto a space cell of dimensions 4 1 x 3 7 A U The 
closest packing of the alcohol molecules occurs when the cylinders of influence 
of the hydrocarbon chains are in contact Coppet crystallises in the cubic 
system, having a face-centred cubic lattice with a constant of 3 • 60 A U From 
these data the average number of oopper atoms whose centres he beneath an 
adsorbed alcohol molecule has been calculated for the three main planes of the 
crystal 


Faoe 

Cube 

(100) 

Dodecahedron 

(110) 

Octahedron. 

(HI) 

Relative density of atoms in face 

1 00 

0 707 

1 154 

Number of atoms per alcohol mole 




oule 

2 34 

1 60 

2 70 


A portion of the cube faoe has been drawn (fig 1) showing the meaning of the 
fraction 2-34. No alcohol moleoule has less than two atom centres beneath it. 
The majority have two, less have three, some have four, but none have five. 
The figure illustrates that for some particular face the size of the hydrocarbon 
chain fits the pattern on the surface. If this surface also presents the requisite 

* • J Ohma. 8oovol 183, pp. 3182 and 3186 (1028). 
t ‘ Roy Soc ProcA, vol. 101, p 616 (1022) i vol 108, p 676 (1023). 
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'field, giving a low “ heat of activation,” it is obvious that rapid reaction will 
occur on this face 

Probably there is more than one face on which reaction occurs Such hoes 
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Fra 1 —The Space Cells of the adsorbed aloohol molecules drawn over tho centres of the 

oopper atoms for the cube face 

may be defined by the reaction centre density on them It appears that there 
are maxima of activity corresponding to several values of the atom density on 
the surfaoe. 

As the temperature of reduction rises the orientation of the crystal planes 
exposed on the surface of the grams also changes Each grain exposes a 
closed surfaoe, and thus the lattice structure develops various faces, some of 
which will predominate The edges of intersection of the faces will most 
probably be blunted, as the mtermoleoular forces are of large magnitude at 
the surfaoe of such small particles. The whole exposed surface is thus made 
up of a large number of individual orystal faces, together with that random 
arrangement of atoms at the rounded intersection of the various planes, which 
probably results in the production of amorphous material. The small areas 
of contact between individual grains are most probably associated with metal 
that is neither in the state of orientation in the one gram nor in the other, and 
which is therefore probably amorphous. Since some crystal planes are more 







276 


F. H. Constable. 


active than others, a periodic vanationwill be noticed as the orientation changes 
from the initial to the final state 

If the reaction centre density on the active faces is of the same order of 
magnitude, then the activity is mostly influenced by the value of the “ heat of 
aotivation ”, hence the vanation of the critical increment in the opposite 
sense to the reaction velocity also receives explanation 

Some Experiments on the Activation of Supported Copper Films 
Hinshelwood’s* experiments on the activation of copper films on copper 
foil show that very considerable increase takes place in the rate of oxidation 
of these films as the number of successive oxidations is increased A maximum 
activity is reached, after which a slow decrease m activity takes place The 
experiments suffered from the disadvantage that it was not possible to say 
with certainty whether more and more massive copper was attacked He 
suggested that the films should be supported on an inert substance 
As the films used m Part IV of this work were so supported, and useful 
information might be obtained concerning their structure, a study was made 
of the connection between the number of oxidations and reductions and the 
temperature-reaction velocity curves for the dehydrogenation of ethyl alcohol 
by this film catalyst 

The catalyst was prepared as described m Part IV The films were all 
oxidised and reduced at a constant temperature of 820° C to ensure that the 
reduction should bo always complete, and in order to confirm the high value 
for the temperature coefficient found in the previous experiments at this 
temperature of reduction. For each oxidation, and between each experiment, 
the oxidised catalyst was kept at 320° 0, the temperature being only allowed 
to fall to 200° G immediately before making the reaction velocity temperature 
measurements The working range was from 220° to 250° C. Heating and 
cooling curves were obtained, the methods of experiment being precisely those 
of Part IV Overlapping occurred as before A smooth curve was drawn 
through the points so obtained, and the values of the reaction velocity were 
read oS for every 5° C These values are shown m Table I. The family of 
curves were then plotted from these values. This method waa adopted owing 
to the great difficulty in plotting the observations, due to the fact that after 
the first reduction the curves practically overlap, and the confusion of observa¬ 
tions from individual curves is very great. The curves obtained am shown 
m fig. 2 The result of plotting log u v against 1/T was a family of straight 

* Loe. at. 
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Discussion of Results 

There is a marked increase in catalytic activity at the second reduction, 
after which the activity rises and then fallB slightly The curves for the third 
to the sixth reduction illustrate the reproducibility of this film catalyst The 
temperature coefficient observed is constant, its high value ib in agreement 
with the one already found, and its constancy shows that the nature of the 
surface reaction centres is practically unaltered, but the total number present 
is increased. Thus the nature of the surface is probably unchanged in the 
activation process, only the area being increased. The catalyst practically 
attained its full activity at the third reduction, the increase being only 
75 per cent of the initial activity 

Hinshelwood found a very much larger increase for copper foil. This would 
be expected The supported films have a granular structure before they 
are reduced, whereas the structure of the massive copper has first to be attacked 
and the film so formed broken down to a granular structure 

These experiments suggest that the final gram structure is attained after 
the third reduction, and then persists This persistence was marked at the 
end of the experiments in Part V The results are in agreement with the theory 
put forward in the first part of this paper 

My thanks are due to Mr W. G Palmer for a criticism of this paper, and to 
Dr G Shearer, of the Royal Institution, for evidence concerning the structure 
of films obtained by X-ray methods 

Summary. 

(1) The reproduoibihty of the catalyst at constant temperature of reduction 
is attributed to the persistence of the granular structure throughout oxidation 
and reduction, assisted by the fireclay support and by standardising the 
conditions of oxidation Activation experiments support this view 

(2) Chemical reaction only occurs when the alcohol molecule is adsorbed 
over a characteristic arrangement of copper atoms This arrangement has 
been called a reaotion centre. 

(3) The catalyst surface exposes many crystal faces, as well as w»m o 
amorphous material. 

(4) There is a large variation in the number of atom centres lying beneath 
one adsorbed aloohol molecule on various faces of the crystal, it is thus probable 
that the density of reaotion oentres vanes also. 
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(5) The periodic) venation may be explained as due to a periodic predomina¬ 
tion of more active planes in the surface. 

(6) Two factors, at least, control the activity of the surface the value of 
the heat of activation and the reaction centre density If the latter is of the 
same order for all the types of faoea exposed, then the heat of activation plays 
the greater part in deciding the activity of the surface Thus, the variation 
of the temperature coefficient in the opposite sense to the activity is also 
explained 


The Catalytic Action of Copper Part VII.—A Study of the 
Effect of Pressure on the Rate of Dehydrogenation of 
Alcohols 

By F H Constable, Strathcona Research Student of St. John’s 
College, Cambridge 

(Communicated by Sir William Pope, F R S —Received November 12, 1924) 

The assumption that reaction occurs m a uni-molecular film covering the 
surface of the copper can be tested by studying the effect of pressure on the 
change If all the adsorbed molecules can react, then increasing the pressure 
should increase the thickness of the film, and therefore the reaction velocity. 
If the molecules only react in the uni-molecular film next to the catalyst surface, 
then varying the pressure only effects the change in so far as affects the life 
of a molecule in the surface layer. This effect is known to be small Hence 
the reaction velocity should be practically independent of the pressure, 
provided the catalyst is completely covered with the adsorbed alcohol film 
At low pressures the velocity would be expected to fall with pressure, since the 
surface is not completely covered. However, smoe the aldehydes are known 
to poison the bare copper surface, it is desirable to avoid very low pressures in 
the experimental work. 

Experimental. 

Since it was expected that the reaction velocity would be almost inde¬ 
pendent of the pressure, the composition of the distillate will be nearly constant 
and, therefore, will exert a constant vapour pressure at constant temperature. 
If, therefore, an evacuated system comprising the boiler, the reaction tube 
and the condenser, be shut off from the atmosphere, the increase in pressure in 
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the apparatus will be wholly due to the hydrogen produced in the reaction 
The rate of rise of pressure thus gives the reaction velocity at the pressure 
measured. 

The back diffusion of the reaction products must be prevented, as this trill 
slow down the rate of reaction at the catalyst surface, and also increase the 
apparent volume of the apparatus. Both are serious errors, and were guarded 
against by inserting a trap and using the largest possible rate of boiling. 

The pressure that could be used was restricted to the range 0 to 2 atmospheres 
by the strength of the glass boiler The apparatus (see fig 1) was made of 



glass throughout. As constancy of temperature only was desired, a new 
reaction tube was used that oould be constructed completely of glass, the tube 
being packed with glass beads to heat up the alcohol vapour before it reached 
the catalyst. The temperature of the superheating coil was also increased. 
The catalyst rods A were packed symmetrically round a sealed-off glasa tube 
in the centre of the reaction tube, and were prevented from sli pp ing on the 
side furthest from the boiler by a pad of glass-wool. The brad m the tube B 
ooni&ined alcohol, and was used as a trap to prevent the back diffiMMw of 
hydrogen. The oondenser was specially designed with a large gas spaee CD, 
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And was lagged with cotton-wool. In this apace the hydrogen accumulates 
The pressure gauge E was constructed with a tap F at the top. By evacuating 
at F with the Fleuss pump pressures from 0 to 1 atmosphere could be measured, 
and by opening the tap F the range was from 1 to 2 atmospheres. The gauge 
had the disadvantage that when the mercury ascended the tube the volume 
of the apparatus was slightly increased This was corrected for by allowing 
alcohol to remain in the condenser at D. A scale was placed on the glass 
showing the required level of alcohol for eaoh 10 cms. on the mercury mano¬ 
meter.* The tap G communicated with a flask evacuated by a water pump, 
into which the condensed alcohol was run five seconds before taking an observa¬ 
tion of the pressure. The leak into the evacuated apparatus was less than 
1 mm . in 12 hours. 

The Method of Experiment 

The furnace was kept at a constant temperature in the neighbourhood of 
260° C. The copper oxide was reduoed by carbon monoxide let in through 
the tap H Alcohol was run into the boiler, and the apparatus slowly evacuated 
till the liquid boiled The tap H was then shut and the alcohol electrically 
heated 

It was found by preliminary experiments that unless the rate of boiling is 
considerable the increase of pressure will ultimately stop the boiling almost 
completely The reaction velocity falls off rapidly if the rate of boding falls 
below some limiting value, hence it is very important to have as large a rate*of 
boiling as is conveniently possible. Rapid boiling also assists the complete 
removal of hydrogen from the reaction tube. The trap also works more 
effectively under these conditions 

Readings of the pressure were taken every 2 minutes At the end of each 
experiment the internal pressure was let off by opening the tap H, momentarily 
stopping the boiling current to do so, and the rate of rise of pressure was again 
measured for a short time. By this means it was easy to test whether poisoning 
had occurred (qf. experiments on ethyl alcohol, Table I, p 284) 

The RetuUt of the Experiments. 

The mean pressures, and the increment of pressure for some definite time 
interval, have been tabulated. The latter quantity is practically constant, but 
sometimes shows a tendency to fall with increasing pressure The decrease 
in Table I is due to slight poisoning, as well as to a slight fall of the temperature 
of the catalyst surface consequent upon the rapid inflow of alcohol vapour. 

* Soale calculated from the dimensions of the tubes 
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A second experiment, quickly following the first, showed very little fell in the 
reaction velocity. When time was allowed for the conditions to settle down 
really excellent results were obtained. 

Experiment 1 —A slow rate of boiling was used. It was observed that at the 
end of the experiment the boding had almost stopped. 


Time 

Pressure 

in Centimetres of 

Mercury 

Increase 
in Pressure in 

6 minutes 

10 36 

| 76 + 2 08 

- 

10 38 

7 72 

— 

1040 

13 82 

— 

10 42 

19 01 

17*02 

10 44 

20 30 

17 08 

10.40 

30 08 

16 76 

1048 

30 04 

10 03 

10 00 

40 78 

15 48 

10 02 

40*34 

14 76 

10.04 

49 72 

14 08 

10 06 

53 85 

13 07 

10 08 

07 62 

12 28 

1100 

00 92 

11 20 

11 2 

04 20 

10 20 

11. 4 

07 10 

9 48 

11. 6 

60 80 

8 90 

11 8 

72 02 

7 80 

1110 

! 74 14 

7 02 

11X2 

76 20 

6 40 

11 14 

77 72 

i 

0 72 


The pressure in the apparatus was let down to 43 czns above atmospheric 
pressure, the rate of boiling was considerably increased, and the experiment 
was continued 


Time 

Pressure 

in Centimetres of 
Mercury 

Increase 
in Pressure in 

0 minutes. 

11 19 

76 + 53 85 


11.21 

69 20 


1123 

60 08 

— 

11.20 

71 00 

17 10 

11.27 

76 50 

17*86 

1129 

81 40 

16 82 


The supply of alcohol in the boiler ran out, so the experiment had to be stopped* 
The result suggests that the cause of the decrease in reaction velocity is due 
to the slowing down of the rate of boiling, since when this is revived the velocity 
approaches its initial value. Poisoning certainly had not occurred. 
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Experiment 2 —A much greater rate of boiling was used m the following 
experiments and measurements were made to ascertain the lowest pressure 
that could conveniently be obtained in the apparatus The values of the 
reaction velocity obtained were practically constant over the whole pressure 
range 


Butyl Alcohol 


Pressure 

Reaction velocity 

Cms Hg 

12 3 

1 9 

M 2 

2 0 

16 3 

2 0 

18 2 

1 9 

63 

2 1 

65 

2 0 

67 

2 2 


This preliminary experiment showed that the poisoning effect was not 
marked at a temperature of 250° C with a pressure as low as 12 ems The 
final experiments with butyl alcohol were, therefore, commenced at this pressure 
and measurements were taken up to 2 atmospheres pressure The reaction 
velocity was found to be practically constant, and hence the life of the molecule 
on the surface is little affected by the length of the hydrocarbon chain 


Typical Final Experiments 

The temperature of the catalyst was about 250° C , a high rate of boiling 
was used and, except in Table I, time was allowed for the reaction tube to 
reach equilibrium before measurements were taken 


▼ot ovn.— a. 


X 
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Table I —Ethyl Alcohol (showing poisoning) 


Time 

Reading of Pressure 
Gauge 

Zero *=4 6 cms 

Reaction Velocity 
Increase m Pressure 
in 6 minutes 

Pressure in 
Centimetres of 
Mercury 

10 18 

42 80 


— 

10 20 

47 54 

— 

—- 

10 22 

52 32 

— 

— 

10 24 

56 65 

13 8 

45 2 

10 26 

H0 68 

13 1 

60 1 

10 28 

65 08 

12 8 

54 2 

10 30 

69 42 

12 8 

58 5 

10 32 

73 35 

12 7 

62 5 

10 34 

76 70 

11 6 

65 4 

1036 

80 93 

11 5 

70 6 

10 38 

83 91 

10 6 

74 1 

10 40 

87 41 

10 7 

77 « 


The tap F wan opened 

4 5 tmi) * 1 atmosphere 

10 41 

18 85 

! 

- 

10 43 

23 15 

i — 


1046 

27 00 


- 

10 47 

30 70 

11 9 

96 3 

10 49 

33 68 

10 5 

90 9 

10 61 

37 25 

10 3 

102 6 

10 63 

40 42 

9 7 

105 7 

10 66 

43 80 

10 1 

109 6 

10 57 

46 91 

9 7 

113 6 

10 59 

50 00 

9 6 

116 7 

r 

Hie pressure was let down to atmosplicrio again 


11 00 

21 11 

* 

— 

11 2 

24 80 

— 

— 

11 4 

28 80 

— 

— 

11 6 

32 10 

11 0 

98 1 

11 8 

35 48 

10 7 

101 8 

a io 

38 62 

10 8 

105 2 

a 12 

42 20 

10 2 

108 6 

1114 

45 41 

9 9 

in 9 

11 16 

48 47 

9 9 

115 0 

11 18 

51 8 

9 0 

118 5 

1120 

54 8 

9 4 

121 6 

1122 

57 7 

9 2 

124 6 

1124 

61 4 - 

9 fl 

128 1 
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Heading of Pressure 

Reaction Velocity 

Pressure in 

Time 

Gauge 

Increase in Pressure 

Centimetres of 


Zero = 45 etna 

! 

in 6 minutes 

Mercury 


10 44 

36 60 



10 46 

40 01 


— 

10 48 

45 30 

_ 

— 

10 50 

40 70 

13 2 

37 ft 

10 52 

54 *15 

13 4 

42 0 

10 54 

58 78 

13 5 

47 0 

10 56 

63 41 

13 7 

52 5 

10 58 

67 81 

13 5 

56 6 

11 00 

72 00 

13 2 

60 0 

11 02 

76 01 

13 2 

65 5 

H 04 

80 92 

13 1 

60 8 

i 

Zero — 1 atmosphere 

| 


11 12 

26 0 



11 U 

31 55 


_ 

11 16 

35 00 

— 

— 

11 18 

30 12 

13 0 

107 6 

11 20 

43 58 

13 2 

112 6 

11 22 

48 50 

13 5 

116 7 

11 24 

52 85 

13 7 

121 5 

11 20 

57 22 

13 6 

125 4 

11 28 

01 45 

13 0 

130 0 


Table III 


Ethyl Alcohol Butyl Alcohol 


Pressure 

Reaction Velocity 

Pressure 

Reaction Velocity 

36 ims 

13 8 

I 12 tms 

16 6 



J3 7 



15 5 



13 7 



16 8 



13 5 



15 6 



13 8 



16 1 



13 4 



10 3 



13 4 

> 

f 

16 7 

>1 

f 

13 3 

76 ems 

16 6 

76 ems 

13 5 



10 6 



13 3 



16 6 



13 3 



16 1 



13 5 



15 0 



13 2 



14 3 



13 6 



14 0 

> 

t 

13 3 

> 

/ 

15 7 

130 ems 

13 5 

i 

145 ems 

15 0 


Dtacusgton of Results. 

In these experiments the pressure was increased by as much as twelve 
tunes, while the reaction velocity with both ethyl and butyl alcohols remained 

x 2 
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constant within the limits of experimental error The evidence is therefore 
in favour of the assumption that reaction occurs in a urn-molecular film next 
to the catalyst surface The formula for the reaction velocity to be tested 
takes the form 



where a is the mean life of a molecule m the um-molecular layer in which 
reaction occurs, and the other quantities arc constant for the given surface at 
constant temperature Hence these observations show that the mean life of 
a molecule in the activated um-molecular layer changes very slowly with the 
pressure over the range investigated 

My thanks arc due to Mr W G Palmer for hw sympathetic interest and 
advice during these experiments 


Summary 

(1) The apparatus used m the previous experiments was made of glass 
throughout, with a special condenser, and was shut off from the atmosphere 

(2) The rate of rise of pressure in the evacuated apparatus measured the 
reaction velocity, and the actual pressure in the apparatus was also known 

(3) The pressure range of 10 to 140 cms of mercury was studied, it was 
found that the rea< tion velocity with ethyl and butyl alcohols was independent 
of the pressure 

(4) The mean life ot a molecule in the activated um-molecular layer changes 
only slowly with the pressure over the range investigated 
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A Centrifugal Method of Making Small Pots of Electrically 
Fused Refractory Materials . 

By Freo 8 Tritton 

(Communicated by Dr W Rosenham, FES —Received November 12, 1924 ) 
(From the National Physioal Laboratory.) 

The preflent paper describes portion of a research on the alloys of iron, which 
is being earned out at the National Physical Laboratory, under the direction 
of Dr W Rosenham, for the Ferrous Alloys Research Committee Papers 
dealing with other portions of the work have been published in the 4 Journal 
of the Iron and Steel Institute y * 

In the course of a research on the alloys of iron and oxygen, it became 
necessary to hold two immiscible layers of molten iron and iron oxide at a 
temperature of 1,540° C It was not found possible to hold the liquid oxide 
at this temperature in any pot made by bonding together previously shrunk 
refractory material m the usual manner, such refractories as were not 
directly attacked became “ wetted ” by the oxide, which was absorbed and 
ran out through the pores of the pot Evperimcntal melts of very small 
quantities of oxide were made m small hollows m pieces of solid fused magnesia 
having a glazed surface , these showed practically no absorption of the oxide 
by the magnesia Attempts were therefore made to produce a pot of pure 
magnesia, having an inner surface completely glazed by fusion, m the heat ot 
an electric arc The experiments were ultimately successful, and a method 
has been developed for making well-shaped pots having a glazed internal 
surface of fused material not only in magnesia (M P 2,800° C), but also m 
alumina (M P 2,050° C ), zircoma (M P 2,700° C) arid tungsten metal 
(M P 3,300° C ) The time required to produce a pot (having procured the 
material to be fused m the form of a powder) is about 15 minutes, the time 
of actual fusion under the arc being about 2 minutes Two views and a 
vertical section of magnesia pots made by the method to be described are 
shown m fig 1 (p* 288) 

For making these pots it is necessary to use refractory material which has 
previously been fused, so as to reduce the shrinkage to a minimum If the 
material has not been completely shrunk by previous fusion, large shrinkage 
cavities occur m the walls of the pot The previously fused material is 
* “ Ferrous Alloys Research,” Parts I, II and III (1924) II 
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crushed and ground to pass a 60-mesh sieve The tendency of the pot to crack 
during cooling appears to be greatly decreased by the use of pure materials 



Fig l. 

The arrangement adopted for making the pots is shown in fig 2 and illustrates 
the| apparatus ready for striking the arc This are is used to fuse the 
refractory powder, while centrifugal force assists the formation of the pot 


j 



Fig 2 —Scale (approx ) one-sixth 
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The apparatus consists of two split graphite electrodes AA, which are capable 
of horizontal adjustment Each of these electrodes holds a smaller graphite 
rod BB of special shape, by means of pressure applied to the split electrodes 
AA by tightening the screws J The ends A x of electrodes A are clamped into 
suitable cable sockets When the apparatus is working an electno arc is 
struck and maintained between the two electrodes BB These small electrodes 
burn away rather quickly and a fresh pair arc required for the production of 
each pot The powdered material to be fused is placed m the silica cup C, 
which is cemented into the graphite block D, as a convenient method of 
fitting it mto the cup holder E, which can be rotated by suitable means, at 
various speeds The cup and its mounting rest on holder E and art' keyed to 
it by means of two pms E x and E a 

Having placed the material to be fused m cup 0 (which is removed from the 
holder E for the purpose), a deep central depression is made in the refractory 
powder by pressing mto it the aluminium forming piece H, this compresses 
the powder mto a firm mass level with the top of the cup C, and at the same 
time moulds into it the central depression into which the electrodes BB fit 
quite closely Vertical adjustment is provided by sliding the holder E mto 
tube F The apparatus is now ready for striking the arc The cup C is 
made to rotate at a speed of about two revolutions per second, and the electric 
arc is Btruck by a horizontal movement of electrode A, causing the lower 
points of electrodes BB to make contact The electric current maintaining 
the arc is increased, together with the speed of rotation of cup C, until the 
heat generated by the arc is sufficient to melt the refractory powder nearest 
to it When this heat has been attained, the central depression in the 
refractory slowly assumes a parabolic form, as shown by the dotted 
line G When sufficient material has been melted, and the size of the pot is 
seen to be correct, the arc is switched off and the pot allowed to cool down 
The usual time taken to melt the refractory is about two minutes, and the 
final speed of rotation of the cup is approximately eight revolutions per second 
Using BO volts the energy required to make a pot having a capacity of approxi¬ 
mately 15 c c is about 50 k v a, but this vanes very much with the melting 
point of the refractory to be fused. 

The arrangement just descnbed applies to pots made of magnesia, which 
does not readily form carbides at high temperatures In making pots of 
alumina or orconia, special precautions must be employed to keep the molten 
lefractory m an oxidising atmosphere, owing to the readiness with which 
these refractones form carbides When fusing the latter materials a stream 
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of oxygen is blown between the electrodes and the refractories to be fused, 
through tube L, which is made of magnesia This is found to be quite effective 
m stopping the production of carbides If any carbide is formed the refractory 
may swell up and come m contact with the electrodes, which will be broken 
and impede the rotation of the cup It is, therefore, necessary to have sufficient 
space between the electrode and the refractory to allow the free entry of 
oxygen A former K of larger diameter than is necessary with magnesia is, 
therefore, employed when fusing refractories tending to form carbides 

The surface tension of the liquid refractory appears to play an important 
part in determining the thickness of the fused layers , alumma forms a naturally 
thick layer, and magnesia a very thin one The thickness of the fused layer 
also depends on the amount of refractory material that is fused, and is governed 
in the present apparatus by the life of the electrodes BB, which are burned 
away in about two minutes 

The process of fusing any material in the form of a powder while subjecting 
it to centrifugal force, in a manner similar to that used for the centrifugal 
casting of liquid metals, appears to be capable of extension to the manufacture 
of pots of much larger sues, and to tubes of refractory materials or metals 
of very high melting point 
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On the Precise ‘Measurement of the Critical Potentials of Gases 
By E 6 Dymond, B A, St John's College, Cambridge 

(Communicated by Prof Sir E Rutherford, F R S —Received November 12,1924 ) 

Introduction 

The aim of this research has been to attempt to increase the accuracy with 
which the measurement of the critical potentials of gases can be made, and so 
bring about a closer confirmation of the numerical relationships of the quantum 
theory We must first examine the factors which have limited the accuracy 
of previous measurements, and then see by what means we may increase the 
precision of these determinations 

In all methods in common use the critical potentials are determined from 
singular points m the current-voltage curves of the apparatus These points 
in the case of the Lenard and allied methods are upward bends or “ kinks,” 
while in the inelastic impact method of Franck and Hertz they are downward 
bends, that is to say, they ore maxima Were these changes ideally abrupt 
there would be no difficulty in fixing the critical points with great accuracy 
(if we ignore for the moment the question of the correction for the initial 
velocity of emission of the electrons and for < ontact potential differences), 
and so in con]unction with the spectroscopic evidence we could obtain inde¬ 
pendent determinations of the Planck constant h 

Unfortunately, there are two factors at least which smooth out these changes 
or “ kinks ” in the curves, first, the impossibility of obtaining an electron 
stream of homogeneous velocity due to the distribution, of approximately Max¬ 
wellian type, of velocities of emission from the glowing source, and second, a 
factor which has only recently been recognised, the fact that the probability 
of an electron of sufficient energy exciting or ionising an atom is not constant 
but rises from zero, when the electron has only just the requisite energy, to 
a maximum value, when it has Borne higher value This probability will be 
denoted for brevity by P (V) where V is the potential corresponding to the 
energy of the electron before impact The probability that an electron shall 
excite or ionise in one impact will be called p (V), so that 

P (V) = np (V) 

where n is the total number of collisions between the electron considered and 
the gas 
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The procedure which has been used, especially by Franck and Hertz, in the 
past in dealing with these lanks, has been to extrapolate the parts of the 
curve on each side of the kmk, which on a large scale are nearly linear, till they 
meet, and to consider this intersection the required critical point This of 
course is quite arbitrary and has no theoretical justification (In the inelastic 
impact method the maximum of the curve has been taken with even lesB justi¬ 
fication ) Leaving out of account for the moment the variation in P (V) with 
the velocity of the electrons, we see that the point which we are most justified 
in taking as the critical potential is where the transition curve joins the second 
linear part, as here all the electrons emitted from the filament have become 
effective The point where there are just sufficient electrons emitted with 
high velocities to register a departure from the normal curve can also be 
taken, if we bear in mind that its position will depend on the sensitiveness 
of the apparatus to ret ord small differences of current, and also on the emission 
velocity distribution of the electrons 

The first step in attempting to increase the accuracy of this type of measure¬ 
ment would Reem to be to increase the sharpness of the kinks, in other words, 
the sensitiveness of the apparatus, and so fix with greater precision the points 
mentioned The means of doing this which obviously presents itself is to 
differentiate the curves 

Graphical differentiation, while rendering the bends more obvious to the eye, 
can plainly bring no increase m sensitivitv, so recourse must be had to a type 
of apparatus which will directly record the differential of the current-voltage 
curve This apparatus and the results from it will be discussed in the first 
section of tins paper A preliminary account* of this part of the work has 
already been published 

It was not till after these results had been obtained that the great influence 
of the function P (V) was recognized It is easy to see that the simple view 
given above of the form of the kmk is not justified, for we must consider the 
first break-point as being the point where the quantity P (V) X (number of fast 
electrons) becomes appreciable As we arc ignorant of the form of F(V), 
the critical potential becomes indeterminate 

This difficulty of interpretation and efforts towards its solution, with some 
account of the function P (V) will be considered in the second and third sections 
of this paper 


* Dymond, ‘Proc. Camb Phil Soc ,* \oi 22, p 405 (1924) 
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1 The Differentiation of the (Junes 

Consider the simple Lenard apparatus This may be made to record the 
differentials of its characteristic curves by the following device — 

Superimpose on the potential V t between the filament and grid a small 
alternating potential dV of frequency w, so that the applied voltage oscillates 
between the values V -| dV and V — dV The current to the plate P will 
accordingly oscillate between the values 1 -f dl and I — d\ Let now a 
commutator rotating with the frequency to be placed in the circuit of P The 
current, after passing through the commutator, will oscillate between dl + I 
and dl — 1 i e , it will consist of an alternating part I, and a unidirectional 
part tfl Any galvanometer whose period is large compared with to will give 
a steady reading proportional to rfl so that if we keep dV constant and vary Vj 
the galvanometer will approximately retold the differential of the V—I 
curve, when dV jh small 

It will be seen that unusually large alternating currents will be circulating 
m the galvanometer It is possible to avoid this by transforming the current 
and then rectifying with the commutator, or by balancing out the large current 
by a bridge method before rectifying The first alternative has been tried, 
using an intervalve transformer, from a thermionic amplifier, of kwer resistance 
than is usual in tins class ol transformer But as it was found that the simpler 
method first described was much more sensitive, did not damage the galvano¬ 
meter (indeed the alternating portion of the current through it never exceeded 
10~ 6 amp ) nor caused unsteady readings with a frequency co of 2 r > per second, 
it was adopted for permanent use 

The source of alternating jKitcntml was a potentiometer fed with current 
from a small battery through another commutator similar to the one used for 
rectification, and mounted on the same shaft with it As one commutator was 
included m the circuit of a high-scnsitivity galvanometer and was rotated at 
a lugh speed, the design of the contact brushes required care 

The form found most satisfactory was a thin brass strip, to the contact 
surface of which was soldered a sheaf of about 100 thm brass wires, diameter 
0*12 mm , to ensure a large contact area Brass gauze would doubtless have 
served as well, but it was not possible to obtain it in a fine enough mesh. 
Copper could not be used owing to the high thermo-electric effects between it 
and the brass segments of the commutators. These brushes required constant 
supervision, as the brass wires wore through rather rapidly and caused short 
circuits When in good order however, the readings of the galvanometer were 
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free from sudden kicks, and were only subject to slow drifts of zero, which 
were comparatively harmless and could be allowed for Lubricant, m the form 
of heavy medicinal paraffin oil, was tried to ensure steady working for longer 
periods Its use seemed to have the opposite effect, so it was discarded 

Two experimental tubes were used of slightly different design The first 
consisted of a tungsten filament, a cylinder of nickel closed at either end with 
nickel gauze to serve as grids, and a collecting plate, also of nickel. All the 
preliminary work was done with this tube The range of velocities from the 
filament was rather wide, due to the fall of potential along it, which was 
about 1 volt 

In order to obtain a more homogeneous beam of electrons a second tube was 
constructed (fig 1) The source of electrons first tried was a sheet of thin 



platinum foil, coated with oxide and heated behind by radiation from a large 
tungsten filament Ah as much as 100 watts m this filament were found necessary 
to heat the platinum foil to a high enough temperature, and as a very small 
fraction of the electrons emitted from the very hot filament straying to the 
other parts of the apparatus caused very large disturbing effects, this form of 
source was replaced by another, which is shown in the figure A loop of 
platinum foil, 2 mm wide and 0 018 mm thick, avos bent into a U shape, and 
was coated with a mixture of Ba and Th oxides foi a length of 1 mm at the end 
of the tip By this means the potential drop across the portion of the strip 
which was actually emitting was about 0 1 volts The " filament ” F just 
projected through a small hole m an earthed shield S, which served to maiTitjun 
a uniform held between F and the grid, and which also was used to measure the 
velocity distribution of emission The centre of the filament was also earthed 
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by the usual device of connecting the two ends to a high resistance R, and 
earthing an intermediate point. 

The process of finding this point is described by Richardson and Brown * 
The elec trons are allowed to flow across to G, with their own emission velocity 
without any accelerating field If the heating current be now reversed, n nl«s s 
the emitting spot in the filament is at zero potential, the current to the gnd 
will be changed 

The* design of this second tube follows that used by Hertz f The electrons 
make frequent collisions with the gas in the field-free space within the cylinder G, 
and diffuse out to the collecting plate P As it was desired to make some 
subsidiary experiments on the effects of a magnetic field on the phenomena 
within the tube, the whole metallic part of the apparatus, with the exception of 
the platinum stnp, was made of copper Before assembly the metal parts were 
thoroughly cleaned with nitric acid This is essential to prevent the formation 
of contact potentials between the various portions of the apparatus The 
potential between the hot platinum filament and the copper is, of course, 
unavoidable In order to facilitate the removal of the filament for repairs or 
alterations, it was mounted together with the shield S on a ground-glass sleeve 
This was used free of all lubricant and when waxed on the outside was perfectly 
gas-tight The use of this sleeve, of course, prevented the whole of the apparatus 
from being baked out, though all the metal parts could be subjected to treat¬ 
ment But the disadvantages of having the filament inaccessible outweighed 
those due to the evolution of occluded gases from one end of the tube In the 
prot ess of baking out, the apparatus was inserted into the furnace to within 
5 cm of the joint, which was kept cool by a stream of water 

The general diagram of electrical connections is also shown m fig 1 The 
source of potential for the mam accelerating field Y x was the potentiometer 
P0 X , fed from a 40 or 80-volt battery of small secondary cells This potentio 
meter in reality consisted of two, one bemg a fine adjustment on the other, m 
order to obtain steps of 0 l volts or less V, was measured on the calibrated 
voltmeter V The alternating potential dY was provided by the commutator 
C x and potentiometer PO a The current to the grid was measured on the 
mioroammeter A s , which was also connected in series with a shunted galvano¬ 
meter (not shown) to record small currents In order to take account of small 
variations in the emission current from the filament during a set of readings, 
the galvanometer (Ga) reading was always divided by the reading of the 

* Richardson and Brown, 4 Phil. Mag., 1 vol 16, p 360 (1908) 
f Herts, * Prod. Roy Acad Amsfcvol 26, p 179 (1922). 
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microammeter, and the result was plotted The current from the plate P 
passed through the commutator C 2 to the galvanometer Ga This instrument 
had a sensitivity of 2 X 10' 10 amp per mm at the scale distance used, and a 
resistance of about 1,000 ohms Its very slow penod (one minute) helped to 
keep the readings steady Potentials (V a ) could be applied between P and G 
by means of the potentiometer P0 3 Great care had to be exercised on the 
insulation of the plate circuit, as m nearly all the experiments the galvanometer 
Ga, the commutators, and potentiometers PO a and P0 3 were maintained at a 
potential of about 20 volts The insulation throughout was of paraffin or 
freshly scraped ebonite 

The apparatus for admitting and purifying the gas presented no unusual 
features Helium was chosen as the subject for these experiments, both on 
account of its ease of purification and because of the positive nature of the 
results obtained by previous workers It was felt that a new method should 
be tned out on a gas on whuh there vrere abundant data already The helium 
contained as impurity mostly air, with a little hydrogen The hydrogen 
was removed by adding to the gas its own volume ot oxygen and igniting m 
it a pellet of phosphorus After admission into the apparatus by the gas 
manipulator the other impurities, together with any unburnt oxvgen, were 
removed by prolonged standing over charcoal cooled in liquid air It was 
found impossible to remove the H* line of hydrogen completely, as seen in 
a small spectrum tube This requires extraordinary care in eliminating traces 
of water and tap grease vapours The best test of purity was the freedom 
of ionisation below the ionisation potential and the constant character ef 
the phenomena after successive repunficntions 

As the metal parts of the apparatus were of copper, great care had to be 
taken to exclude mercury vapour from the tube Two traps cooled m liquid 
air, with a tap between them, were used The tap prevented diffusion of 
condensed mercury from the first trap into the apparatus overnight A large 
tube filled with charcoal and cooled in liquid air was directly attached to the 
apparatus to remove any impurities evolved during the taking of a set of 
readings 

The mam pumping system consisted of a condensation pump of the Langmuir 
type backed by a Gaede rotary mercury pump and Fleuss oil pump This 
system could maintain a vacuum for purposes of baking out, etc., which was 
unmeasurable on the McLeod gauge, which was sensitive to I0" 4 mm. 

The baking out was conducted in a small electric furnace at 360°~380° C. 
for several hours. It was not possible to glow out the metal parts m the 
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usual way but surface layers of gas were removed by bombardment with an 
intense election stream from the filament, of 1,000 volts velocity 
The inelastic impact method has been employed throughout the work It 
was felt that the addition of an electrometer to a circuit containing rapidly 
moving contacts, such as the commutator, was undesirable when testing the 
possibilities of a new method Indeed with the type of brush gear described, 
the irregularities introduced by it would have completely overwhelmed the 
effect sought, unless the electrometer were used m a very insensitive state, 
as they were always on the limit of measurement with the galvanometer As 
the inelastic impact method is not suitable for the measurement of ionisation, 
because the velocity of the impinging electron after collision is indeterminate, 
attention has been focussed exclusively in this work on the excitation potentials 
The application of the differential method to measure ionisation is identical 
m principle with that just described The vindication of the differential 
method for excitation potentials seems sufficientIv complete, so the case of 
ionisation has not been dealt with, especially as the more interesting problem 
of the interpretation of the curves supervened 


Discussion of the Results 

Typical results obtained m helium are given in figs 2 and 3 Fig. 2 shows 
the result of the application of the normal inelastic impact method In this 



Fig 3 Fig 2 

case the gas pressure was 1 mm of mercury, and the retarding potential V 2 
between the plate and grid was 0*5 volt The absciss® are uncorrected for 
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initial velocity and contact potential differences The double nature of the 
excitation point due to the two types of excitation of helium is shown These 
two points correspond to switches from the normal IS (crossed orbits) state 
of the helium atom to the first orthohehum (coplanar orbits) 2s state, and to the 
second parhehum (crossed orbits) 2S state, respectively From the optical 
data these should be separated by 0 8 volt In this curve they are about 1 volt 
apart Reasons for this will be discussed later 
All electrons which have made inelastic colhsions with more than 0 5 volt 
surplus energy should theoretically not be stopped bv the opposing potential, 
but as m practice the gnd is not a perfect electrostatic shield the held V 2 must 
penetrate a short distance inside the “ field free ” space This stray field can 
stop electrons of velocity greater than 0 5 volt from reaching the plate if they 
approach it m a slanting direction This action will delay the recovery of the 
current which we should expect to be more rapid than is shown (The imper¬ 
fection of shielding of the grid must also cause the accelerating field V 1 to 
penetrate into the cylinder, so that electrons that have passed through the 
centre of the meshes of the gauze must travel some distance further before 
attaining their full velocity These electrons will have a smaller chance of 
making effective colhsions and we shall tend to obtain too high a value for the 
critical potential The gauze used was of a mesh of 30 per cm and the wire 
was 0 3 mm diameter, so that the mesh ratio was about unity With such a 
gauze this effect should be quite small, seeing that the dimensions of the 
cylinder were 35 mm long by 25 mm in diameter ) 

The differential curve taken under very similar conditions is shown in fig 3 
The gas pressure was 1 1 mm , V 2 was 0 4 volt, the oscillating potential dV 
was 0 1 volt The critical points now become very strongly marked At 
first sight it looks as if this curve could fix the points with extraordinary 
accuracy The maxima of the normal curves become the zero points of the 
differentiated curves, and these may easily be located to 0*02 volt 
We must remember firstly, however, that the maxima arc not the critical 
points at all, they are the points where the rate of increase of the number of 
electrons which have collided uielastically is equal to the rate of increase of 
the normal current to the plate (Although the current to the gnd saturates 
at about 5 volts, the current to the plate continues to increase This current 
m governed entirely by the diffusion outwards of the electrons from the axis 
of the cylinder) We must remember also that the more important factor 
which renders the critical point uncertain is the correction to be applied to the 
readings, owing to contact potential differences and the initial velocity of 
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amission. These corrections are best applied by the doable impact 
method * 

If we continue to raise the potential Y l after the first critical point is passed, 
those electrons which have made inelastic collisions are left with increasing 
amounts of energy, until a point is reached where they may be able to excite 
again This point will be indicated by a second dip m the curve, and the 
distance between the two will give the critical potential without any compli¬ 
cations due to contact potential differences, dec. 

If the probability of single excitation is P(V) that of double excitation will 
be «(N - n) [p(V)J®, where N is the total number of collisions made, and a the 
number of collisions before the first inelastic impact. We see then that unless 
P(V) is near umty the double impact point in the current curve will not be 
plainly marked and cannot be accurately fixed This is Bhown in fig 3 where 
the differential of the curve at the double collision is shown on the right 
The mean distance between the break points of several sets of readings which 
agree to within 3/20 volt is 20 9 volts, in contradiction to the accepted value 
of 20 *45 volts f The spectroscopic evidence of Lyman£, however, demands that 
the first excitation point should be at 19 77 volts Franckf gives reasons why 
the results of Franck and Kmpping should differ from those of Lyman Such 
evidence as exists goes to show that p(V) for the first switch, IS—2s, which 
we will call the A transition, rises to a maximum a few tenths of a volt above 
the initial point, and then rapidly falls to a small value (This is confirmed by 
the evidence brought forward in the last section of this paper) For the second, 
B, IS — 2S switch however, the nse and fall are more gradual This means 
that the effect due to B will far outweigh that due to A at all voltages higher 
than, say, 1 volt above the critical potential for A 
If in the apparatus of Franck and Snipping a potential of about 40 volts 
is applied, the first effective collisions begin to take place in the space between 
the filament and the first gnd when the electron has attained about 20 volts 
energy, and as we have seen from the above, these collisions will result mainly 
m B transitions with energy loss of 20 5 volts The electron is again accele¬ 
rated and enters the space between the two grids with roughly 20 volts energy 
Bat here the accelerating field is so small that the electron can make many 
collisions with substantially the same velocity So we see that as we raise 

• Franck and Herts, ‘Verh d D Phyi Gee,’ vol 16, p 45 (1914) 
t Franck and Kmpping, ‘ Zeitaohr f Phyayol 1, p 320,1920, Horton and Davies, 
‘Proo Roy SocvoL 95, p 406(1919} 

$ Lyman, ‘ Nature,’ August 26 (1922), < Astropbys Joura,’ vol 60, p. 1 (1924) 

| Franck, ’Zeitaohr f Phyavol. 11, p 155(1922) 
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the potential, at 40 3 volts collisions will occur resulting in A transriaons, 
as here the smallness of p(V) is balanced by the largeness of n, the number 
of collisions Consequently the double collision point that is observed is not 
of AA but of BA type, and the difference between the single and double impact 
breaks in the curves is 20*45 and not 19 77 volts 
In the apparatus used in this work however, the distance between the fila¬ 
ment and gnd is such that very few or no collisions occur while the electron is 
being accelerated It will therefore enter the second space with its full velocity 
of 40 volts It has now several possibilities of losing itB energy before it, hut 
it cannot cause an A transition and pass on with nearly 20 volts energy At 
40 volts p(V) must be entirely negligible Therefore we can only hope to 
observe double collisions of type BB, and the distance between the break 
points will be 1 *6 instead of 0 8 volts higher than the A excitation potential 
If this view ib correct we must expect to find only one break in the curve in 
the neighbourhood of 40 volts, and it is a fact that all efforts to find a complex 
structure for the double impact point, analogous to that of the single impact 
by the differential method, have failed * 

If the complex structure of the double impact point is not revealed by the 
differential method, the actual magnitude of the subsidiary critical points 
must be exceedmgly small, for it has been found that the differential method 
will reveal singularities which pass quite unnoticed m the normal curves. 

A good example of this is shown m figs 2 and 3 above It wiU be notaoed 
that in fig 3 the ordinate rises sharply just before the mam fall No such nse 
has been detected in the normal curve, and to make certain that it was not due 
to some new effect, the differential curve waa graphically integrated The 
constant of integration was adjusted to ensure that the total fall of current was 
the same as that in fig 2 The similarity of the two curves was very close, 
and affords valuable confirmation that the apparatus was working correctly. 

The cause of thiB sharp nse is obscure, but may be connected with the effect 
observed by Sponerf m argon. It is known that in the rare gases very slow 
electrons have abnormally long free paths X Sponer has demonstrated this 
effect in a very Btnking way She used an apparatus which was in 

pnnciple to that described m this paper, with the plate and grid connected 
together When the potential is raised to the excitation point of the gas in the 

* I am indebted to Prof. Franck for helpful dieouenon of this point, 
t Sponer, ‘ Zeit f Phyavol 18, p. 249 (1923). 

} Mayer, 4 Ann d. Phyi,' vol. 64, p. 461 (1921); Ramaauer, 4 Ann d Phye veL 64, 
p. 618 (1921), vol 66, p. 646 (1921), vol 72, p. 346 (1923). 
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apparatus electrons with very small velocities will make their appearance, 
if they have abnormally long free paths they will diffuse away very rapidly. 
It is more probable, however, as the effect in helium is very small, that the 
observed rise is connected with the observation of Herts* that slow electrons 
diffuse more rapidly than fast ones, independently of any variation m the 
free path, even m the case when there is no field 
This effect of the nse of current was very marked in the first apparatus 
and could be seen m the normal curves The currents used m this apparatus 
were considerably higher than those later employed so that the space charge 
and the effects due to it would be larger It is difficult to see, however, why 
the effect noted should start 0 4 volt lower than the point where the arrival 
of the first slow electrons is indicated 

In order to explain why we find the distance between the A and B breaks 
to be 1 volt instead of 0 8 as previously mentioned, we must turn again to 
the supposed forms of the p(V) curves for these two transitions For the 
first one the rise is sharp, for the second it is more gradual Now in the 
differential curves shown in fig 3 the retarding potential is 0 4 volt—that is 
to say, we are measuring electrons which have collided elastically over a velocity 
range of 0 4 volt over the critical potential We therefore see that due 
to the slower nse of the probability for the second type of collision it will 
make its appearance m this case later than it would were the excess energy 
of the colliding electrons only 0 1 volt or less 
If we accept the conclusion that the experimental result found is 1*6 volt 
higher than that of the true excitation potential, we shall obtain a value for 
thiB of 19 6 volts, compared with 19 77 volts as found spectroscopically by 
Lyman As will be shown in the second section, however, we cannot say 
by mere inspection of the curves what point we are to take as representing 
the critical velocities, so that the agreement is surprisingly good 

' II The Interpretation of the Critical Begums of the Curves. 

We will now make a more detaded investigation into the form to be expected 
of the characteristic curves in the Lenard and inelastic impact methods, and 
from them attempt to derive the precise position of the critical potentials 
Let the potential applied to the apparatus (ignoring contact potentials) be V. 
Due to the velocity of emission the electrons will have velocities greater than 
this. If p(u )du is the number of electrons emitted from the filament per seoond 
with velocities between u and^u+du measured in volts, this number will also 
• Berta. * Verb. d. D. Phy*. Gee ,’ vol 19, p. 273 (1917) 
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represent the number of electrons which after aooeleration by the field will 
have a velocity in the range V-f-wtoV + u + du (This is not rigorously 
true, as the field being uniform increases one component only of velocity and 
leaves the other two unchanged. It is known that under these conditions 
the final distribution about the mean resultant velocity is not Maxwellian; 
but a solution of the problem of what this distribution is has not been obtained ) 
Let P (V) as before be the probability that an electron of velocity V (m volts) 
shall in its course through the apparatus excite an atom Of course we have 

P(V) = 0, 


when V < V 0 , where V 0 is the cntacal potential. 

The total number of effective impacts per second will be 


N 



+ u) p (u) du 


( 1 ) 


If the variation of N with V is known, together with the form of p (u) and the 
excitation potential V 0 , the equation (1) may be regarded as an integral 
equation m P, but to determine both P and V 0 we must proceed differently 
In the experiment of Hertz* previously mentioned the number of electrons 
which are stopped by a small retarding field between the plate and grid is 
measured In other words, the number of effective impacts by electrons 
whose velocities range from V 0 to V 0 -f- &, where S is the retarding potential, 
is determined This number is accordingly 

rv„+«-v 

!/= P(V + m)P(« )du ( 2 ) 

Jv„-v 


We oan by applying first a potential and then 8 g find the number of effective 
impacts by electrons m a range of velocities from S x to S 2 above the critical 
velocity Put analytically we measure 

(■V 0 +l,-V 

Ay = P (V -f-u) p (u) du (3) 

Jv,+«,-v 


If we take 8 a — S 1 small enough we may consider P as being linear within this 
range, so we have 


Ay 



(4) 


Now the integral represents the area in the velocity distribution curve between 
two ordinates 8 a — $ x apart As V 0 is unknown we do not know where on the 
curve they he. If we vary V, the form of Ay will be precisely the form of the 
* Herts, ’ Proo. Roy Soc Amst.,’ vol. 18, p. 179(1828). 



Precise Measurement of the Critical Potentials of Oases . 308 

variation of this area as we move our two ordinates along the distribution 
curve Consequently, by comparing the curve between Ay and V with that 
between the area and u, as determined directly from p (u), we shall determine the 
position of V 0 relative to V 

The duplicity of the critical point m helium complicates the analysis of the 
curve by the addition of a second probability factor That is to say, we must 
replace P(V) by P(V) + P 1 (V) throughout If we remember, however, that 
pi(V) = o, for V<V 0 + 0 8 
P(V) — 0, for V < V 0 , 

we see that if we only work a few tenths of a volt above V 0 the second function 
P X (V) will not interfere 

The arrangement described in the previous section to differentiate the ordinary 
current-voltage curves can easily be modified to give Ay as a function of V 
To do this we have to apply between the gnd and plate a potential 8 ± h 9 
where 2h = S 2 — 8 lt just as previously we had to apply between the filament 
and gnd a potential V ± dV We accordingly remove the potentiometer 
(P0 8 in fig 1) and insert it in the plate circuit to provide the oscillating 
potential ± h The rest of the apparatus stands as before 

In order to carry out the analysis described above it is necessary to know the 
form of the velocity distnbution curve p (w) This was done by the method 
used by Richardson and Brown,* in which the number of electrons flowing 
from the filament under the influence of small retarding potentials is measured. 
The ordinate at any point on the observed curve between current and retarding 
potential represents the number of electrons which have velocities greater than 
that represented by the abscissa, that is to say, 

f" dn 

n = I p («) du, or p (w) = — x const 
J K du 

Hence the area-difference to be plotted can be replaced by the difference of the 
ordinates of the observed curve The function of the shield S in fig 1 now 
becomes apparent We wish to measure the energy distnbution of the 
electrons, not, as in the case of Richardson and Brown, that of the component 
of velocity normal to the gnd It is not possible to do this exactly, but we can 
approximate by connecting the shield to the gnd so that the retarding field has 
some measure of sphencal symmetry The approximation is, of course, not 
very exact, but errors in p (u) will have only second order effects on the onfeoal 
potential. 

* Richardson and Brown, ‘ Phil Msg vol 10, p 800 (1908). 
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The general form of the curves obtained for Ay is shown in fig. 4. The data 
in this case are gas pressure 1 mm , retarding potential V* =* 0*4 ± 0*1 volt. 



For the same reasons as mentioned above, the distance between the two 
excitation points is not 0 8 but 1 * 2 volts 

The retarding potential has a small effect on even fast electrons if they enter 
the space between the two cylinders obliquely, this is shown by the small 
deflection before the critical point ib reached It is however very nearly 
constant and can be easily allowed for 

The effect due to the double impact is small, as might be expected with this 
method When the velocity of the electrons is near 40 volts the amount of 
ionisation is considerable , there are consequently many electrons present with 
indeterminate velocities, and also positive ions which are attracted to the plate 
by the field V, The nee in the current due to the double impact is super¬ 
imposed on a large effect due to ionisation and amounts only to 10 per cent of 
the total current 

For this reason it has not been found possible to effect an analysis of the 
curve due to double impacts It will be noticed that the difference of the two 
" break ” points is 20*9 volts (a value consistently repeated), agreeing closely 
with that found in the previous section by the differential method We have 
no right to assume that this represents the excitation potential, as the position 
of the break point depends on the sensitivity of the apparatus to radicate small 
differences in current. If we alter the scale of the curve we shall alter the 
apparent position of the break point, and the scales of the single and double 
impact curves axe widely different. An inspection, however, shows that this 
alteration can only be one or two-tenths of a volt, it is inadequate to aocopnt 
for the discrepancy of half a volt with the accepted value of the excitation 
potential. ' 
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Owing to the wide range of the oscillating potential used in the set of readings 
shown in fig 4 (0*2 volt) analysis was not earned out on this curve. 

The result of a typical analysis is shown in fig 5 In this case 8 was 0*3 volt 



Fig 5 



and (S a — Sj) was 0 1 volt It will be seen later that P (V) is more nearly 
constant m this region than elsewhere 

The curve showing the nse m current (Ay) from the first break point to 
0*8 volt above it is plotted, correction being made for the effect of the retarding 
potential on faBt electrons as mentioned before The observed velocity dis¬ 
tribution curve is now taken, and the differences m the ordinates 0*1 volt 
(= S 4 — 8 X ) apart are plotted backwards against the mean potential corre¬ 
sponding to them This difference curve has now to be fitted to the Ay curve, 
by adjusting the maximum ordinate to be equal to successive ordinates of the 
Ay curve In one of these positions the two curves will he dose together 
throughout their length As the ordinates of the difference curves are much 
smaller than those of the original velocity distribution, errors in this latter 
will tend to be magnified It will be seen that for this reason the points do not 
he well on a smooth curve, though no such irregularities could be detected in the 
original observations 

We see that in fig 5 a good fit is obtained when we place the maximum 
ordinate of the difference curve on the point 22 3 volts As this ordinate 
corresponds to a mean emission velocity of 0*05 volt we may take the cntaoal 
potential to be at 22*35 volts. But as only electrons with velocities 0*25-4*80 
volt greater than the critical potential are recorded, the actual position of the 
critical potential on die voltage scale u 22*05 volts, or about half a volt above 
the initial break point. 
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The difficulties related above in getting satisfactory curves for the double 
impact make this analysis of value chiefly for comparative work, in which 
the critical potentials of the gas under observation are measured against those 
of another gas as standard, these latter being checked against spectroscopic 
data. This calibration by a known gas has in fact been resorted to by Herts in 
finding the excitation potentials of neon and argon m terms of those of hehum 

III The Probability of Effective Collision 

It is of interest to investigate the form of the probability coefficient P (V). 
Some conclusions have been arrived at from theoretical grounds concerning 
this function by Blackett * He considers that a condition limiting excitation 
of the atom by the impinging electron when it has sufficient energy is the fulfil¬ 
ment of the requirements of the conservation of angular momentum The 
atom on undergoing a quantum switch changes its total angular momentum 
by an amount jhfin, where j is an integer This must also be the change in 
angular momentum of the electron about a lme through the centiy of mass 
of the atom He shows that for velocities slightly above the excitation 
potential, the electron must impinge on a narrow nng around the atom to 
fulfil these conditions As the velocity is increased this ring expands till its 
area is equal to the area of the atomic disc as calculated from the kinetic theory 
At this point every collision should be effective, and below it the probability 
of excitation, p (Y), is represented by the ratio of the area of the nng to that of 
the whole atom 

Plainly, when the electron has just sufficient energy to excite, the nng shrinks 
to a line-circle and p (V) becomes zero He shows that in the case of the 
IS — 2s switch of hehum p (V) should reaoh a maximum (of unity) 0*5 volt 
after the beginning of excitation 

It is possible by means of the apparatus descnbed m the previous sections 
to determine the form of the function P (V) expenmentally Consider agam 
equation (4), 

rv,+i,-v 

%“P(V 0 + 8) p (w) du 

JV,4«,-V 

If we vary 8, that is to say (8j + 8,)/2, and at the same time vary V so that 
the integral remains constant, Ay will be proportional to P (V 0 + 8). The 
integral remains constant if we keep (V — 8) constant, that is to say when Y 
is varied by the same steps as 8 

We shall not in reality obtain a true representation of P(V) when the function 
* Blackett , 1 Proo Comb Phil 8ocvol 22, p. 06 (1824). 
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is varying rapidly, but we shall approximate to its mean value in a range 
(8 f — 3]) In the actual experiments this range was 0 1 volt The curve 
may of course be corrected for zero range by the well-known method of 
Rayleigh, 41 but the corrections so made will not be larger than the variations 
found from day to day 

The value of the probability for the first, IS — 2* switch only, has been 
found We are actually measuring P (V) + P 1 (V) as mentioned before, but 
by working with low values of V we may exclude P 1 (V) We cannot exclude 
P (V) to measure P 1 (V) alone, and as this latter seems to be much smaller 
it has been impossible to work on it 

The averaged results of several determinations are shown m fig 6 It is seen 
that P (V) rises sharply and m nearly linear fashion to a maximum at 0 25 
volt, with a range in different determinations from 0 2 to 0 3 volt This is 
not inconsistent with Blackett’s results, considering the uncertainties m his 
calculations But the decrease after the maximum is unexpected and seems 
to have no obvious explanation We may be reasonably assured that our 
interpretation of the effect we are measuring is correct, because the form 
of the curve remains unaltered by working with widely different portions of 
the velocity distribution cuive, i e , with different values of V when 8 = 0. 

Hughes and Kleinf rec ord similar curves for the probability of ionisation 
of helium, but on a very different scale, extending over some hundreds of volts 
It is unlikely that the two phenomena have much in common 

To amve at a numerual estimate of the maximum value of p (V), we require 
the maximum value of P (V) and the total number n of collisions with the gas 
which an electron suffers in traversing the apparatus We may obtain a rough 
value for P (max) from inspection of the normal inelastic impact curve of 
fig. 2, in which we see that at 1 mm pressure about 40 per cent of the electrons 
make effective impacts 

The determination of the second quantity n presents greater difficulties 
The exact mathematical solution of the problem has not been obtained, bat 
we may arrive at the right order for the number of collisions from the approxi¬ 
mate relation 

x = l\n or = 

where * is the distance traversed from the origin by an electron in n free petite 
each of length l We see that n, and therefore P (V), vanes as the square of 
the pressure, a relation which has been found to be approximately true 

* Rayleigh) ‘ Collected Papers,’ voL 1, p 188 
t Hughes and Klein, * Phy*. Revvol. 23, p 460 (1024) 
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The mean free path of a fast electron may be taken as 4l/2 times that of 
the gas in which it is moving, and is in the case of helium at 1 mm pressure 
about 1 mm The dimensions of the cylindrical grid within which the collisions 
take place were 35 mm long by 12 5 mm radius The mean value of 
where x is the distance from where the electrons enter to a point on the circum¬ 
ference, is 564, which also gives the number of collisions in this case In reality 
this number will be smaller, as we have assumed that an electron will have 
equal chances of passing through the gauze at all points It will, in fact, 
tend to pass through more frequently at the end near the filament, so as we 
are only dealing with the roughest of approximations we may take n = 400 
This gives 

p (max ) - 0 001 

» 

Thu result shows that considerations of angular momentum, as treated by 
Blackett, while possibly controlling the form of p (V) have no influence on its 
absolute magnitude It should be noted, however, that he expressly states 
that hu calculations can give only maximum values for Hie probability 

We are at present in the dark concerning the factor which limits p (V) to 
so small a value It u conceivable that the atoms of the gas were oriented 
by the earth’s magnetic field, the stray fields of the laboratory, or that due to 
the current heating the filament The experiments of Wood and Ellett* on 
the polarisation of the resonance radiation of mercury have shown that the 
presence of such small fields can exercise marked effects Blackett has shown 
that a magnetic field m orienting the atoms will make the conditions of fulfil¬ 
ment of the angular momentum relations much more stringent, and will greatly 
reduce the values of p (V) 

In order to test the possible effect of a magnetic field on the behaviour of 
the probability, a solenoid capable of giving 100 gauss in the direction of the 
axis of the cylinder was placed round the experimental tube The only effect 
observed even with the strongest field was a general increase m all the values 
of F (V) Thu increase is to be expected, as the action of the field on the 
electrons tends to prevent them diffusing to the walls of the cylindrical gnd, 
and so increases the number of collisions which they make before doing so. 
No effect on the shape of the curve was observed, and it can be said that there 
is no evidence of any effect of a magnetic field up to 100 gauss on the probability 
of effective collision 

This negative result can of course be explained by the anwimptinn that the 
* Wood and Ellett, ‘ Roy. Soc. Proe.,’ A, vol. 10*. p. 896 (1929). 
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atoms ate already oriented by the stray fields It has unfortunately not been 
possible to test this by neutralising the stray field *nH noting any differences 
in behaviour 

It must be understood that these values for the probability of excitation 
are only tentative, owing to the many uncertainties which anse in their deter¬ 
mination We have ignored entirely the small loss of energy of an electron at 
an elastic collision with an atom, due to the transference of momentum from 
one body to the other This amounts, in the case of helium, to about 1/4000 
of the energy of the electron per collision, so that in the case considered the 
electron may lose 10 per cent of its energy in traversing the gas This may 
increase the values of p (V) by a factor of 2 or 3, which still leaves it very small, 
and does not bring m uncertainties of greater order than those occurring in the 
determination of the total number of collisions between the electron and the 
gas 

In order to avoid these difficulties it is necessary to work at such low gas 
pressures that the number of collisions is only one or two, as do Hughes and 
Klein. The extreme smallness of the effects to be observed at these pressures 
quite precludes the methods of measurement described above, and we 
must rest satisfied at the moment with having arrived at the order of the 
probability 

Summary 

1 The factors limiting the accuracy of previous measurements of excitation 
potentials are discussed 

2 The application of automatic differentiation of the characteristic curves 
to increase the sharpness of the bends in them is described. The reasons for 
the divergence of the value found for the first excitation potential of helium, 
20 9 volts, from that calculated from the optical data are discussed 

3 The problem of interpretation of the characteristic curves, talcing into 
acoountthe variation m the probability of effective collision and the velocity 
distribution of the electrons, is attacked 

4 Efforts towards finding the variation m the probability of effective colli¬ 
sion and its numerical value are described 

In conclusion I wish to express my deep gratitude to Sir Ernest Butheiford, 
to whom the original suggestion of applying the differential method to finding 
excitation potentials is due, for his continuous interest and advice throughout 
the work, and also to Mr R H. Fowler for his help in finding the total number 
of collisions made by the electron 
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On the Determination of Resistance tn Terms of Mutual 

Inductance. 

By Albert Campbell, B A 

(Communicated by F E Smith, F R S —November 22, 1924) 

Some years ago* the author made a determination of the ohm in absolute 
units by two alternating-current methods, both of which depended on a 
calculated standard of mutual inductance and a measured frequency Each 
of those methods had certain disadvantages the first required a very steady 
running two-phase alternator, and the limits of accuracy depended on the 
readings of an electrostatic voltmeter, the second method employed a 
condenser as intermediary and required an assumption regarding the behaviour 
of the condenser which was probably not quite justifiable 
The following method requires simpler apparatus than the two former, 
and is free from the difficulties inherent m them The connections are shown 
m the figure 



and M t are two mutual inductances, M a being variable Their secondaries 
are connected, along with added resistance, to form a loop having total 
resistance R and self-inductance L, r is a non-inductive resistance, A a 
source of alternating current, and G a vibration galvanometer ox telephone. 
A portion, s, of the added resistance in the loop is tapped off into the 
galvanometer circuit, and can be adjusted by a slide-wire contact without 
altering the total R Let <■> — 2nn, where n is the frequency of the source. 
Then, when G shows no current, 

= Rr (1) 

and MjS = hr. (2) 

If we fix Mj, R, r and L, s can be adjusted once for all so as to satisfy 
condition (2) Then, for any given value of ei, condition. (1) can be also 
• • Roy. Soo Proo.,’ A, voL 87, p. 891 (1912) 
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satisfied by adjusting M,. If the frequenoy is not quite constant, and has to 
be averaged, M a can be adjusted at regular intervals In the above simple 
case we have taken r as non-mductive, and the direct mutual inductance (m) 
between P and Q as zero If these conditions do not quite hold, let l be the 
self-inductance of r Then we have 

«* [M X M a — L (/ — m) ] - Rr (3) 

and Mi« = Lr -f (l — m) R (4) 

It is quite easy by experiment to set m to be zero, in which case a small 
correction due to l alone remains But if m be set equal to 2, the equations 
reduce to the original simple conditions (1) and (2) If the self-inductance of * 
is not quite negligible a small correction for it can be applied to M a 

It will be noticed that the comparison thus obtained involves two mutual 
inductances and two resistances The two mutual inductances can each be 
accurately determined against a standard calculated from its dimensio ns 
The resistance r is an ordinary non-inductive standard, but R includes 
inductive copper coils Even when moderate frequencies are used (eg, 100 
to 200 cycles per sec ), the resistances of the copper portion of the loop can 
be made so small as to render the variation of R with temperature and 
frequency comparatively slight 

The method has been used to determine the ohm m absolute units The 
mutual inductances M x and M a were about 14 and 10 «iH respectively, and 
were checked against a standard kindly tested by Mr Dye at the National 
Physical Laboratory, being thus derived from the calculated standard of 
mutual mduotance set up by the author in 1907 * The resistances R and r 
were about 30 and 2 ohms respectively, and were checked against coils also 
tested at the National Physical Laboratory L was about 3 5 mH and s 
about 0 5 ohm The frequency used was about 100 cycles per sec, and was 
determined by a standard timing fork which was checked by the help of a 
phouo wheel The alternating current (30 to 40 nulhamperes) was obtained 
from a single-valve generator, and the detecting instrument was a vibration 
galvanometer The experiments were made in the author’s small laboratory 
with home-made instruments. 

The final results gave.— 

International ohm/true ohm = 1 *00064 ± 0 0001. 

He limits of accuracy are perhaps worse than ± 0*0001, but the agreement 
* 'Boy. 800 . Prao.,' A, vol 79, p 428 (1907). 
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of the result with the figures given by Smith and Giebe (1 *00062 and 1 *00061 
respectively) shows that with a httle more elaboration very high accuracy 
should be attainable The use of the method for accurate measurement of 
frequency will be described elsewhere 


The Absorption of X-Rays, 

By £. C Stoner, B A, Lecturer in Physics at Leeds University, and 
L H Martin, M Sc , 1861 Exhibition Scholar (Melb), Trinity College, 
Cambridge 

(Communicated by Prof Sir E Rutherford, F R S —Received Dec 6, 1924) 

Introduction 

An account is given here of the measurement, by a balance method, of the 
mass-absorption coefficients of a number of elements, primarily relative to 
aluminium, over a range of wave-lengths from 0 3 to 0 7 A U, and of the 
absolute coefficient of aluminium itself for three wave-lengths 

The main objection to the direct method of measuring absorption coefficients 
is the difficulty, with ordinary facilities, of obtaining an even approximately 
constant source of X-rays This necessitates the use of some form of com¬ 
pensation or comparison method 

Siegbahn* has described such a method Two similar monochromatic 
beams from the same X-ray tube are obtained with the aid of two “ half 
spectrometers ” The currents through the two ionisation chambain are 
opposed, and a null method is used, with an electrometer as detector With 
the absorbing screen in the path of one beam, the intensity of the second is 
equally reduced by means of a rotating disc, the transmitting sector of which 
can be varied 

The present method embodies essentially the same idea, but its much greater 
simplicity gives it an added advantage A single spectrometer is used, the 
two beams, one above the other, being reflected by a single crystal into the 
two ionisation chambers, which are fixed together and replace the usual 
chamber of the Bragg spectrometer After the beams are equalised in intensity 

* Siegbahn and Wing&cdh, 1 Phy*. Zeit.,’ vol. 21, p S3 (1920); Wingtrdh, 'Znt t. 
Phys,’ vol 8, p 868 (1922) 
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Absorption of X-Rays. 

the absorbing screen is placed m the path of one and the second is cut down 
until a balance is again obtained by moving across it a wedge of aluminium 
For the determination of the absorption coefficient of aluminium the wedge 
was used m conjunction with a rotating sectored disc 

Apparatus 

General —A Coolidge medium-focus tungsten radiator-tube, the radiator 
covered with a water-cooling jacket, and a medium-focus water-cooled molyb¬ 
denum tube were used These were supplied with unrectified current from 
a Watson 100 -K V oil-immersed transformer, working from the town mama 
The general arrangement of apparatus is shown in fig 1 The anticathodes 



Fig 1 —Diagram showing arrangement of Apparatus 


were about 40 cm from the crystal, the angles of incidence of the X-rays 
being measured from a 24-cm circle 

The X-rays from the anticathode, A C., pass through an aperture in the 
lead box, B, and are divided into two beams, slightly divergent, by the pairs 
of slits, S 1( S a , these are reflected from the single calcite crystal, C, through 
the further pair of slits, 83 , into the ionisation chambers, V t , V 2 The chambers 
axe raised to opposite potentials of 200 volte Either or both of the insulated 
electrodes, R lt B a , may be connected to the electrometer by means of the 
keys, Kj, K t £3 is an earthing key for the electrometer The wires leading 
from the electrodes to the electrometer are surrounded by earthed tubes, 
while the keyB, X], Kg, are within an earthed box. A quadrant electrometer 
of the Compton type, working at a sensitivity of 4 -> 10,000 divisions per volt, 
was used. The quarts fibre was rendered satisfactorily conducting by dipping 
in calcium chlonde solution. 
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For ordinary absorption measurements, A represents the position of the 
absorbing screen, while W is the wedge which is moved across the second beam. 

The Ionisation Chambers .—The brass ionisation chambers were of semi¬ 
circular cross-section, so that the two could conveniently replace the usual 
single cylindrical chamber Mica “ windows ” were provided and cape of lead 
covered the front ends of the chambers to prevent the entrance of stray radia¬ 
tion The insulated electrodes placed so as to be out of the path of direct 
radiation passed through sulphur-quartz-ebonite plugs with guard-nngs The 
two chambers were separated by strips of ebonite 
The absorbing gas used was a mixture of air and ethyl bromide, the latter 
being placed in a small glass bulb attached directly to the chambers A phos¬ 
phorus pentoxide tube was also attached, and little trouble was experienced 
with leahB These seldom exceeded a few divisions per minute and could be 
very exactly balanced out by applying a small voltage (a few hundredths of a 
volt) to an artificial leak provided by a uranium-oxide resistance, U 
The Skis —The three slit-pieces S lt S 2 , S 3 were similar to the sht-pieces of 
an ordinary Bragg X-ray spectrometer, with the exception that they were 
converted m each case into a double sht by lead facings 
The front slit-pieoe (see fig 2 ) was provided with a shelf on which the absorber 



could be placed. Moving in a groove on this was an adjustable lead screen, S, 
to cut down the intensity of the upper beam, should this be necessary This 
was moved by a rough screw working m a side-piece 
The Wedge Compensator —Beneath the central shelf is a carnage for the com¬ 
pensating wedge, W (fig 2) This carnage slides along a lower shelf suitably 
grooved, and is moved by means of an accurate micrometer screw, working 
against a steel spring The position of the carnage is obtained from readings 
on the Bide scale, and the graduations of the screw-head (marked m 1/100 mm). 
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The wedge may be calibrated for a given slit width by taking the readings for 
balance against standard aluminium folk placed in the usual position of the 
absorbing screen (A, fig 1) 

In the experiments on the absolute absorption coefficient of aluminium, 
the reading of the wedge was found corresponding to balance agauut the 
upper beam when its intensity was reduced to approximately half by a rotating 
sectored disc, consisting simply of a brass lead-faced disc from which two 
90° sectors were cut 


Procedure 

Before taking a series of readings the natural leak was accurately balanced 
out by means of the uranium resistance If the two beams from the uncovered 
shts were not equally effective the height of the tube was adjusted to give a 
slightly greater ionisation in the upper chamber. The upper beam was then 
out down until a balance was obtained by moving the triangular lead screen, S, 
across the slit, S* 

The balance was corrected before each set of two or three readings, 
and cheoked afterwards, the readings being rejected if it had changed 
Variations in the balance were mainly due to the heating up of the anticathode 
Time was therefore allowed for the anticathode to attain an equilibrium 
temperature, after which the balance ordinarily showed a most satisfactory 
constancy over a set of readings 

With the absorbing screen m position the currents were then timed for 
positions of the wedge on either side of the balanoe point. The main 
difficulties experienced were due to the smallness of the ionisation currents 
obtainable with the resources available. Working on the Kk and 5 peaks with 
the molybdenum tube, adequate currents (12-20 divisions per second) could 
be obtained with slit widths only slightly greater than 0 1 mm It was 
considered unsatisfactory to work with curre'nts less than about 5 divisions per 
second, and this necessitated the use of wider slits when working with the white 
radiation from the tungsten tube, jiarticularly at the short wave-lengths. 
This, however, was immaterial with the compensation method adopted, except 
in the neighbourhood of absorption discontinuity wave-lengths; these regions 
could not be “ explored ” with the precision which is really desirable. 

The general accuracy of the actual readings is estimated to be withm I per 
cent. For the shortest wave-lengths the errors are greater than this, while 
the readings on the Mo peaks (X=* 0*631 and 0*708) are probably correct to 
£ per omit. It should be mentioned that in working with the white radiation, 

VOL. Cvil— a. z 
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great care was taken to use voltages sufficiently low that any second-order 
radiation of short wave-length was quite negligible 
The wedge was calibrated by means of al umin ium foils placed in the position 
of the absorbers, so that the mass-absorption coefficients of the absorbers were 
obtained relative to that of the foils A typical wedge calibration curve is 
shown in fig. 3. As the front slit opened asymmetrically, the same curve would 



not serve for different slit widths, but curves for any sht width could be 
deduced from the standard curve for a known slit width by simple displace¬ 
ment , the values so obtained were in satisfactory agreement with those of 
actual calibrations which were earned out when the slit width was altered. 
The mass per unit area of alum in i um corresponding to a reading of the wedge 
was taken from large-scale calibration curves From the balance point 
readings the ratio R of the mass-absorption coefficient of an absorber to that 
of aluminium could thus be easily deduced, this being the inverse ratio of the 
balancing masses per unit area ' 

Although different observers give different values for the mass-absorption 
coefficient of aluminium for particular wave-lengths (differing by as nmoh as 
6 per cent), there is dose agreement as to its mode of variation with wave¬ 
length in the range investigated (0 • 3 — 0 • 7 A U) An accurate determination 
of the coefficient for the foils used for a number of wave-lengths in the range 
therefore enabled the ratios above obtained to be converted iu fr» mass- 
absorption coefficients. 
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Results* 

Aluminium (Atomic number Z = 13 Atomic weight A =* 26 96) Mass 
per unit area of foils used 0 1222 gm cm “ 2 (t = 0 4B mm), 9 152 X 10“ # 
gm cm “ a (t = 0 034 mm) The aluminium was that supplied commercially 
as 11 pure ” It was found to contain 0 31 per cent of iron * 

The rotating sectored disc cut out 50*29 per cent of the radiation The 
reading of the wedge corresponding to balance against this was found Using 
the molybdenum tube, determinations were made on the Ka and KfJ peaks 
with a tube slit width of 0*13 mm The a and a' lines were not separated m 
the first ojder, but the a' appeared as an asymmetrical hump on the intensity 
curve The setting was made on the maximum. A determination was also 
made at A ~ 0 450 with a slit width of 0*22 mm 

o 

X = 0-708 A U —With the rotating disc cutting down the upper beam, the 
following were the currents for different positions of the wedge in a typical 
set of readings -— 

Beading of Wedge Deflection (div /min ) 

655 -10 

557 + 5 

556 - 3 

As the mean of a senes of experiments the balance reading was found to be 
556 3 ± 0 3 

The wedge was then calibrated against aluminium foils with the following 
results •— 

Mass per umt area 

of A gm cm ~® Wedge Reading 

0-1222 550*5 

1 1406 561 

From the above the mass per unit area required to out down the radiation to 
half value is found to be 0 1315 gm. cm "* and the corresponding mass- 
absorption coefficient 5 271 

The above example will sufficiently indicate the general method of experi¬ 
ment. It should be mentioned that it is a favourable one as regardsjorder of 
currents. Working on the 0 peak the currents were roughly half as great, 
when white radiation was used, even with much wider slits, the currents were 
usually only about a quarter as great. 

* We are indebted to Mr R. Hill for this analysis. 
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The following table gives the results, those in the first column (Alj) being 
for the material of the foils, and those of the second corrected for the iron 
content 



(x/p for A1 


XA.U. 

AIjl. 

A1 

0*708 

5*271 

6*176 

0*631 

3 759 

3*692 

0*450 

1*47 

1*45 


Copper (Z 29, A 63*57) Foils of commercially pure copper'were used 
of mass per unit area 1*508 x 10”* gm cm “* (1*0*017 mm.) The 
X» 0 631 and 0*708 readings were made with a tube slit width of 0*14 mm, 
the remainder with a slit width about 0*3 mm R is the ratio of the mass* 
absorption coefficients to that of the aluminium foils (uncorrected for iron 
content) The results are graphed in fig 4 



Fie 4 —Ratios of Msea-Absorption Coefficient* to those of Alwmfaitm,. 


7 
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X. 

R. 1 

X. 

R. 

0*301 

7 95 

0 510 

9 08 

0*353 

8*35 

0 563 

9 43 

0*405 

9*08 

0*631 

9 48 

0*458 

9*08 

0 708 

9*43 

Molybdenum (Z 42, A 96) Foils 1 • 13 x 10 -1 gm 

cm. - * (< — 0 113 mm.) 

Unfortunately, foils could 

not be obtained sufficiently thin to enable the 

absorption on the short wave-length side of the discontinuity to be investigated 


>. 

R. 



0*631 

3 59 



0*708 

3*44 



Palladium (Z 46, A 106 7 , X K 0 5075). 

Foils used 1*100 x 10~* gm cm(< = 0*010 mm). 

2*816 x 10“ a gm cm. -8 (t = 0 025 mm.). 

The palladium was supplied by Messrs Johnson Matthey as being of “ the 


highest commercial punty, possibly 99 9 per cent, pure.” The slit width used 
was about 0*16 mm from X = 0*48 to 0*54, and about 0*35 mm for the 

other white radiation readings The results, plotted in 
following table — 

fig. 4, are shown in the 

X. 

R 

X. 

R 

0*310 

30*2 

0 520 

8*30 

0*362 

30*8 

0 545 

5*82 

0*415 

30*4 

0*571 

4*50 

0*440 

30*4 

0*598 

4*50 

0*467 

30*8 

0*631 

4*55 

0 484 

29*9 

0 708 

4*50 

0*493 

27*3 



aUvtr (Z 47, A 107*88; 

X K 0*484). 




Foals usd 2*493 X 10~* gm. cm -l (< =» 0*024 mm.). 

9 895 x 10"* gm. cm.”* (t — 0*009 mm.). 

The silver, like the palladium, was “ of the highest commercial purity, possibly 
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99 9 per cent, pure ” The tube Blit was 0*2 mm. wide from X* 
0*53, and 0 3 mm for the other white radiation readings 


X 

B. 

X 

B 

0*299 

33*4 

0*475 

21*0 

0*326 

33*6 

0*484 

16*7 

0 352 

33 4 

0 493 

13*3 

0*379 

33*7 

0 502 

8 8 

0*405 

33*7 

! 0 510 

j 

5*29 

0*431 

33*8 

| 0 537 

4 81 

0 458 

33 4 

0 631 

5*05 

0*466 

80*5 

0 708 

4 89 


A farther senes of readings were taken with the silver foil placed immediately 
m front of the ionisation chamber so that a definite fraction of the secondary 
and fluorescent radiation excited will enter 

Smaller ratios B' were found, corresponding to smaller apparent absorption 
R — R' then gives a measure of the secondary radiation, going m a forward 
direction The method was not adapted to give quantitative results, but 
the values of R — R' serve to indicate the increase in fluorescent radiation which 
,ooours as the inoident radiation passes through the discontinuity wave-length 


i ^* 

B'. B-B' 


X 

B B-B'. 

0*326 

31*0 2*6 


0*476 

18*4 3*6 

0 431 

30*0 3 7 


0*484 

13*1 3*6 

0*437 

29*6 4 0 


0*510 

4*81 0*48 

0*458 

30*0 3 4 


0*587 

4*61 0*20 

Tvn (Z 50,, A 118*7 ; X* 0*423) 


Commercial “ 

pure tin foil ” (purity 

probably 98-99 per cent) was used, i 

one sheet being employed on the short 

and six on the long wave-length side of the discontinuity Maes per unit area 

5*124 x 10~* gzn cm ~ a (t — 0*007 mm). Slit widths of 0*26 mm. were 

employed except for the shorter wave 

-lengths (for X — 

: 0 3 a slit width 0*35 

was used and on the Mo peaks 0 13 mm.). 


X 

B. 


X 

B. 

0*290 

35*2 


0 457 

6*14 

0*316 

35 8 


0*483 

6*09 

0*352 

36*3 


0*510 

6*09 

0*878 

37*3 


0*562 

6*09 

0*405 

35 5 


0*631 

6*09 

0 430 

11*2 


0*708 

6*01 

0*440 

6*8 
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Uranium (Z 92; XI* 0-568; L n 0-591; Lm 0-721). Relative measurements 
only were made with uranium. A filter paper was flooded with a suspension 
of black oxide of uranium (U s O g ) in methylated spu-itB, to which a little 
shellac was added, and allowed to dry. By this crude method it was possible 
to obtain films of suitable thickness and satisfactory uniformity (as judged 
visually, and by the consistency of absorption readings), but the possible errors 
in the determination of the mass per unit area would have made an attempt 
at this of little value The slit width used (except on the Mo peaks) was 
0 35 mm., so that the Lj and discontinuities were not separated The filter 
paper was compensated, and as the oxygen absorption is only about 2 per cent, 
of that of the uranium it may be neglected The following table gives the 
mass per unit area of aluminium required to balance the uranium oxide — 



(m/A) A1 


(m/A) A1 

X. 

gm cm 

X. 

gm 

cm -2 

0 391 

0 313 

0 605 

0 

198 

0-470 

0-313 

0-631 

0 

200 

0 -57 

0-313 

0-655 

0 

198 

0 563 

0 313 

0 680 

0 

197 

0-569 

0*294 

0 708 

0 

193 

0 575 

0-257 

0-759 

0 - 

080 

0-581 

0 232 

0 812 

0 

075 


The above results are plotted m fig 4a 
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Flo, 4a.—Uranium Oxide Ratio of Mam Absorption Coefficient to that of 
Aluminium—Relative. 


Collected Results. 

The mass-absorption coefficients can be deduced from the ratios above given 
if the coefficient for the aluminium foils is known for the wave-lengths con¬ 
sidered. The absorption of aluminium has been investigated over a wide 
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range of wave-lengths, mcduding that involved in these experiments, by 
Hewlett,'* Riehtmyer,t and Allen £ Though their absolute values differ (see 
below) there is dose agreement as to the variation with wave-length. Allen’s 
values are approximately 3 per cent higher than Bicbtmyer’s throughout the 
range The values here obtained for the three wave-lengths investigated, for 
the aluminium uncorrected for iron content (Al'), lie between the two, being 
2 per cent, higher than Bichtmyer's , it is therefore posable on the basis of 
the measured values to give values for Al' throughout the range and hence 
to deduce the mass-absorption coefficients for all the elements investigated. 
The results for ft/p and (t A (the atomic absorption coefficients) are given in the 
following tables, and are shown in fig 5 The ratios used m makin g the 



Tta 0 —M*e»-Ab*orption Coefficients. 


calculations are taken from the curves of fig 4 Extrapolation is 
in to the extent indicated by the dotted portions of the fig. 5 curves (it being 
assumed that the observed width of the discontinuities is almost entirely 
attributable to the lack of homogeneity in the radiation introduced by the 
wide slits). The values under Al axe corrected for iron, those un der Al’ 

* Hewlett, * Phyt. Rev.,’ vd 17, p. 380 (1931). 
t Rfolrtmyer, * Bhy». Her.,’ vol. 18, p. 13 (1931). 
i Allen, ‘ Phye. Revvol 34, p. 1 (1984). 
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were used in the calculation of the mass-absorption coefficients from the 



X AXl 

Fn. 6a Jfass-Abeorptkm Coefficient of Uranium Oxide relative to that 

at X-0-708. 
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The values for ft/p for Ur 3 0b are next given relative to the value 1 for X*= 
0*708 (The absorption due to the oxygen is of the order of 2 per cent, on 
the short, and 8 per cent on the long wave-length side of the L ]ump.) The 
results are plotted in fig 6a 


TJr.0, 


Ur 92 xL, 0 568 L„ 0 »1 


Lm 0-721 


xiu. , | 

m 

0 45 

0 60 

0 66 

0 00 

0 631 


0 76 

0 80 

[£)/(>-) 

\p If \p kas o roe 

0 84 

0 46 

0 69 

D 

0 64 

0 78 

I 00 

0 48 

0 88 


Comparison mth Previous Results. 

The main results available for comparison are those of Richtmyer and 
Allen, both of whom used white radiation, and the latter molybdenum charac¬ 
teristic radiations in addition, of Wingardh,* who has investigated the 
absorption of a large number of substances by a balance method, as previously 
mentioned, for X = 0 708, and of Bragg and Pierce,f who investigated absorp¬ 
tions for a limited range of dharactenstio radiations For aluminium there 
are also the results of Hewlett 

As aluminium is so frequently used as a standard absorber, in the following 
table are collected the mass absorption coefficients as given by different 
observers. The first two columns give the results above quoted, unoorrected 
and corrected for iron 


A 

S and M 

R 

A. 

H 

W 

0 708 

6 271 

6 176 

6 17 

6 86 

6 02 

6 278 

0 681 

3 769 

3 092 

8 70 

3 78 

8 61 

— 

0*46 

1 47 

1 46 ! 

1 46 

1 48 

1 38 



It will be observed that our corrected results agree very closely with Rioht- 
myer’s, while the unoorrected, giving the coefficient for ordinarily pure 
aluminium, agree with Wmg&rdh’s, and are within 2 per cent, of Allen’s 
values Discrepancies between different observer’s results may be due to the 
presence of even quite small amounts of impurities in the specimens used; 
and when white radiation is utilised considerable divergence may be introduced 
by slight errors in the assignment of wave-lengths. 

* Wmgtadh, ‘Zeit f Phys.,’ voL S, p, 968 <1088). 
t Bragg and Heroe, ‘ PhiL Magvol. 98, p 608 (1914). 
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For the other elements, the results here obtained are generally somewhat 
lower than those recorded elsewhere For copper, over the range concerned 

A 

(0*8 to 0 7 A.U.), the values are about 3 per cent lower than those given by 
Richtmyer, which, in turn, are about 3 per cent, lower than Allen’s On Idle 
other hand, Wing&rdh’s value for X = 0*708 is about 7 per cent lower than 
ours The following gives the values for this wave-length — 

Ou X = 0 708. 

S and M R A W 

49 8 51 3 53*7 46 3 

In a more recent paper, Richtmyer* states that the mass-absorption coefficient 
of copper over a range from 0*12 to 0*30, which he has reinvestigated, is 
accurately given by (a/p = 15SX* + 0*20, which gives for X = 0 30, p/p = 
4 33, m close agreement with our value 4 30 The molybdenum results are 
2 per cent lower than Richtmyer’s 

For palladium the only results available are those of Bragg and Pierce for 
some isolated wave-lengths On the short wave-length side of the jump these 
are in approximate agreement, but on the long wave-length side some 20 per 
cent greater 

For silver the data may be summarised as follows *— 


Ag 

A. 

8 And M 

R 

A 

w 

A Ok 

1 

0 30 

1 

17 9 

i 

16 1 

1 17 9 

■ 

0 45 

50 

55 

! 51 

— 


0 50 

9 5 

11 3 

10 il 

1 

0 708 

26 

(81) 

| 28 5 

| 30 3 


For tin, on the long wave-length side of the jump, our results are about 6 per 
cent lower than those given by Bragg and Pierce On the short wave-length 
side Allen gives values from X — 0*11 to X =■ 0 24, extrapolation suggests 
that his values from X = 0 3 to 0*4 would be some 8 per cent greater than 
ours Wmg&rdh’s value for X a 0 708 is 35 compared with our 31 7 
It is difficult to account for the quite large discrepancies in the results of 
different investigators. With reference to our own results, a few points with 
regard to the possible sources of error may be noticed. The mass per unit 
area of the foils was determined with great care; they were of such thickness 


* Richtmyer and Warburton, 1 Phys. Rev.,' vol 22, p. 589 (1938). 
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that lack of uniformity—as was tested—was negligible; and foils of different 
thicknesses were used with consistent results Tests wen made to ensure that 
any second order radiation was negligible, its presence would generally have 
had the effect of making the observed coefficients too high (eg, on the long 
wave-length side of discontinuities), though its effect for the range of wave¬ 
lengths and elements investigated would be Bmall The effect of impurities 
would cause erratic variations , the Pd and Ag used were of high purity, so 
that the general coherence of the results for elements of different atomic 
number makes this unlikely as a source of any considerable errors 
All the results depend on the values taken for the material of the wedge and 
calibrating foils , these, however, were determined with considerable precision 
and show satisfactory agreement with the best previous values. An examina¬ 
tion of the ratio curves of fig 4 will show that slight errors in the determination 
of the wave-lengths will not seriously affect the values arrived at except dose 
to the jumps Erroro m the wedge calibration would make the ratios incorrect, 
but they would introduce comparable erron in the coefficient of aluminium 
itself Unless there is some quite unrecognised source of error, it may be 
concluded that a balance method such as has been used is capable of yielding 
results far exceeding m accuracy those of direct determinations, which are 
inevitably subject to a large number of inherent difficulties and uncertainties. 

The magnitude of the absorption discontinuity of silver, as deduced from 
different observers’ results, is as follows — 

(t*/p)x+L+ l(V-lf)t+ . 

S and M. R. A. 

6-7 6-6 7-1 

Comparable results for Pd and Sn are not available, but Allen’s results for a 
number of elements may be quoted — 

Mo (42). Ag (47). W (74). Fb (82). 

7-4 7-1 4*7 3-9 

These are in agreement with the direction of the change by our 

results, namely:— 

Pd (46). Ag (47). Sn (50). 

6*8 6*7 8-1 

though no stress should be laid on the absolute mag^^dee here d ed uced. 



Absorption of X-Rays. 


327 


Discussion of Results . 

It is not intended here to enter into a discussion of the theory of X-ray 
absorption, but merely to bring the results, as briefly as possible, into relation 
with theoretical expressions which have been put forward. 

The absorption of X-rays is due partly to true (photoelectric) absorption and 
partly to scattering, and the absorption coefficient may be written as the sum 
of two terms 

{X “ T -f- (7. (1) 

For moderately hard X-rays and elements of low atomic number (a/p) is of the 
order 0 20 , but until more direct quantitative information as to its magnitude 
for a range of elements and wave-lengths is available, the division of the 
absorption coefficients into two terms is necessarily somewhat arbitrary and 
will not here be attempted Except when p is small, results stated for \i will 
apply very approximately to t, and m any case the modification necessary can 
easily be made when values are assigned to a 
For the true absorption de Broglie* deduced semi-empirically an expression 
which may be written 

t a -K ( 2 ) 

n *n 

where t a is the atomic coefficient, b n the number of electrons m the n quantum 
group, and X* the corresponding critical wave-length Kramersf as a result 
of a detailed investigation, in which an atom with only one electron is primarily 
considered, deduces, as an approximate expression, 

t a =K 2 X’Z‘S-^ (3) 

* ®n w 

Here Z is the atomic number, n the total quantum number of the group of 
electrons, and a n the statistical weight of the electrons in the group Assigning 
the usual values for the K, L, M groups, namely, n •=» 1 , 2 , 3 b n — 2 , 
8 , 18 , a* s* 2, 0, 12 . , Kramers gives 

t a = K|X s Z 4 (1 + J -+ tV ) W 

la both (2) and (3) the summation is to be extended only over those groups of 
electrons whose critical frequency is less than that of the radiation considered. 
The X s law. —In fig. 6 are plotted the atomic absorption coefficients divided by 

• L. de BmgUe, ‘ Jour, de Phy*.,’ VI, vol. 3. p. 83 (1988). 
t Kramer*, * Phil Magml 44, p 836 (1983). 
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X s , and the curves bring out very clearly the extent to which the X* law holds. 
For short ranges of wave-length the law holds, and the curves show that this 



Fra 6 —Atomic Absorption Cocfficlents/(VVave-Length) 3 

is also true, with great approximation, over a largo range, except when an 
absorption discontinuity is being approached from the short wave-length side, 
when the rate of increase of absorption with increase of wave-length is 
considerably less rapid This has also been observed by Richtmyer The rate 
of increase given by the present results for Sn, Ag, and Pd from X = 0*30 to 
the jump is slightly greater than X w 

The general results available at present suggest that, at a given wave-length, 
the rate of increase of the absorption with wave-length differs slightly for 
different elements, being less the closer the critical absorption wave-length for 
the element considered , and that the X s rate may be looked upon as a limit 
attained, when the discontinuity is sufficiently fat removed, and so for X-rays 
of ordinary wave-length, for elements of low atomic number such as Al. 

The Z* law.— If, as above suggested, the rate of variation of absorption with 
wave-length may differ somewhat for different elements, it follows that there 
can be no accurate relation between t and Z which holds generally for different 
wave-lengths, there may, however, be simple relations for a single wave-length 
if this is not too dose to the critical wave-lengths of any of the 
considered The extent to which the Z* law holds is conveniently indicated 
by the values obtained by dividing the atomic absorption coefficients (or /i A /X*) 
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by Z*. Owing to the vanous possible errors which may enter the absorption 
measurements themselves, and the fact that p is used, and not t, the results 
in the following table are only given to two significant figures — 


9a 

X 8 Z 4 


X 10* 


1 

1 i 

A1 

Cu 

l 

Mo 

i 

w ; 

1 

Afi | 

8n 

A i 

1 

1 

13 

i 

20 

« ; 

40 i 

47 

1 

60 

0 80 

i 

2 3 

— I 

2 3 

2 4 

i 2 3 

‘ 

0 40 

- 

22 

t 

1 

2 1 

2 1 

2 0 

0 46 

2 5 

2 1 

” 1 

2 0 j 

t 

2° 

1 0 31 

| 

0 60 

1 

2 1 

i 

1 9 i 

0 38 j 

j 0 20 

0 031 

23 

2 1 

0 27 

| 

0 27 

: 0 27 

0 28 

0 700 

| 2 2 

2 1 

i ; 

0 20 i 

0 26 

0 27 

j 0 28 

1 


The table shows that for a particular wave-length the Z 4 relation holds 
with an accuracy of about 6 per cent , before anv far-reaching conclusions 
can be drawn, however, further investigations are undoubtedly necessary, 
especially in view of some remarkable observations of Allen, who finds, for 
example, that the K absorption of Bi (88) is actually lower than that of Pb (82) 
In particular it is desirable that measurements should be made with radiation 
of a high degree of homogeneity, a desideratum which, for short wave-lengths, 
presents considerable experimental difficulties 

The K Discontinuities —'While De Broglie's expression (2) indicates a 
variation in the magnitude of the jumps, that of Kramers, (3) and (4), suggests 
that this should remain constant, it should be mentioned, however, that 
all the (necessarily) arbitrary approximations and assumptions in Kramer’s 
treatment seem to concentrate their effect on this particular point. If (2) 
ware correct the magnitude of the K jump should be proportional to X K , 
while this agrees approximately with our values, Allen’s results over a more 
extended range show that it vanes at least twice as rapidly as this. For 
the ratios of the (K •+- L -f U .) to the (L -j- M ) absorption at the 
K jump, (2) gives values ranging from about 15 for Mo (42) to 9 for Pb (82), 
and so much greater than those observed of about 6 7 for Pd and Ag and 6*1 
for Sn. 

De Broglie’s expression, then, is incorrect in the magnitude it attnbutes 
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to v the jumps, but it indicates a change with atomic number in the right sense ; 
Kramer’s result is moorreot in suggesting constant magnitude of the jumps, 
and for the elements investigated it underestimates their magnitude 

If p*./X 3 Z 4 is calculated for wave-lengths considerably removed from the 
discontinuity on either side instead of at the discontinuity itself, it may be 
noted that the ratio comes out greater—of the order of 8 or 9. 

The L Dtsconttnu/ttoes. —The L absorption of uranium raises some points of 
interest If (2) or (3) are even approximately correct the absorption coefficient 
for an element for wave-lengths longer than X K may be approximately 
written 

(p/p) = KA 3 + b La + b ha + ^ + . .] (6) 

where b hlt 6^ are the number of electrons in the Lj, Lq, ., M groups, 
m some factor 

In fig 6a (p/p)/X s for uranium is plotted, the vertical lines representing 

the position of the three critical wave-lengths 
It will be seen that the increase in absorption 
due to the Lm electrons is almost exactly equal 
to that due to the I* and Lq together. This 
suggests strongly that there are 4 Lm elec¬ 
trons, and 4 (Lj + Lq) electrons This con¬ 
clusion is m agreement with that of Dauvilher* 
based upon a somewhat similar study of the 
L absorption of gold The ratio of the total 
(L + M -f •) to the (M -f ) absorption is 
approximately 4, in agreement with Kramer’s 
expression 

Summary. 

A descnption is given of a balance method for the measurement of X-ray 
absorption The senes of slits of a Bragg spectrometer is replaced by a senes 
of double slits (one vertically above the other) and the two bt*ma of X-rays 
are reflected from a single large crystal into two separate chambers 

which replace the usual single chamber The currents Awwgft the two 
chambers are balanced by adjusting the heights of the »Kfr, the abtror»««g 
screen is placed m the path of one of the beams, and the coupon* 

* Dauvillier, • Oompt Bend.,’ vol 178, p 476 (1964). 



Fig 6a —Uranium Oxide 
(m/p) A* relative to value 
at 0*708 
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sated by moving a wedge of aluminium across the path of the other beam by 
means of a micrometer screw The absorption for a particular wave-length 
can be accurately measured m terms of the absorption of the material of the 
wedge 

Using a rotating sectored disc, the absolute absorption coefficient of al uminium 
has been determined for three wave-lcugthH (X — 0 45, 0 631 and 0 708 A U ) 
Primarily comparative to aluminium, the absorption of copper, palladium, 
silver and tin, and the relative absorption of uranium oxide have been mvesti- 

o 

gated over a range of wave-lengths from 0 3 to 0 71 A U 
The results are compared with those of previous observers 
With reference to theories of X-ray absorption, the range of validity of the 
X a and Z 4 laws, and the magnitude of the K and L absorption discontinuities 
are briefly discussed 

The above work was < arried out at the Cavendish Laboratory, Cambridge 
We would like to thank Prof Sir Ernest Rutherford for his continued kindness 
and interest m the work, and N Ahmad for valuable help in connection with 
several technical points 

One of us (ECS) wishes also gratefully to acknowledge a grant from the 
Department of Scientific and Industrial Research 
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Ionisation by Alpha-Particles m Monatomic and Diatomic Gases 
By R W Gurney , B A Trinity Hall, Cambridge 

(Communicated by Prof Sir E Rutherford F R S —Received December r >, 1924 ) 

1 Introduction 

Measurements of the total number of ions produced by alpha-particles in 
various gases have not hitherto given results wlncli our ideas of ionisation- 
potential would lead us to expeit In 1899 Rutheiford* showed that the 
total ionisation due to alpha-particles from uranium in H 2 N 2 , 0 2 , C0>, HOI, 
and NH 3 , was nearly the same Measurements on these and polyatomic 
gases have also been made by W II Bragg,f Laby4 Kleeman § and Hess 
anil Homvak || In a gas with a high lomsatiou-jiotential w r e should expect 
the total ionisation to be smaller than in a gas with a low ionisation-potential 
Taylor,however, showed that m helium, which has an ext optionally high 
ionisation-potential, the total ionisation is greater than m hydrogen or air 
It was thought that experiments on the other monatomic gases—-xenon, 
krypton, argon, and neon--might throw light on this anomaly This paper 
describes measurements on the five rare gases, which have yielded an 
intelligible result Measurements have also been made on H 2 , 0 2 , and N a 

2 Apparatus 

The method was to send a beam of alpha-particles having a definite energy 
mto a long ionisation chamber containing gas at sufficiently high pressure to 
bring the particles to rest before they reached the end of the vessel The ions 
were collected by a central wire connected to a gold leaf electroscope To 
obtain beams of particles of different energies the source was placed m a 
separate absorption chamber containing air, of which the pressure could be 
adjusted to any required value, and the particles passed through a mica 
window' into the cylindrical ionisation chamber containing the gas The 

♦ 1 Phil Mag / vol 47, p 109 
f ‘Phil Mag,’ vol 13, p 333 (1907), 

X ‘Roy Soc Proo , 4 A, vol 79, p 206 (1907) 

$ * Roy Soc Proc / A, vol 79, p 220 (1907) 

|| ‘Wien Bor,’vol 129, p 661 (1920) 

II ‘Phil Mag ,* vol 26, p 402 (1913), 
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ionisation chamber I (fig 1) was 8 5 cm long The source S was of polonium 
deposited on copper, annular m shape with an external diameter of 4 nun 
The mica window M was held between two brass discs, which were pierced 
with 12 small holes of 1 mm diameter, arranged 
on a cm le of ft-mrn radius To make the window 
gas-tight the mu a was attached to one ot the 
discs with n little shellac, care being taken that 
the hfiles weie kept clear The large number of 
small holes was used instead of larger holes to 
reduce the bending of the mu a under pressuri 
to a negligible amount 

The alpha-particles entering through these 
windows combined to fonri a roughly cylindrical 
beam parsing down outside the central collecting 
wue W Thc^ mien had a stopping power of 
about 1 cm of air it was selected fiom a 
number of pieces examined with sodium light, 
and showed uniform intensity over the surface 
by interference To increase the homogeneity of 
the beam a slender brass cone 0 was soldered on 
to the upper brass disc m the centre , its point 
lay immediately below the c entre of the annular 
source, and prevented particles from one side of 
the source from crossing over and passing 
through the holes on the other side of the axis 
The correct centering of the' top of the cone below the source was ensured 
by looking at it from two directions at right angles through the side tube T 
before the base of the absorption chamber was fixed to the top of the 
ionisation chamber The maximum difference m the distance travelled by 
alpha-particles from different parts of the source before reaching one of the 
windows was less than a fifth of a millimetre So that the departure from 
homogeneity from this cause waB small, except when very small residual ranges 
were being used , but in these cases the beam was very heterogeneous already, 
owing to the straggling of the particles 

The central wire passed through a plug of amber A, which was held by a 
brass guard-rmg G fitting into the ebonite stopper E. The guard-ring was 
permanently earthed to prevent surface leakage of electricity to the central 
wire from the walls of the chamber, which were raised to a positive potential 

2 A 2 
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The central wire was earthed, and to take a measurement the earth-contact 
was broken 

The gases were admitted from a siphon-pipette and dned by phosphorus 
pentoxide The argon was purified by passing through heated tubes containing 
copper oxide, and a mixture of calcium oxide and magnesium powder, it 
was then sparked for three days with excess of oxygen, the residual oxygen 
being then removed by igniting phosphorus The neon was obtained from 
the British Oxygen Company, originally containing 5 per cent of helium, 
which was removed by fractional absorption in charcoal at the temperature 
of liquid air, the purification being followed spectroscopically Small fractions 
giving a bright helium D 3 line were removed from the gas, in which this line 
soon became invisible The process was continued until the helium line could 
no longer be detected even in the small fractions removed , the neon now 
probably contained less than 1 per cent of helium The krypton and xenon 
were kindly lent by Dr F W. Aston The helium was purified by prolonged 
absorption m charcoal at the temperature of liquid air The hydrogen was 
taken from a commercial cylinder, nominally 99 per cent pure , measurements 
taken before and after application of charcoal and liquid air showed no difference, 
indicating that heavier impurities were present to a negligible amount 
Oxygen obtained from a commercial cylinder was compared with a specimen 
prepared from permanganate and passed over potassium hydroxide, the 
difference was within the experimental error By comparing oxygen with 
air the value for nitrogen could be predicted, and this was in good agreement 
wrth the observed value for nitrogen taken from a commercial cylinder, 

3 Method 

When the air in the absorption-chamber was set at definite pressures 
(e g., 30, 36, 42 ems of mercury), the beam of alpha-particles, emerging from 
the mica window, had a definite energy which was obviously independent of 
the gas in the ionisation cliamber Provided that the pressure of this gas 
was sufficient to prevent the particles from reaching the bottom of the chamber, 
the lomsation-ourrent produced m any gas referred to the same rate of 
expenditure of energy The method was one of simple comparison; the 
ionisation in each gas was compared with that m air 

The accuracy of the comparisons depended first on the reproduction of a 
beam of alpha-particles of definite energy, and secondly, on obtaining satura¬ 
tion of the ionisation current For the former the control of the density of the 
air in the absorption chamber was the important factor The meniscus of 



Alpha-Particles in Monatomic and Diatomic Gases. 335 

the mercury in the manometer (which had a wide bore) was observed with 
a microscope and held steady by means of a hue adjustment The brass 
chambers were lagged with felt to eliminate fluctuations of temperature A 
thermometer with its bulb m contact with the chamber inside the lagging 
indicated the temperature It was thought unnecessary to place the 
apparatus m a thermostat, because the change of room temperature during the 
short time taken to make a comparison was small, and the required correction 
was easily made 

With the electric field transverse to the path of the alpha-particles as 
described above, it is much easier to obtain saturation of the current than with 
it along then tracks The risk in using a radial field, however, is that near the 
central wire the intensity of the field is so high that it is difficult to avoid 
secondary ionisation by collision But this was obviated by the annular 
arrangement of the mica windows, winch prevented the alpha-particles from 
passing near the wire, and by the direction of the field employed When the 
walls of the chamber were made negative, the electrons driven into the strong 
field near the wire readily produced ionisation by collision m neon, even at low 
voltages But with the walls of the chamber made positive no difficulty was 
found in obtaining saturation without lonisntion by collision, using voltages 
from 80 volts at low pressures in argon and neon, to 480 volts at higher pressures 
in air and hydrogen 

The lower the pressure of the gas, the more easily is saturation of the current 
obtained The pressure was therefore always lowered until the particles 
were travelling about three-quarters of the length of the ionisation c hamber 
Thus when the mean range of the particles would have been 7 mm at atmo¬ 
spheric pressure, the ionisation in air was measured at pressures about 8 ems 
of mercury The method is based on the fact that under these conditions the 
ionisation is independent of the pressure To ensure that saturation was being 
secured without ionisation by collision, each current was measured at different 
pressures and with two widely different voltages 

Since the largest current to be measured was about thirty tunes as great as 
the smallest, a condenser was connected to the gold-leaf system to reduce the 
sensitivity As the measurements were all comparative, the capacity of the 
condenser was immaterial 

4 Results 

By setting the air m the absorption-chamber at different pressures values 
of the relative ionisation were obtained at intervals along the range up to a range 
of 19 mm As an example, a set of values is shown w the following table, 
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taking air as unity It is for a residual range of 7 mm (which was the 
greatest range for which sufficient xenon and krypton were available) 

Table I —-Relative Ionisation by Alpha-Particles of Residual Range 7 mm 


Xenon 


1 08 

Helium 

1 26 

Krypton 


1 63 

Oxygen 

1 08 

Argon 


1 38 

Hydrogen 

1 07 

Neon 

(Air 

] 28 

Nitrogen 

1 000) 

0 98 


It is seen that in the diatomic gases the ionisation is less than in any of the 
monatomic gases In fig 2 the values for the five monatomic gases are plotted 
against their atomic number, and give a linear relation 



All the measurements taken at different residual ranges are shown m fig 3. 
The ratios plotted at any distance from the end of the range are not for the 
ionisation per millimetre at that point, but for the total ionisation from the 
end of the range up to that point, which was the quantity actually measured. 
Towards the end of the range the rare gases and hydrogen show a marked 
increase relative to air Since this is for the integrated values, the ionisation 
per mm would show a greater venation But what is really implied is that 
nitrogen and oxygen show a decrease relative to the other gases for if any 
of the other gases had been taken instead of air as standard, the curves for 
the rare gases and hydrogen would all be nearly parallel to the base-line 
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This means that the variation of ionisation with range (that is, the distribution 
of the ionisation along the beam of alpha-particles) is similar in these gases 



It is on this similarity that the method of measuring the stopping-power for 
slow alpha-particles, to be described in a subsequent paper, depends 


5 Discussion 

The least ionisation potentials of helium, neon, and argon are 24 6, 21 5, 
and 15 3 volts * Those of krypton and xenon have not been measured, but 
.since the heavier members of other groups wthe periodictable have progressively 
lower ionisation-potentials, there is little doubt that krypton and xenon have 
also A relation of the kind shown in fig 2 was, therefore, to be expected 
Qeigerf measured the absolute number of ions produced by an alpha-particle 
in the first 4 mm of range of Radium C From the energy lost m the first 
4 mm, as measured by Marsden and Taylor.J and by Kapitza,§ it appears that 
the average energy spent by a high-speed alpha-particle in producing a pair 

* Hertz, ‘Prou Acad. Set Amsterdam,’ vol 25, p 442 (1923). 
t 4 Boy Hoc Proo,’ A, vol 82, p 480 (1909). 
t ‘Roy 8oo Proc,’ A, vol 88, p 448 (1013) 

| 4 Boy. Soc, Proc,’ A, vol 102, p 48 (1023) 
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of ions ia about 33 volts It is an interesting question whether for alpha- 
particles of low velocity the average energy spent per pair of ions is the same 
This can be determined by comparing the energy-range curve of Marsden and 
Taylor, or Kapitza, with the curve obtained by integrating Henderson’s* 
accurate ionisation-range curve Kapitza found that over the last 3*5 cm 
of range the curves fitted very well But he calculated that for an alpha- 
particle of 7 cm residual range the average energy spent per pair of ions is 
10 per cent greater than for a particle of 3 5 cm But the following table 
shows the result of integrating the area under Henderson's curve Column 2 
shows the velocity, expressed as a fraction of the initial velocity, at the range 
shown in column 1, which are Marsden and Taylor’s observed ranges reduced 
to 0° C , and subtracted from 6 7 era , the total range Col umn 3 gives the 
energy obtained by squaring the values m column 2 The last column shows 
the corresponding values obtained for the areas under Henderson’s curve 


Table II —Residual Energy compared with Ionisation 


R 


K/K. 

— 

1 68 cm 

0 60 

0 36 

0 358 

2 47 

0 70 

0 40 

0 491 

3 54 

0 80 

0 04 

(0 640 

4 91 

0 90 

0 81 

0 799 

6 70 

1 00 

1 00 

0 988 


The value in brackets is the one which has been made to fit It is seen that 
in the first 5 cm of the range there is nowhere a divergence of more than about 
1 per cent And Kapitza found that over the last half of the range the curves 
fitted veiy well It, therefore, appears that the average energy spent per 
pair of ions is about the same at the end of the range as at the beginning 
Taking Geiger’s value, 33 volts for air, the observed ratioB in Table I. give 
us the average, energy spent per pair of ions m the other gases It is interesting 
to compare the expenditure of energy with the lowest ionisation potential of 
the molecule Of special interest are hydrogen and helium, which have only 
one ionisation potential. The values are compared m the following table .— 


11 * Phil MagV vd. 42, p 538 (1821) 
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Table III 


Gas 

Atomic 

Number 

Energy 

Spent 

Ionisation 

Potential 

Difference 



volte 

volts 

volte 

Hydrogen 

1 1 

31 

36 5* 

14 5 

Helium 

2 

2ft 2 

24 ft 

1 6 

Nitrogen 

7 

33 

17 

10 

Oxygen 

8 

30 5 

15 5 

15 

Neon 

10 

25 8 

21 5 

4 3 

Argon ! 

18 

24 

15 3 

ft 7 

Krypton 

3b 

21 5 

? U 

* 8 5 

Xenon j 

54 

19 6 

? 11 

? 8 6 


In the last column is given the difference between the valueB in the previous 
columns In hydrogen and helium, which have only one energy level, it 
measures the lost energy, the energy which does not appear as ionisation, 
but for the other gases there is an ionisation-potential corresponding to each 
energy-level in the atom 

It is seen that the difference given m the last column is smallest in the case 
of helium And it is remarkable that it was in this gas that Milhkanf found 
evidence of double ionisation, for this would be expected to lead to the opposite 
result A fraction of the positive ions produced by alpha-particles in helium 
were found to be doubly charged, and this result has been confirmed by 
Wilkins J Since it takes 1 6 times as much energy to eject both electrons 
from the same helium atom as it does to eject two separately, the presence of 
double ionisation has the effect of raising the lomsation-potential A larger 
fraction of the energy of the alpha-particles appears as ionisation in helium 
than in hydrogen or air, and the fact that double ionisation occurs in helium 
and not m air accentuates the anomaly Near the end of the range 10 per cent 
of the positive ions in helium were found to be doubles , this would bnng the 
average effective ionisation-potential up to 27 volts 
We should expect about a quarter of the energy of the alpha-particles to 
disappear as kinetic energy of the electrons escaping from the molecules ionised. 
In addition to this, there will probably be further energy used up m excitation 
of moleoules For the average energy spent per pair of ions in helium we 
should have expected a value about 36 volts or even higher But this would 
necessitate a value for air of 46 volts or more, instead of 33 Further discussion 

* Smyth,' Roy Soo. Proo,’ A, vol 105, p 116 (1924). 
t ' Phys Rev vol. 18, p 460 (1921) 
t ' Phys Rev vol 19, p. 210 (1922) 
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of this problem is postponed to a subsequent paper describing measurements of 
the stopping-power of these same gases 

Summary 

Measurements have been made of the total ionisation produced by definite 
beams of alpha-particles in the five monatomic gases and in the common 
diatomic gases In the five rare gases the ionisation increases with increasing 
atomic number, which would be expected from their decreasing loniBation- 
potentials But m the diatomic gases the ionisation is lesB than m any of the 
monatomic gases, indicating that energy is expended in other wayB The 
ratio of the value of the ionisation m air to that in the other gases is found to 
vary with the velocity of the alpha-particles 

In conclusion I wish to express my thanks to Sir Ernest Rutherford for his 
interest throughout the work, to Dr F W Aston for kindly lending the xenon 
and krypton, and to Mr P M S Blackett for his constant help and advice 


The Stopping-Power of Gases for Alpha-Particles of Different 

Velocities 

By R. W Gurney, B A , Trinity Hall, Cambridge 
(Communicated by Prof Sir E Rutherford, FES —Received December 6 , 1924) 

1. Introduction 

It has long been known that the stopping-power of metal foils relative to 
au depends on the velocity of the alpha-particles traversing the foil It was 
also shown by Taylor* in 1909 that the stopping-power of hydrogen (relative 
to air) varied all along the range Thus the stopping-power of a substance 
has little meaning, unless a small portion of the range is specified to which 
the value refers , and if the stopping-power of a gas is measured over the whole 
or a large part of the range, as has usuallv been done, the value obtained will 
be merely an average value In this paper methods are described of selecting 
small portions of the range, in this way the stopping-power of gases for 
alpha-particles of low velocity, of high velocity and of intermediate velocity, 
has been separately measured The gases examined were the five monatomic 


* * Phil Msgvol 18, p, 604 (1909) 
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gaaee, xenon, krypton, argon, neon and helium, and also hydrogen and 
oxygen 

2 Apparatus and Method 

The apparatus used was that already described m the paper on the 
ionisation of alpha-particles in these gases * The methods of purifying the 
gases were also given there 

(1) To measure the stopping-power at the end ol the range, the gas was 
admitted to the ionisation chamber as m the measurements of 
ionisation 

(2) The alpha-particles from polonium have a range of 3 9 cm of air at 
N T P To measure the stopping-power at the beginning of the range 
the gas was admitted to the chamber containing the polonium source 
The first half-centimetre of the range corresponds to a decrease of 
velocity from about 1 b X 10° cm /sec to 1 55 y 10° cm 'set 

(3) For still swifter alpha-particles a source of thorium C was used instead 
of polonium The high-speed particles have a range of 8 6 cm and 
the first centimetre of the range represents a decrease of velocity from 
about 2 0x10® to 1 95 x 10® cm W 

These three methods will now be described in detail 

(1) The absorption being kept constant in the upper chamber, the pressure 
in the ionisation chamber was lowered by steps, und the decrease of the 
ionisation from its maximum value was determined The pressure of any 
gas at which the alpha-particles begin to hit the bottom of the chamber is 
proportional to the range m that gas Unfortunately, owing to the 
straggling, this point is not sharply defined The ionisation, however, falls 
off very rapidly, as soon as the majority of the alpha-particles reach the bottom 
of the chamber This is shown m fig 1, where curves for xenon and argon 
are plotted, the maximum value of the ionisation-current being taken as unity 
in both cases (instead of their actual relative values) The form of the two 
corves is the same, if the abscissas of the one are everywhere divided by a 
certain factor, the curves are identical Tins jb due to the fact mentioned 
in the previous paperf on ionisation, that the measurements of ionisation 
■how that the distribution of ions along the track of the beam of alpha- 
particles in different gases is similar If they w r ere very dissimilar, the two 
curves m fig 1 would be only roughly comparable But as it is, the ratio of 
the absciss® gives an accurate measure of the stopping-power 

* Foregoing paper, p. 332 
t P* 337 above. 
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The curve for argon was determined at two different room temperatures, 
and an expression was found from which anv point on the curve for argon 



could be obtained for any intermediate temperature The other gases 
(including air) were referred to this as standard As an example, one of the 
points plotted for xenon showB that the ionisation fell to 0*866 of its maximum 
value when the pressure was lowered to 1 *44 cm of mercury, the temperature 
being 19 4° G The corresponding pressure obtained for argon is 2 366 cm 
The ratio 2 366/1 44 gives 1 642 for the stopping-power of xenon referred 
to argon. The other points plotted m fig 1 yield the values 1 666,1 688 and 
1*643. The table on p 343 gives the results obtained for the mean residual 
range 3 5 mm. 

The second column gives the number of observations made, the third gives 
the mean value of the stopping power referred to argon, and the fourth gives 
the mean error In the fifth column are given the stopping-powers referred 
to air 

(2) It has been pointed out that the value of the current m the ionisation 
chamber is sensitive to changes of pressure in the absorption chamber, especially 
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Table I—Relative Stopping-Powers of Gases for Alpha-particles of Lov 

Velocity 


I 

i 

XI 

III 

IV 

V 

Xenou 

4 

i m 

0 016 

I 51 

Krypton 

4 

1 160 

0 026 

1 07 

Argon 

- 

1 000 

— 

0 914 

Noon 

9 

0 600 

0 013 

0 457 

Helium 

4 

0 1964 

0 0026 

0 179 

Hydrogen 

4 

0 3376 

0 0057 

0 309 

Oxygon 

n 

1 073 

0 017 

0 98 

Air 

9 

1 094 

0 013 

1 000 


when the alpha-particles are totally absorbed This therefore provides a 
method of measuring the relative stopping-powers of gases at the velocity 
of the alpha-particles leaving the source The gases were admitted to the 
absorption chamber, and their relative stopping-powers measured directly 
using as indicator the value of the ionisation in the chamber below, which 
contained air throughout An electrical-balance method was used A second 
polonium source was placed between the plateB of the condenser which had 
been used to reduce the sensitivity, and this acted as a radio-active leak to 
balance the current in the ionisation chamber The insulated plate of the 
condenser being connected to the gold-leaf system, the other plate was kept 
at a negative potential of 120 volts 

It was decided to measure the stopping-power over the first half-centimetre 
of the polonium range With the Bource at 2 7 cm from the mica window, 
this meant working with an amount of gas in the absorption chamber equiva¬ 
lent to air at about 15 cm of mercury The radio-active leak was therefore 
chosen to balance the ionisation obtained with an absorption of about this 
value The method was to find what pressure of gas m the absorption-chamber 
was necessary to produce the balance. In xenon, for example, it was found 
that at a pressure of 7 67 cm of mercury, or above, the gold-leaf rose slowly, 
and at 7 *59 cm, or below, it fell slowly To ensure that the conditions were 
stable, the balanoe-pomt in air was determined both before and after that 
in the gas; it was found to be at a pressure of 14 90 ± 0*15 cm of mercury 
The ratio 14 90/7*63 gives 1*95 as the stopping-power of xenon referred to air 

(3) To measure the stopping-power for still higher velocities the particles 
of range 8*6 cm from thorium C were used A souroe of thonum B and C 
was collected each day on a brass disc, 4 mm in diameter, by exposure to 
the emanation. In addition to the long-range particles, thonum C gives out 
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other alpha-particles of range 5 cm To prevent these from entering the 
ionisation chamber, uniform sheets of mica, of total stopping-power 5 cm, 
were placed above the mica window, the brass cone having been removed 
When thonum C is in equilibrium with thorium B it decays with the period 
of the latter (half-value period, 10 6 hours) To ensure that equilibrium had 
been obtained, the disc was removed from the emanation two hours before 
measurements were to be tjiken The balance method described in the last 
section was not used owing to the difficulty of obtaining simultaneously two 
sources of the right strength Instead, a curve connecting ionisation in the 
ionisation chamber with pressure of air in the absorption chamber was deter¬ 
mined A gas was then substituted for the air in the absorption chamber 
and the \alue of the ionisation measured for three pressures of the gas 
Fig 2 shows h comparison between argon and air (corrected for decay of 
the source) To ensure that there was no variation in the sensitivity of the 



electroscope between the two senes of measurements, and no irregularity in 
the decay of the source, three of the measurements for air were taken before 
those in the gas, and two more afterwards As before, the ratios of corre¬ 
sponding pressures give tbe stopping-power of the gas relative to air In 
these measurements the source was at a distance of 4 cm. from the mica 
window. 
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3 Restdts 

The results for different velocities are collected in the following table — 


Table II —Stopping-powers of Gases relative to Air for selected Portions of 

the ltange 


l 

^ i 

I 

! ni j 

' j 

IV j 

1 V 

\ J 


H 6-7 b t m 

1 

3 8-3 5 i m 1 

1 1-0 cm 

| 0 35-0 on 

i 

Xenon 

1 98' 

i er> 

_ 

1 51 

1 804(B)* 

Krypton 

X 52 

I 43 


1 07 

1 430(B) 

A rtf on 

0 UK 

0 93 1 

0 92 

0 914 

0 930(B) 

Neon 

0 623 

1 0 597 ; 

0 555 

0 437 

0 580 (B) 

Helium 

0 173 

0 175 ! 

— 

0 179 

! 0 1757 (B) 

Hydrogen 

0 206 

0 214 1 

0 247 

1 0 309 

1 0 221 (9)1 

Oxygen 

I 07 

1 05 | 

— 

0 981 

I 041(B) 


* Batts, 

4 Proc Roy Sot 

A vol 106, p 

022 (1921) 



t Taylor, * Phil Mag \*>1 20, p 402 (1013) 


The fifth column is taken from Table I The three measurements in 
column IV were made by the name method but foi a residual range of 14 nun 
(there was not sufficient xenon and krypton available for measurements at 
this range in these gases) The values in columns II and III are for the begin¬ 
ning of the thorium C range and of the polonium range, respectively In 
the last column arc given the values of the average stopping-power over the 
last 4 cm of the range, obtained by Bates and by Taylor Wc should expect 
their values to be a mean, lying intermediate between those given m < olumn III 
and those m column V. This is seen to be so for each gas 
The value of most theoretical interest are those for the fastest particles, 
given in column II, because the theory has only been developed for the case 
when the velocity of the alpha-particle is great compared with the velocity 
of an electron in an atomio orbit Fowler* has calculated the atomic stopping- 
power for high-speed alpha-particles to be expected from theory, assuming 
it to be due to ionisation and excitation Since nitrogen and oxvgen arc 
diatomic, the atomic stopping-powers of the monatomic gases relative to air 
are double the value given in Table II 
In fig. 3 the values from oolumn 11 are compared with Fowler’s calculated 
values. Logarithms of the relative atomic stopping-power are plotted against 
logarithms of the atomic number The theoretical values he on a line slightlv 

• ‘Proc. Oamb. Phil. Soe,’ vol. 21, p. 821 (1023) 
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curved, and the experimental values lie on a line slightly concave in the same 
direction, which almost coincides 



The variation of stopping-power with velocity of the alpha-particles is 
shown m fig 4, where the atomic stopping-powers from Table II are plotted 
against the range Marsden and Richardson’s measurements for foils of 
aluminium, silver, and gold are shown by the broken hues, and are seen to fit 
in well with the curves for gases It is seen that the atomic stopping-powers 
all tend to oonverge at the end of the range. 


4. Dvteusston. 

The stopping-power of a gas is determined by the collisions of the alpha- 
particle itself, but only a part of the total ionisation is directly due to them. 
Much of the ionisation is secondary ionisation due to the delta-particles 
produced in the gas by the alpha-particles. Now, although the measurements 
of ionisation show a large difference between the behaviour of diatomic and 
monatomic gases, fig 3 shows that there are no such irregularities m stopping- 



Oases for A Ipha-Parttcles of Different Velocities. 347 

power. But if the stopping-power is normal, it seems that the primary ionisa¬ 
tion must also be normal This indicates that the anomalies found in ionisation 



Range 8 6 4 2 Ocms 

Fro. 4. 


are merely anomalies in the secondary ionisation, and have no connection with 
the alpha-particles at all. The energy is transferred to the delta-particles, but 
these are apparently much less efficient ionising agents in diatomic gases than 
m monatomic gases This part of the problem, then, appears to be a problem 
of electron-impact 

Since it is well-known that ionisation by electron-bombardment is accom¬ 
panied by excitation of molecules which remain neutral it is natural to suppose 
that part of the energy of the delta-particles is used up in exciting radiation 
There does not seem, however, to be any a pnon reason why more energy should 
be spent in this way m diatomic gases than in monatomic The obvious way 
to account for the greater expenditure of energy in diatomic gases would be 
to suppose that ionisation is accompanied by dissociation of the molecule. 
Smyth* determined the relative number of atomic and molecular ions produced 
* ‘Roy. Soo Proc,’ A, vol 104, p 121 j and vol. 106, p. 116(1224). 

VOL. cvn —4 2n 
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by electron bombardment In oxygen, nitrogen, and hydrogen he found that 
the proportion of atomic ions was small for accelerating potentials below 
400 volts The energy of most of the delta-particles must be much less thaw 
this And, at any rate, since the energy of dissociation is only of the order of 
six volts, it would be insufficient to account for even half the difference between 
diatomic and monatomic gases, even if every molecule lonwed were at the 
same time dissociated 

The process which would be most useful in explaining a large expenditure 
of energy would be dissociation, accompanied by excitation but not by 
ionisation, and it is this process which forms the subject of a recent paper 
by Hughes * His conclusions are that in both hydrogen and nitrogen 
electrons of small energy readily produce dissociation, and that this dis¬ 
sociation is always accompanied by excitation The evidence is somewhat 
indirect, but if it is confirmed it will help to explain why the ionisation 
in these gaBes is smaller than would be expected 

Fowlerf showed that the absolute value of the stopping-power of air is 
1 • 8 times as great as the value he obtained for the rate of expenditure of energy 
m ionisation and excitation, calculated on a basis of classical dynamics. And 
the present experiments show that all the gases are alike in this respect, since 
the values relative to air agree well with the calculated values for high-speed 
alpha-particles, as shown in fig 3 As Fowler pointed out, there are two 
possible explanations of this excess Either (1) the rest of the stopping-power 
must arise out of disturbances of the atomic system by the passing alpha- 
particle which do not result m a change of orbit of one of its electrons, or 
(2) ionisation and excitation can take place much more freely than calculations 
by classical dynamics can allow. The first of these explanations means that 
nearly half of the energy of the alpha-particles is dissipated, and if this were 
so it is clear that m no gas could more than about half the energy of the alpha- 
particles appear as ionisation It has been shown, however, that a larger 
fraction than this certainly appears as ionisation in the monatomic gases, pro¬ 
vided that Geiger’s value, 33 volts for air, is nearly correct A confirmation 
of this value would decide definitely in favour of the second explanation 


Summary. 

By selecting small portions of the range, the relative stopping-power of 
gases has been measured for alpha-particles of high velocity, of low velocity, 

* ‘PUL Hag,’ vol 48, p 66 (1924). 
f Lee. at. 
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and of intermediate velocity, separately The gases examined were xenon, 
krypton, argon, neon, helium, hydrogen, and oxygen. The values of the 
relative stopping-powers tend to converge at the end of the range. The values 
for high velocities are in good agreement with the relative atomic stopping 
powers calculated from theory by Fowler. The measurements of ionisation 
in these gases, previously described, are discussed m the light of this result. 

In conclusion, I wish to express my thanks to Sir Ernest Rutherford for 
many valuable suggestions, to Dr F W Aston for kindly lending the krypton 
and xenon, and to Mr P M. S Blackett for his advice and help 


The Ejection of Protons from Nitrogen Nuolei, Photographed by 

the Wilson Method. 

By P M S Blackett, Moseley Research Student of the Royal Society 
and Fellow of Fling’s College, Cambridge 

(Commumoated by Prof Sir E Rutherford, F R S —Received December 17, 1924. 

[Plates 6 and 7 ] 

1 Introduction 

The original experiments of Rutherford* and later those of Rutherford and 
Chadwiclrf have shown that fast alpha-particles are able by close collisions to 
eject protons from the nuclei of many light elements. In particular the protons 
from boron, nitrogen, fluorine, sodium, aluminium and phosphorus have great 
ranges, and are emitted in all directions relative to the velocity of the bombard¬ 
ing alpha-particles The scintillation method used in these experiments can give 
no direct information about the motion after the collision of the residual nucleus 
and of the alpha-particle itself The proton alone has sufficient range to malm 
detection by the scintillation method possible. The Wilson Condensation 
Method provides the obvious and perhaps the only certain way of observing 
the motion of these two particles Of the “active” elements mentioned, 
nitrogen can at once be selected as the most suitable for a first investigation. 

* Rutherford, 1 Phil Mag.,’ vol. 37, p 581 (1919). 

t Rutherford and Chadwick,'Phil. Msg.’voL 43, p.809 (1921), vol. 44, p 418(1922), 

* Nature,' Haroh, 1924 » ' Proo. Phys Soo., London,’ vaL &S, p. 417 (1924). 
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According to Rutherford and Chadwick the maximum forward and backward 
ranges* of the protons ejected by 7 cm alpha-particles from nitrogen are 40 
and 18 oms The total number emitted m all directions by a million 8*6 cm. 
alpha-particles can be estimated, from their data, to be about 20 This number 
decreases rapidly with the range of the alpha-particles 
In order to photograph a large number of tracks, a modified and automatic 
form of Wilson’s apparatus was constructed, which made one expansion and 
took one photograph every ten or fifteen seconds The condensation chamber 
itself had a floating ebonite piston similar to that described recently by Kapitza.f 
No mercury rings were used however and the rubber tube employed to change 
the volume was replaced by a corrugated metal diaphragm A detailed descrip¬ 
tion of the apparatus, which is an improved form of that previously used by the 
writer,$ will be given elsewhere The camera, designed originally by Shimuu,§ 
takes two photographs at right angles on standard cinematograph film || 

About 23,000 photographs have been taken of the tracks of alpha-particles in 
nitrogen From 5 to 20 per cent of oxygen was added to the nitrogen to improve 
the sharpness of the tracks The source used was a deposit of Thorium B + C, 
which gives a complex beam of 8 6 and 6 0 om particles, the numbers being 
known to be in the ratio of 65 to 35 The average number of traclo on each 
photograph was 18, the tracks of about 270,000 alpha-particles of 8*6 cm 
range and 145,000 of 5 0 cm range have therefore been photographed 

2 General Results 

Amongst these tracks a large number of forkB were found corresponding to 
the elastic collisions make by alpha-particles with nitrogen (and oxygen) atoms. 
Reproductions of a few such tracks are given on Plate 6 (photographs 4 to 10) 
A description of each photograph will be found at the end of the paper 
If a particle of mass M and initial velocity V collides with another of 
mass m, initially at rest, and the two have velocities after collision making 
angles $ and 6 with V, then the assumption that both energy and momentum 
are conserved leads to the relation 

m/Bf *= sin ^/sin (26 + <f>). (1) 

The values of mj M calculated from the observed values of ^ and 6 are found 

* Throughout the paper all range* will refer to air at N TP, unless otherwise mentioned, 
t Kapitsa,' Proc Boy. SocA, vol 106, p 602 (1024). 
t Blackett, ‘Proc Roy Soc A, vol. 102, p 204 (1022); vol 103, p. 62 (1022) 
f Shimlsu, 1 Proc. Boy. Soc A, vol 00, p 482 (1021) 

|| The film was supplied and developed by Kodak, Ltd, Krogsway, London* 
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to agree closely with the accepted ratio of the ooUiding mnsaos, thus confirming 
the conclusion reached m a previous paper that both energy and momentum 
are conserved, at least approximately, during these collisions This result 
also applies to some forkB due to the collision of alpha-particles with hydrogen 
and helium nuclei (Plate 6, Nos. 1, 2, and 3) 

But amongst these normal forkB due to elastic collisions, eight have been 
found of a strikingly different type Six of them are reproduced on Plate 7. 
These eight tracks undoubtedly represent the ejection of a proton from a 
nitrogen nucleus It was to be expected that a photograph of Buch an event 
would show an alpha-ray track branching into three The ejected proton, 
the residual nucleus from which it has been ejected, and the alpha-particle 
itself, might each have been expected to produce a track These eight forkB 
however branch only into two The path of the first of the three bodies, 
the ejected proton, is obvious in each photograph It consists of a fine straight 
track, along which the ionisation is clearly less than along an alpha-ray track, 
and must therefore be due to a particle of small charge and great velocity 
The second of the two arms of the fork is a short track similar m appearance 
to the track of the nitrogen nucleus m a normal fork Of a third arm to 
correspond to the track of the alpha-particle itself after the ooUuuon there is 
no sign. On the generally accepted view, due to the work of Rutherford, 
the nucleus of an atom is so small, and thus the potential at its surface so 
large, that a positively charged particle that has once penetrated its structure 
(and almost certainly an alpha-particle that ejects a proton must do so) cannot 
escape without acquiring kinetic energy amply sufficient to produce a visible 
track As no such track exists the alpha-particle cannot escape. In ejecting 
a proton from a nitrogen nucleus the alpha-particle is therefore itself bound 
to the nitrogen nucleus The resulting new nucleus must have a mass 17, 
and, provided no electrons are gained or lost in the process,* an atomic number 
8 The possibility of such a capture has already been suggested by Rutherford 
and Ghadwiok m a recent paper. 

The argument so far has been based on the appearance of these anomalous 
tracks The conclusions already drawn from their appearance are fully 
confirmed by measurement. The results will be summarised in this section 
and given m detail in the next. 

In marked contrast to the normal forks, the angles between the components 
of each of these anomalous forks are not in general consistent with an Hattie 

* On none of the photographs is there any sign of a It •ray track, starting at the fork, 
longer than tbs anal 4-rays. 
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collision between an alpha-particle and a nucleus of any known or possible 
(t.e, integral) mass. Making the assumption that momentum alone » conserved 
daring the collision, the velocity of the proton of assumed mass 1 is found 
from the measured angles of each fork to be in good agreement with thoee 
deduced by Rutherford and Chadwick from the measurement of their range. 
Ibis result is independent of the mass assumed for the particle producing the 
short track The momentum of the latter can also be calculated without 
further assumptions The observed lengths of these tracks can be shown to 
be not inconsistent with the view that the particles producing them have a 
mass 17 and an atomic number 8 


3 The Measurement of the Anomalous Tracks. 

There is little doubt that momentum must be conserved during these collisions, 
though the kinetic energy clearly is not This assumption is supported by the 
observation that these anomalous forks are co-planar, as are also the normal 
forkB If <|/ and <a are the angles between the initial track of the alpha- 
particle and the track of the proton and the resulting nucleus respectively, we 
have 

m p v p sin <Ji — ww sin « = 0, 
m p v p cos <J/ + m » v » cos 6> — MV = 0, 


where m„ and m n are the masses, and v v and v n the velocities, of the proton and 
final nucleus, and where M and V are the mass and initial velocity of the alpha- 
particle. We therefore find that 


and 


ntpVp = MV sin to/sin -f- <o), 
m n v n a* MV sin 4*/sm + w) 


( 2 ) 

( 3 ) 


For each track ^ and o are measured, while V is calculated from the distance 
of the fork from the source, whence from (1), mumming m P — 1, we obtain V 
Assuming with Rutherford that the range of a fast proton is proportional to the 
cube of its velocity and that a proton of velocity 3 08 x 10® cm. per see. 
has a range of 28 cm, we find the following values for the ranges of the protons 
in the six photographs most suitable for measurement 

Range 31, 52, 25, 18, 24, 19 cm. 

4* 41°, 63°, 65°, 79°, 84°, 150°. 

Underneath each range is tabulated the angle <J< of projection of the proton. 
The average initial range of these six alpha-particles is 0*8 cm. 
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It u important to realise that since % is independent ot in* in (2), the ranges 
above are independent of the value assumed for the mass of the heavier particle. 
These calculated ranges are m sufficient agreement with the measurements of 
Rutherford and Chadwick, who found that 7 0 cm alpha-particles ejected 
protons from nitrogen with maximum forward and backward ranges of 40 and 
18 cms They also found that these maximum ranges were roughly proportional 
to the initial range of the alpha-particles Far more data will be required 
before one can hope to find m the photographs any indication of this proportion¬ 
ality. Not only are these calculated ranges somewhat unreliable owing to their 
being obtained by the cubing of the measured quantities, but the two methods 
do not give strictly comparable results The measurements of Rutherford and 
Chadwick give the maximum range of all the protons ejected within a cone of 
wide angle The measurement of a photograph gives the actual range of 
a single proton ejected at a particular angle The first five tracks above 
may be considered to represent forward particles, since in none of them has *]> 
a value greater than 85°. The last, for which <j/ w 150°, is a backward particle 

From (3) we calculate for each fork the momentum of the particle producing 
the short track Assuming its mass to be 17 we find its velocity It can now 
be shown that the observed lengths of the tracks of the particles are consistent 
with their assumed nature and calculated velocities From a study of the 
elastic collisions with nitrogen atoms the range of a nitrogen nucleus of given 
velocity can be determined Below are given the observed lengths of the 
tracks of the particles of supposed mass 17 and atomic number 8, together with 
the lengths of the tracks of nitrogen atoms of the same initial velocity 

Observed length of tracks m mm. 2*36 3 10 2 78 3*14 3 64 

Range of N atom of same velocity 2*00 2 50 2 70 2 90 2 80 

Ratio . 1 18 1 24 1 04 1 08 1 30 mean 1 16 

The ratios of the ranges in the two rows are also given Thus, on the average 
the particles of assumed mass 17 have an observed range 1 16 times that of a 
nitrogen atom of the same initial velocity Now the ranges of particles of the 
same atomic number and velocity must be proportional to their masses Further, 
it has been shown by the writer (loc eti ) that the rate of loss of energy of 
particles of the same velocity is roughly proportional to the square root of then 
atomic number * A particle of mass 17 and atomic number 6 will therefore 

* This relation, which is obtained from the ranges of hydrogen, helium, “ air,” and 
argon atoms of the same initial velocity, only holds roughly A better ap proximat io n 
would bo to write 1 /(si — 0 6) for l/d in the formula, but to do this would not appreciably 
alter the following argument. 
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travel 17/14 x (7/8)* = 1*14 times as far as a nitrogen atom of the same 
velocity Since the mean observed ratio is 1 • 16 the agreement is satisfactory. 

It must however be remarked that the observed length of the tracks is also 
consistent with the hypothesis that they have other masses than 17 For 
expressing the argument above as to the range R of a particle of mass m, 
atomic number t and velocity v, in the form 

R a “*/(«), 

we see that it is not possible to distinguish between particles of the same 
momentum but of different masses, unless / (e) is markedly non-linear, which, 
m the case of the nitrogen atom, it is not Some results, to be described in 
detail elsewhere, show that R vanes roughly as e 11 over the significant 
range of velocity The range of such a particle is therefore roughly propor¬ 
tional to its momentum Since it is only the momentum which is given directly 
by (3), it is not possible from the observed lengths of the tracks and the known 
momentum of the particles producing them, to determine the masses of the 
particles. It is however possible to determine their atomic number Thus 
to explain the observed ratio of 1 16 the particles of mass 17 should have an 
atomic number 7 7 The actual value must of course be integral and is 
probably 8, as has already been shown With more and better data it should 
be possible to distinguish with certainty between 8 and 7 (or 9), and so to 
discover whether er no any nuclear electrons, other than those in the alpha- 
particle itself, are gamed or lost by the system during the collision 

The general result of this argument may be stated as follows. The observed 
lengths of the tracks arc consistent with their being due to particles of atomic 
number roughly 8, but of any mass from, say, 12 to 20 In order to retain the 
conservation of mass we must of course assume that their actual mass is 17. 

Knowing the masses and velocities of the two particles after the collision* 
their kinetic energy can be calculated The ratio e of this energy to the 
initial energy of the alpha-particles is given below for six tracks 

Values of e, 0-83,1-02, 0-72, 0-68, 0*88, 0-93 Mean 0*81. 

On the average therefore there is a loss of kinetic energy of 19 per cent. This 
u in sufficient agreement with the value of 13 per cent, calculated by Ruther¬ 
ford and Chadwick, taking into account the somewhat different assumptions 
made by them, and the uncertainty in the measurements of the tracks, from 
which these values of e are calculated. 
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4. The Frequency of the Forks 

From a study of single collisions, information can be obtained about the 
energy and momentum relations alone. To determine the law of force between 
the colliding particles a statistical analysis of the number of collisions of all 
types ib necessary Failing such an investigation, which, to be satisfactory, 
will require many more photographs than have yet been taken, the following 
remarks will be made tentatively. 

Amongst the 270,000 alpha-particles of 8 6 cm range, whose tracks have 
been photographed, 14 have been deflected through angles between 45° and 
00° On the inverse-square law the number would, on the average, be about 
12—in rough agreement with the observations On the other hand the number 
deflected elastioally through angles greater than 90° is found to be 8, while 
the average number on the inverse-square law would be about 1 5 Thu indi¬ 
cates that the inverse-square law between alpha-particles and nitrogen nuclei* 
does not hold for such intimate colluions The discrepancy is still more marked, 
if the eight anomalous forks, not counted above, are considered to be due (as 
they certainly must be due) to very close collisions which would have resulted, 
had not a proton been ejected, in a deflection through a large angle It is 
a fact of great interest that such collisions (photographs 7, 8, 10, Plate 6) can 
occur without a proton being ejected The fact that they do, supports the 
view of Rutherford and Chadwick that the ejection of a protpn does not neces¬ 
sarily occur when the initial path of the alpha-ray lies within a limiting distance 
of the nitrogen nucleus There must be some other factor which determines 
whether an elastic colhsion is to be made or the alpha-particle u to be captured 
and a proton ejected 

The number of the anomalous forks that have been observed, 8 in 270,000 
tracks of 8<6 cm and 145,000 tracks of 5 0 om. alpha-particles, gives a some¬ 
what higher average than that of about 20 in a million which can be deduced 
from the measurements of Rutherford and Chadwick Little significance can 
be attached to this discrepancy m view of the probability variations to be 
expected with so small numbers 

5 Discussion of Results 

The study of the photographs has led to the conclusion that an alpha- 
particle that ejects a proton from a nitrogen nucleus is itself bound to that 

* Some of the large-angle deflections may be due to oollisions with atoms of oxygen, 
one part of whioh was mixed with about 10 of nitrogen, but they osimot all be to due, unleee 
one postulates an extreme departure from the in versa-square law for those nuclei 
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nucleus This result is of such importance that it is useful to emphasise the 
evidence on which it is based. 

The first step in the argument must show that the eight anomalous forks do 
actually represent the ejection of a proton from a nitrogen nucleus Their 
appearance makes this probable; the measurements of the forks, the frequency 
of their occurrence and the absence of any other abnormal forks, make it certain 

The second step must show that if the alpha-particle is not bound to the 
nitrogen nucleus after the collision, a third arm to the forks would be found 
This follows from the work of Rutherford,* Chadwickf and BielerJ on the 
scattering of alpha-particles These results require the force between an alpha- 
partide and a nucleus to be still repulsive even when their distance apart is 
very small. Bieler estimated the maximum potential of the electric field dose 
to the aluminium nucleus as 4 X 10* volts from his scattering experiments 
Rutherford was able to detect a minimum range of protons ejected from 
aluminium and sulphur, corresponding to a maximum potential of about 
3 X 10® volts Unless nitrogen is markedly different from these dements, this 
then is the order of the total kinetic energy of the alpha-particle and nucleus 
after separating, since it seems certain that to eject a proton an alpha-particle 
must penetrate within the surface of maximum potential Particles of this 
total kinetic energy will certainly both produce visible tracks The fact that 
only one track is actually found makes it therefore certain that the two particles 
are bound together The only possible way of avoiding this conclusion is to 
assume some very improbable mechanism by which the mutual potential 
energy of the alpha-particle and nucleus may be transformed into kinetic 
energy of the proton or into radiation. Provisionally this possibility may be 
ignored 

Of the nature of the integrated nucleus little can be said without further 
data. It must however have a mass 17, and provided no other nudear 
electrons are gamed or lost in the process, an atomic number 8. It ought 
therefore to be an isotope of oxygen If it is stable it should exist on the earth 
If it does exist it must be in such small quantities as to escape detection in the 
mass spectrograph of Aston, or by its influence on the chemical atomic weight 
of oxygen. The fact that it oertainly is not abundant is consistent with the 
dan of elements of odd atomic weight to which it belongs, and which have been 
shown by Harkins to be on the whole of comparatively rare occurrence. Also 

* Rutherford, * Phil. Magvol 21, p, M9 (1911) 
t Chadwick, • PUL Mag.,’ vol. 40, p 734 (1820); vol. 42, p. 824 (1881). 
t Bieler, ' Roy. Soc. ProoA, vol. 108, p. 484 (1824) 
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the fact shown fast by Rutherford, and confirmed by this work, that the sum 
of the final kinetic energies of the proton and the heavy nucleus is lees than 
the initial energy of the alpha-particle, indicates that the new integrated 
nucleus has a higher internal energy than the nitrogen nucleus, provided no 
large amount of energy is lost, for instance, by radiation On any mechanical 
picture of a nucleus this greater internal energy should indicate a lower stability, 
in agreement, if one accepts the correlation between stability and abundance 
suggested by Harkins, with the certain rarity and possible non-existence on 
the earth of this isotope of oxygen. 

It is possible that the integrated nucleus may have a short life One can 
however be certain that if it breaks up again with the emission of any 
positively charged particle it must have a life greater than the time of 
effective supersaturation in the condensation chamber—a time of the order 
of 1 /1000 sec —otherwise the track of the emitted particle would be visible on 
the photographs. 

I wish to express my thanks to Sir Ernest Rutherford, who suggested this 
work and assisted by his help and advice in its execution J also wish to thank 
Mr C T. R Wilson for his interest and help m the development of the tech¬ 
nique, and Mr. P. Kapitza for help in the design of the expansion chamber. 
Much of the expense of the work has been borne by grants both from the 
Government Grant Committee of the Royal Society and from the Research 
Fund of King’s College, Cambridge. 

DESCRIPTION OF PLATES. 

The Normal Forks (Plate 6) 

Each photograph showB the fork due to the elastic collision between an alpha- 
particle and a nucleus of hydrogen, helium or nitrogen * 

Symbols used in the description of the photographs — 

<f>. The angle of deflection of the alpha-partiole 

0. The angle between the initial track of the alpha-particle and the track 
of tiie nucleus with which it has collided Angles in brackets have 
only been measured roughly 

m/M. The ratio of the masses of the colliding particles, calculated from 
equation (1). 


* See Note (•) under Table. 
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* A few of these collisions are probably due to oolhsion with oxygen rather than nitrogen 
nuclei 

f Hie probable error of these determinations of m/M for N and O is large, of the order of 
0 6,io that these collisions may still be with N atoms 

Nos. 1, 2 and 3 are all due to alpha-particles of range greater than 7 cm 
The calculated values of m/M show that the collisions are approximately 
elastic, a result of importance in view of the very intimate nature of the collisions. 

The senes of photographs 4 to 10 show examples of elastic collisions of varying 
angles between alpha-particles and nitrogen atoms They emphasise the 
marked contrast between the elastic and the inelastic collisions (Plate 7) 

The track of the nitrogen atom itself in Nos 6 and 10 makes a fork for which 
6 + <f> == 90° These are olearly due to the collision of one nitrogen atom 
with another. 

The short isolated length of track in No 8, which nearly passes through the 
divide of the fork, is due to “ contamination,” that is, to an alpha-particle 
emitted by some radioactive body that has strayed into the chamber itself 

The Anomalous Forks (Plate 7) 

Each photograph shows the ejection by an alpha-particle of a proton from a 
nitrogen nucleus The straight fine arm is the traok of the proton The short, 
somewhat bent arm is the track of the nucleus, of mass 17 and atomio number 
probably 8 The non-existence of a third arm to the forks can be seen most 
clearly in 1, 4 and 6 In the remaining photographs the presence of other 
tracks somewhat obscures the divide of the fork. Even on most of these 
others however a thud arm, if present, would be noticeable. 

Photograph No 1.—This fork, though apparently good, is unsuitable for 
aoouxate measurement owing to— 
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(o) a alight curvature of the tracks due to mass motion of the gas, caused 
by a slight leak; 

(6) a small bend in the alpha-ray track immediately before the divide of 
the fork. 

Photographs Nos 2 and 3 —Note delta-ray tracks along the traolm of the 
protons 

Photograph No 4 —The visible track of the proton n> short as it moves 
downwards out of the effective part of the chamber 

Photograph No. 6 —The beginning of the track of the heavy nucleus can just 
be detected in the left-hand image. Unfortunately its end is lost by its passing 
out of the effective part of the chamber. 

The beaded appearance of the proton tracks, evidence of the small ionisation 
along them, can be seen in the photographs Since the ionisation due to any 
particle is proportional to the square of its charge and the reciprocal of its 
velocity, the ionisation density along these proton tracks should be about 
one-sixth of that along the alpha-ray tracks 

The measurements of the eight forks are given in the accompanying table 
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In rows 1 and 2 axe given the angles of projection ^ and o> of die protons and 
heavy nuclei respectively. From the range of the alpha-partid* before the 
collision (row 4) is deduced the velocity V of the alpha-particle, assuming the 
law of decrease of velocity with range 
In row 6 are the velocities v t of the protons, calculated from equation (2), 
with the corresponding ranges R,, (row 7) 

The velocities v„ of the heavy nuclei, calculated from (3), are given in row 8, 
and their measured ranges in row 9 

The ratio e of the final kinetic energy of the two bodies to the initial energy 
of the alpha-particle is given in row 10 
The consistent variation of t>„ (row 8) with R n (row 9) confirms the assumption, 
that all these forks are due to the 8 6 and not to the 5 cm particles. 


The Apparent Tripling of Certain Lines m Arc Spectra. 

By T. Boyds, D.Sc , Director, Kodaikanal Observatory. 

(Communicated by J Evershed, F B S —Received November 12, 1924) 

[Plats 8 ] 

King discovered 41 that the lithium line 6708, in the arc or in the furoaoe, 
changed from a doublet into a triplet by increasing the amount of la vapour 
present, the separation of the triplet increasing with the amount of vapour. 
He suggested that the effect was due to the electrical resolution of the line 
by the action of interatomic fields If this suggestion can be verified, we shall 
have therein a means of measuring the intensity of the interatomic fields in 
die arc, and from that a means of determining the interatomic fields in the sun, 
for in * Kodaikanal Observatory Bulletin, No. 73,’ the view was put forward 
that the abnormal displacements of unsymmetrical lines when the sun and ate 
ware compared were due to mteratomio electrical fields caused by ionisation, 
die field m the sun being roughly estimated at about 2,000 volts/cm. less than 
in die centre of the aro employed f 

2. Consequently it seemed important to investigate more fully this observa¬ 
tion of King, in order to find whether his suggestion of its being due to electrical 

* King, ‘Astrophysics! Journal,’ tol, 44, p. W9 (1919). 
t Boyds,' Kodaikanal Observatory Bulletin, No. 78,’ 
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fields could be maintained. It was obvious that if bis interpretation were 
correct, not merely a few exceptional lines, but the majority of spectrum linae 
should show a complexity on increasing the amount of material in the arc, 
if the resolving power of the spectroscope were sufficient to show it. As a 
preliminary it therefore seemed desirable to Bearch through the whole visible 
region of the spectra of as many substances as were readily available in order 
to make a list of those bnes which could be made triple or multiple by merely 
increasing the amount of material in the arc From previous knowledge it 
seemed a foregone conclusion that the number of such lines must be small, 
but whether small or huge, the most suitable case could then be chosen for a 
complete investigation of the cause, and the hypothesis revealed could be 
tested on the remaining examples 

3 The spectra of the following substances Li, Na, K, Eb, Os, Cu, Ag, Mg, 
Ca, Si, Ba, Za, Cd, Al, Tl, Sn, Pb, Sb, Bi, Fe were searched throughout the 
visible region, and the behaviour of each lme, especially of the stronger and 
the more easily reversible lines, was watched as the amount of material 
under investigation m the arc was increased or decreased The spectrograph 
used was the one described in ‘ Kodaikanal Observatory Bulletin, No 36/ obser¬ 
vations being made with eyepieces m the 2nd, 3rd or 4th order according to 
the intensity of the line being examined To avoid prejudice, no literature 
regarding the complexity of spectrum hues was looked up beforehand, with 
tile exception of King’s paper already referred to relating to the Li lme 6708 
The material was vaporised m the arc, either from metallic poles or by intro¬ 
ducing salts into a carbon arc, the object being to secure spectrum lrnes as 
strong as possible with materials readily available, and whenever any reversal, 
doublet, triplet or multiplet was suspected the effect of reducing the amount 
of material in the arc was carefully watched. 

4 Of several hundreds of lines studied the following seven are the only 
ones found to become complex on increasing the amount of material in the 
arc •— 

Li 6708,* 6103, Tl 6360, Sr 4876 2, 4872, 4832, Mn pair 4236. 

All these seven lrnes behave similarly, becoming triple when the amount of 
material is increased. The dearest cose seemed to be that of the t ha l lium lme 
6860, which was therefore chosen for exact and careful study in visual exam¬ 
ination, for measurement in photographs m order to determine the real 
nature of the change in character position of the components as the amount 
of material in the are was increased or decreased. 

* Investigated by King, be. et t 
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8 The structure of the thallium line 6860 h&s been studied by many observers 
previously* and has been found by some to be double, by others to be triple 
even though only temporarily, but the progressive development of this line, as 
described below, does not appear to have been seen before, although Nuttingf 
gives a partial account After introducing a little thallium salt into the arc 
the 5360 lme passes through five distinct phases as the amount of material m 
the arc gradually decreases If a continuous watch is kept on any part of the 
arc, the line is seen to pass through all its five phases in succession as the material 
is consumed, but according as the arc conditions are chosen the same phase may 
be exhibited along the whole length of the arc, or several phases may be simul¬ 
taneously visible in different parts of the arc The arc used was between carbon 
poles, 100 to 110 volts, 4 to 6 amperes, a little thallium nitrate being placed 
on the lower electrode The state of several phases being simultaneously evident 
was very convenient for the visual examination of the behaviour of the lme, 
and seemed best exhibited when the upper electrode of the carbon arc was made 
the positive pole This arrangement was, however, not so suitable when it was 
desired to photograph any isolated phase, which was best achieved by making 
the upper electrode the negative pole, for then the phase was nearly uniform 
across the whole length of the arc When all was ready to photograph any 
particular phase of the 6360 lme, new material was introduced into the arc and 
allowed to bum, whilst the behaviour of the lme was watched visually in a 
different order from that where the photograph was being taken ; when the line 
had reached the phase desired the exposure was made, the exposing shutter 
being closed before a succeeding phase developed Photographs for wave¬ 
length comparison were made by alternate exposure of the different phases of 
the line w juxtaposition at different heights on the plate. 

6 The sequence of behaviour of the T1 5350 lme after introducing new 
material into the arc is as follows * For the sake of definiteness, let us suppose 
that a little thallium nitrate is placed on the lower, negative, carbon pole, the 
arc is then started and allowed to bum continuously. 

Phase 1 —At first the lme is broad with a broad reversal and appears sym¬ 
metrical m width and in intensity This is denoted as phase I, and is shown as 
a negative in Plate 8, fig 1 In this phase the T1 lme resembles most other 
broad reversed lines, such as the Na D lines, Ba 6636, etc Phase I represents 
beyond all doubt ordinary self-reversal, its characteristic being a broad winged 
emission lme, the centre of which is absorbed by the cooler outer region of 

* K&yaer, 4 Handbuoh der Spectrotkopie,’ vol 6, p. 715. 

| Nutting, 1 Astrophysics! Journal,' vol 28, p 64 (1006) 
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the arc [In this phase, the reversal does not appear absolutely black for there 
is a very faint, but not sharp, line in the middle of the reversal, this broad 
central bright line cannot be seen in hg 1 on account of its faintness, but its 
appearance seems common to all broadly reversed hues, the Na D lines, for 
example, and deserves further study J As the arc continues to bum and the 
material m the arc decreases, the line with its reversal becomes gradually 
narrower 

Phase 11 —When the reversal has narrowed down to a certain stage, there 
appears a hue emission line within the reversal but nearer to the red side than 
to the violet At iirst it is faint but gradually strengthens as the amount of 
material in the arc decreases This is denoted as phase II, shown in hg 2, and 
represents the first triplet form which the line assumes In fig 2 the middle 
comjjonent is seen to be approximately twice as far from the outer component 
towards the violet (left in the figure) as from the outer component towards the 
red, but the outer components still have the wings characteristic of a broadened 
line At a later stage, shown m fig 3, where the middle component has grown 
stronger than the red outer component and at least as strong as the violet 
outer component, the outer components have lost most of their wmgs, so that 
the appearance begins to resemble a triplet composed of three sharp lines 
As the arc continues to bum the middle component gams m intensity and 
approaches the red outer component 

Phase 111 —Eventually the middle component joins the red outer component, 
and the line has now the appearance of a doublet with the red component 
three or four times as wide as the violet, and somewhat more intense This is 
illustrated m fig 4 and designated phase III 

Phase 1V —Boon, however, a new central component separates from the 
broad red component of phase III and the line again assumes a triplet form 
This phase IV is shown m hg 5 The red component is the strongest and the 
middle component the weakest 

Phase V —The middle component of phase IV gradually approaches the 
violet component and ultimately unites with it The line has now agam 
assumed a doublet form denoted as phase V and shown m hg 6 The violet 
component is now about three times as strong as the red component of the 
doublet This is the final phase As the amount of material in the arc 
continues to decrease the two components of the doublet remain at a fixed 
separation until the red one becomes so faint as to be invisible 

Phases II, III and IV are shown simultaneously m different parts of the arc 
in fig 7, and phases IV and V in fig 8 The photographs are, of course, 
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unretouched, but in making the print for reproduction the lower purls of figs 7 
and 8 were given shorter exposure than the upper. The scale of enlargement 
in figs 7 and 8 is greater than m the remaining figures It should, perhaps, be 
noted that, although there are two triplet forms and two doublet forms, these 
can never be confused as an inspection of the photographs will show, the 
intensities and widths of the triplet in phase II (figs. 2 and 3) are different from 
those in phase IV (fig 6) and the intensities and widths in phase III (fig 4) are 
easily distinguishable from those in phase V (fig 6). 

7 The real nature of the change from one phase to another cannot be deter 
named from a visual inspection of the line and only becomes clear by making 
wave-length comparisons m photographs The final phase V was chosen as 
standard In this final doublet stage the components remain fixed at a 
separation of 0 112 A even when the amount of material is much dim inishe d. 
Hence it cannot be a self-reversal of a single line but must be a true doublet 
with the red component fainter than the violet Other phases were photo¬ 
graphed m the manner explained in paragraph 5, in juxtaposition with phase V, 
under conditions for strict wave-length comparison The clue to the whole 
behaviour of the T1 5350 line is furnished by fig. 9, where phases II and V are 
compared An inspection of fig 9 is almost sufficient for conviction that in 
phase II each Ime of the phase V doublet has become self-reversed, the middle 
component of phase II being a combination of the red component of the self- 
reversal of the violet line and the violet component of the self-reversal of the 
red Ime Measurements fully confirm this, and with the additional fact that 
the violet line of the phase V doublet reverses more easily (t e , with less material 
in the arc) than the red hue, the whole behaviour of the T1 5350 hue can be 
readily explained as different stages in the self-reversal of the phase V doublet 
as follows — 

Phase I —The amount of material in the outer absorbing regions of the arc 
is so large that the bnes of the phase V doublet are broadened until they overlap, 
and the appearance of the line is thus indistinguishable from that of a single 
Ime self-reversed 

Phase 11 —The amount of material in the outer absorbing regions of the arc 
is now reduced until the lines of the phase V doublet no longer overlap but 
are gradually narrowing down The absorptive power of the outer regions of 
the arc is, therefore, becoming sufficiently small in the gap between the lues 
for the light emitted by the core of the arc to penetrate, this is represented 
by the middle component appearing within the broad reversal of phase I, which 
will beoome wider and stronger as the amount of material decreases. In other 
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words, phase II represents the self-reversal of each line of the phase 
V doublet 

Phase III —The material in the outer regions of the arc is now reduced until 
there is insufficient to reverse the red line of the phase V doublet The red 
component of phase III is a blend of the unreversed red line and the red com¬ 
ponent of the reversed violet line of the phase V doublet 

Phase IV —As the material is still further reduced the self-reversal of the 
violet line narrows down and its red component separates from the unreversed 
red line of the phase V doublet The red component of phase IV is now no 
longer a blend but a single line 

Phase V —Eventually the amount of material is insufficient to reverse even 
the violet line, and we now get two unreversed lines Further reduction of 
material in the arc merely decreases the intensity of both lines without affecting 
their separation 

8 This explanation is adopted because the wave-lengtli measurements 
reveal — 

(1) That the violet line of the phase V doublet is not displaced relative to 

(a) the centre of the space between the violet and middle components of phase 
IV (fig 11), (6) the centre of the space between the two components of phase III 
(fig 10) and (c) the centre of the space between the violet and middle components 
of phase II (fig 9) The average measured displacements were (a) + 0 001 A, 

(b) 0 000 A and (c) + 0-001 A, which are inconsiderable quantities 

(2) That the red hue of the phase V doublet is not displaced relative to 
(a) the red component of triplet of phase IV (fag 11) and (b) the centre of the 
space between the red and the middle components of phase 11 (fag 9) The 
average measured displacements were (a) + 0 003 A and (6) + 0 003 A, which 
are small and probably not real, as the measurement was difficult in those cases 
when phase III was closely approached 

(3) That the interval between the following components is constant in all 
photographs (a) in phase V between the two lines of the doublet, (6) in phase 
IV between the red component and the centre of the space between the middle 
and the violet components, (c) in phase II between the centre of the spaces oil 
each side of the middle component The average measured intervals were 
(a) 0-112 A, (6) 0-112 A and (o) 0 111 A 

(1) That there are no other constancies of wave-length in the varied phases 
of the line, e.g., the middle component of phase II has not the same wave¬ 
length as the middle component of phase IV 

It should be understood that not only have the typioal phases been included 
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in the measurements, bat also intermediate phases, where often the measure* 
ment is difficult especially when phase 111 is closely approached. 

9. The explanation given in para. 7 that the whole behaviour of the T15300 
line can be explained as different stages m the self-reversal of the two fanes of 
the doublet seems adequate and simple, and there is no need to invoke the 
resolution by interatomic fields suggested by King to obtain a complete ex¬ 
planation. There are two a prtort reasons against the tripling m the ore 
being due to resolution by interatomic fields *—(1) the effect m the electnc 
arc would be an interatomic field averaged over all atoms which would be 
expected to result in a blending of the components into a broad line rather 
than a field sufficiently uniform over all atoms to yield a definite resolution 
into components, and (2) a field strong enough to resolve one line in the spectrum 
would resolve all lines sufficiently sensitive, and we should expect all lines to 
be complex simultaneously to a greater or less degree according to die magni¬ 
tude of their Stark effect As a matter of fact, the number of fanes becoming 
complex when the amount of material m the arc is increased is very small 
Oat of hundreds of lines examined, only seven oases of complexity developing 
have been found, as stated m para 4, this number might perhaps be increased 
by employing metals instead of salts, but it has been sufficiently proved that 
the effect is very exceptional 

10. The case of the T1 5350 line having been completely investigated and 
a simple explanation found, it remains to test whether the same explanation 
suffices for the other six cases In all these except two die final phase is a 
doublet, and in the two exceptional cases the tripling is so difficult to observe 
that the resolution of the final doublet was hardly to be expected. The 
petals for the remaining six oases are as follows:— 

• Lt hne 6708. This is very similar in appearance to the T1 line 5360, except 
that the fanes are less sharp and that the reversals narrow down simultaneously 
With a large amount of material there is a broad self-reversal corresponding 
to phase I of T1 5350. Then an apparent triplet develops by the appearance 
of a central component nearer to the red side of the reversal than to the violet, 
this is the phase corresponding to phase II of the T15350 line and is the self¬ 
reversal of each fane of the final doublet Since the reversals narrow down 
simultaneously the next phase has the appea r an c e of a single fast not sharp 
line, before it beoames resolved into the final doublet stags, corresponding to 
phase V of the T1 6300 where the violet line has about twice the intensity 
of the red hne. 

Lt Jms 6103. This is very similar to the 6706 fane, except that the uasym- 
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nwtdori character of the latter has its counterpart on the opposite «nh and 
(tat the lines axe still less sharp. The central component in Hie triplet font 
is nearer the violet side than the red, and in the final doublet form the red 
line is Hie stronger of the two In the third order the final doublet is only just 
resolved 

Sr hnet 4876*2, 4872, 4832 The line 4832 triples the most readily of the 
three and with a small amount of material the line becomes finally double, 
with the violet component about one-third the intensity of the red component. 
The lines 4876*2 and 4872 triple less readily, and the final phase of each could 
not be resolved 

Mn pa«r 4236 4,4236*2. With a small amount of material these two neigh¬ 
bouring lines are of about&qual intensity, forming a “doublet,” although 
perhaps not a physically connected doublet When the amount of material 
is increased each line reverses, combining into a triplet by the merging of their 
adjacent components 

Summary 

1 As many spectra as possible were searched through the visible region 
for instances of lines becoming complex when the amount of material in Hie 
arc was increased 

2 Only seven cases were found, all being of similar type in becoming appa¬ 
rently triple with a sufficient quantity of material 

3. The T1 line 5360 was the easiest to investigate and was found to pass 
through five successive phases, viz, broad simple reversal, triplet, doublet, 
a second triplet form, and a final doublet as the amount of material m the arc 
bums out 

4. It is shown that the T1 5360 line is essentially a doublet and that all the 
different phases can be simply explained as different stages m Hie self-reversal 
of Hie two lines of the doublet 

6. The same explanation of self-reversal of an essential doublet was adopted 
for Hie six remaining instances of apparent tripling, as all except two were 
found to assume a doublet form as the final phase; m the two exceptions Hie 
doublet was expected to be difficult to resolve. 
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On the Life Statistics of Fellows of the Royal Society. 

By 8ir Arthur Schuster F R S 
(Received January 20, 1923 ) 

In the year 1892, Lieut -General R Stmt hey communicated a paper to the 
Royal Society “ On the probable effect of the limitation of the number of 
Ordinary Fellows elected into the Royal Society to fifteen in each year on the 
eventual total number of Fellows * The mam conclusions arrived at were 
summarized as follows “ On the whole it seems to be established that thi 
present restriction to 15 of the nunibci of Ordinal y Fellows elected in anv year 
will lead to an eventual maximum number not exceeding 420 and that the 
ultimate increase of the total strength of the Society for each additional Fellow 
elected in excess ot 15, may be taken at 28, ro that an increase of the annual 
number of Ordinary Fellows to 18 would lead to an ultimate total of 500 such 
Fellow h M The results weie based on a statistical examination of the average 
age of Fellows at election, together wath such tables as were then available of 
the probable duration of life The present number of Ordinary Fellows exceeds 
Strachey’s figure by about twenty 

Durmg recent years the question has occasionally been raised, as to whether 
the time has arrived for a small increase m the number of annual elections in 
view of the larger scientific output of the country, that has taken place since 
the present regulations came into force An argument in favour of this policy 
might be urged if a substantial and permanent increase m the average age at 
election to the Fellowship had occurred in recent years, though this would not 
necessarily be decisive In order to obtain the relevant facts it seemed 
desirable to bring the statistics up to date The work proved to be more 
serious than was anticipated, because numerous and substantial errors were 
found to vitiate Strachey’s figures, apart from the scarcity of material at his 
disposal Of the 614 Ordinary Fellows elected between 1848 and 1890, there 
were 42 whose date of birth had not been ascertained, and their ages at election 
were assumed to be equal to that of the average of the known ages during 
successive periods of ten years Inaccuracies, amounting in individual cases 
to ten years or more in the assumed age, produced errors m the annual average 
amounting frequently to more than a year, and once to as much as three yean 
One Fellow is entered as having been elected in the year 1872 at the age of 87 
This is a mistake, which can only be explained by a confusion of l)r E, L 
Ormerod, who was ejected in 1872, with G Ormerod, who died in 1873 at the 
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age of 88 It bo happened that E L Ormerod also died m that year, but he 
was then only 64 years old 

With one exception I have succeeded in ascertaining the year of birth of 
every Fellow elected Nince 1848 The missing date of birth is that of Captain 
Levett Landon Boscawen Ibbetson, a geologist of some distinction, who pre¬ 
sented his collection of fossils to the Jermyn Street Museum He spent his 
last years in Germany and died at Biebru h on the Rhine on September 8, 1889 
He is described m the List of Members of the Royal Society as a Knight of the 
Red Eagle, and as K H , whic h» 1 understand, may mean “ Knight of Hanover ” 

Before 1847 the procedure at elections was determined by statutes which 
allowed a proposal to be made at anv meeting the voting taking place at some 
subsequent meeting without restriction of numbers, but a two-third majority 
being required for election The Council of the Society as such, had no special 
powers of nomination I have collected m Table I the average number of 
elections under these statutes for successive periods of 25 years, together with 
the last short period of 23 years 


Table 1 \verage Number of Annual Elections before 1848 


Period 

Vvemgo Numtar 

Period 

Average Number 

1675-1690 

ft 

1775-1700 

28 

1700-1724 

15 

1800-1824 

26 

1725-1740 

iA 

1825-1847 

28 

1750-1774 

28 

— 



The maximum number elected in a single year (1834) was 50 
New statutes were introduced m 1847, directing the Council to select by 
ballot from a list of candidates “ a number not exceeding 15, to be recommended 
to the Society for election ” In view of what followed it is necessary to quote 
verbatim the statute which determined the procedure at election — 

“ On the day of election two Scrutators shall be nominated by the 
President, with the approbation of the Society, to assist the Secretaries 
m examining the lists, and each Fellow present and voting, shall 
deliver to one of the Secretaries or Scrutators, one of the printed lists 
mentioned m Statute VIII, having erased the name of any Candidate 
or Candidates for whom he does not vote, and, if he shall have thought 
fit, having substituted or added the name of any other Candidate or 
Candidates contained m the printed list sent m pursuance of Statute VI 
of this Chapter ” 


2 n 2 
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The interpretation of the words “ or added ” in the last sentence u obscure, 
and m the belief that they were redundant the words were struck out in a 
revision of the Statutes m 1915 My suspicions were first aroused five yean 
later when I began to revise Strachey’s statistics, and found that one of his 
Tables gives 16 Fellows as having been elected on two occasions—1853 and 
1888. This rendered it necessary to enquire further into the matter 

On referring to the Minutes of the Council, which contain the reports of the 
Committee who, m 1846 and 1847, drafted the new Statutes, it appears that 
doubts were expressed as to whether the limitation of numbers was consistent 
with the Charter, which vested the right of election in the “ President, Council 
and FellowB or by any twenty-one or more of them ” The matter was sub¬ 
mitted to the Attorney and Solicitor-General, the question put being — 

“ Your opinion is requested whether the Council by virtue of the 
general power of regulating the body given them by the Charter may 
pass a Statute enacting that the number of Ordinary FellowB to be 
elected in any one year shall not exceed 15 ” 

A reply was received in the following terms — 

“ The point submitted to us is not free from doubt, but after the 
best consideration we can give to it, we are of opinion that the Council 
cannot, by virtue of the general power of regulating the body given to 
them by the Charters, pass a Statute limiting the number of Ordinary 
Fellows to be elected in any one year ” 

Such an authoritative opinion could not be set aside, and the Committee 
therefore drafted the proposal for the new Statute m the form given above, 
the words “ or added ” being inserted in order to reconcile the intention of 
the Council with the wording of the Charter The remedy was ingenious, 
but a little astute and not free from danger Every Fellow, according to the 
Statute, as it was finally adopted, could add to the list of the Council’s nomina¬ 
tion as many other names as he pleased, though the chance of election was 
exceedingly small, unless there was some organised canvass for a particular 
candidate. The only body with sufficient power to combine effectively was 
the Counoil itself, and they made use of their opportunities in 1853 and 1888 
The procedure adopted, so far as it can be traced, was that the Council sent 
round the usual list of fifteen nominations for election, but they also circulated 
privately a suggestion for the additional insertion of a sixteenth name, giving 
no doubt, their reasons lor that course. No record, however, of any action 
they took was kept in the Council Minutes The reason for the additional 



871 


Life Statistics of Fellows of the Royal Society 

election m 1888 is plain* A Fellow of the Society elected in 1802 defaulted, 
and his name was removed from the list of Fellows Subsequently, he desired 
to be reinstated, and the Council was no doubt justified in thinking that his 
Te-election should not interfere with the usual nomination of 15 candidates* 
They, therefore made use of the loop-hole left open by the wording of the 
Statute In the last edition of the Record his name only occurs in the list 
of Fellows elected in 1802, but the Charter Rook shows his signature twice, 
as he had to be admitted on two separate occasions There m one instance 
of a Fellow who, after election in 1851, faded to present hnnself for admission 
within the statutory limits of time, his election was declared void, but he 
was nominated and elected a second time in 1868 as one of the 15 
With regard to the first occasion (1853) on which sixteen Fellows were 
elected, no obvious reason can be assigned for the step, except perhaps that 
one of the 15 Fellows elected in 1848 refused the membership of the Society, 
and the Council subsequently may have desired to fill the vacant y by a super¬ 
numerary election 

General Strachey states that only 14 candidates were elected on two 
occasions One of these has already been mentioned 15 being actually 
elected, but one refusing to take up the Fellowship The other is given m 
his Tables as having occurred m 1869, but this is a mistake, the origin of which 
I have not been able to trace In referring to the “ Record,” it will be found, 
indeed, that the election of only 14 is marked against the date, June 12, which 
was the day of election , a fifteenth is printed under the date June 5, and this 
gives the impression that the election took place under Statute XII. But 
there was no meeting of the Society on June 5, and in the Council Minutes 
the name of the Fellow is given as one of the 15 nominated < undulates 

We may balance an election of 16 against one of 14, and, taking account of 
one election twice over of the same candidate and the unknown date of birth 
of another, we find 1,123 for the number of Fellows elected m the 78 years 
included in this enquiry Of these 441 were alive on December 31, 1922 but 
two of these had resigned their Fellowship 
I began by calculating the average age at election foi each year These 
averages were collected m periods of ten years, and are given in Table II, 
together with that of the short concluding period of five years 
Fellows elected under Statute XII are not included in this or any of the 
subsequent tables 
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Table II —Average Age at Election 


Period. 

Average Age 

Period 

Average Age 

1848-185? 

43 A 

1888-1807 

44 0 

1858-1887 

43 6 

1898-1907 

43 8 

1868-1877 

45 4 

1008-1917 

46 6 

1878-1887 

45 0 

! 

19181922 

47 6 

(40 yearn) 

44 4 

(35 vt am) 

i 

45 1 


During the first sixty years the increase m the average age at election is not 
very definite As late as 1913 it sank to 41 7, but since 1915 it never fell below 
45 3 

An increase n the average age, due to few elections of wen who were excep¬ 
tionally young, may be counterbalanced by a simultaneous diminution of elec¬ 
tions of men of advanced age A better judgment of the changes that have 
taken place can therefore be formed by dividing the whole period into three 
parts of twenty-five years, and giving the figures separately for different ages at 
election This is done in Table III, which shows a marked diminution during 
more recent years m the election of men under thirty-five, and a marked increase 
m the election of Fellows between forty and fifty-five It is difficult to gauge 
the effect of the War, but it probably was appreciable My impression is that 
the younger men were kept back in thetr scientific work even when they were 
not actually in the held , while some of maturer age were substantially assisted 
in obtaining the Fellowship by their war work For this reason too much 
importance should not be attached to the last column 


Table III —Number of Fellows Elected at Different Ages 


Agt at Election 

1848-1872 

1873-1807 

1898-1022* 

24-20 

16 

12 

1 

30-34 

57 

40 

35 

35-30 

71 

74 

66 

40-44 

00 

64 

80 

46-40 

54 

55 

73 

50-54 

42 

40 

02 

55-60 

31 

35 

30 

60-64 

24 

15 

17 

65-69 

7 

16 

8 

70-74 

1 

3 

1 

75-80 

1 

fl 

2 

Totals 

373 

i 

| 375 

! 

! 375 

i 
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The youngest man elected to the Fellowship since 1847 was John Lubbock, 
afterwards Lord Avebury, who entered the Society at the age of 24 
It in of some interest to analyse the 29 elections of Fellows under the age of 
thirty with regard to subjects These are given in Table IV 


Table IV Number of Fellows Elected Under the Age ot 30 Years 


Physical Science* 

Number 

Biological Sciences 

Number 

Mathematics 

4 

General Biology 

Physiology ana Medinne 

4 

Astronomy 

2 

it 

Mathomatnul Physic* 

Pure PhywfH 

Chemistry 

Engineering 

Meteorology 1 

(■oology I 

lot III 1 

o 

n 

5 

1 

l 

i 1 

19 

i 

Total 

10 


The marked preponderance of the physical sciences is emphasised by the 
fact that eight out of the ten elections on the biological side took place m the 
first ten years of the period considered After 1868, the number of men who 
have obtained the Fellowship on the physical side to that on the biological side 
is in the ratio of three to one I have extended the examination to Fellows 
elected up to the age of 35 and find that the projiortion is still in the ratio of 
two to one for the whole period 

The number of Fellows of the Society at the beginning of 1848, w hen the new 
Statutes came into force, was 7f>8 In consequence of the restriction in the 
annual elections the numbers diminished by over 100 in the first ten years 
and m 1891, the last year included in General Strachey’s statistics, the Socit ty 
contained 427 Fellows, of whom 401 were elected under the new Statutes A 
supplementary Memorandum published by Strachey in the Year Book for 1900 
showed that the total number of Ordinary Fellows had fallen to 418, of whom 
six were elected before 1848 Strachey considered that his prediction that 
420 would be the ultimate maximum membership was confirmed by these 
figures Table V. which gives the average number of Fellows during different 
periods, shows, however, that the Society continued to increase in number* 
until a maximum of 461 was reached# The maximum for a single year was 465 
in 1912 Since then the numbers show a steady decline 
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Table V —Number of Fellows of the Society m Different Years.* 


Period 

Average Numbers 

IV nod 

Average Numbers 

January 1 
1900-1904 

424 

January 1 

1915-1919 

446 

1906-1909 

442 

1920-1924 

442 

1910-1914 

461 

— 



The diminution of membership during the last 10 years is partly accounted for 
by two deaths which may be put down to the war, and two resignations 
Table VI gives the composition of the Society at the beginning of 1923 
arranged in order of ages 


Table VI—Composition of Society on January 1, 1923 


Ages 

Number of Fellows 

\ges 

Number of Fellows 

80-34 

3 

65-00 

52 

35-39 

10 

70 74 

42 

40-44 

16 

75-70 

24 

46-49 

47 

80 £4 

17 

60-64 

66 

85-80 

8 

65-69 

68 

00-04 

1 

60-64 

86 

1 

•15 

• 1 


Total Number of Fellows, 439 Average Ago, 60 9 


Table VII gives the number of Fellows abve at the beginning of 1923 arranged 
in the order of the years they have served in the Society. Thus we find that, at 
the end of 1922, fifty Fellows had been Members of the Society for more than 
20 and less than 26 years To obtain the number of men who have been 
Fellows for 41 years or more, we find 21 by adding the last four figures 


Table VII —Years of Service in the Society on January 1, 1923 


Tears of Servio^. 

Number of Fellows 

\ears of Service 

Number of Fellows, 

1-5 

87 

31-35 

30 

6-10 

65 

36-40 

16 

11-15 

64 

41-45 

12 

16-20 

1 65 

46-60 

7 

21-26 

; 50 

51-65 

1 

26-30 

42 

56-60 

1 


* The number, given are exolusive of Fellowe elected before 1848 or under 
Statute XII The last of the former (Sir Joseph Hooker) died m 1011 
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The lost part of this enquiry deals with the expectancy of life of a Fellow 
at the age of his election If we were only to consider those whose life has 
come to an end, the problem would be simple, but we should obtain too low 
a value of the expectancy, for the reason that the list would include Fellows 
who died at an exceptionally early age, while excluding those whose span of 
life was above the average The difference would be negligible if the penod 
taken into account were long compared with the duration of the average life m 
the Society, but this is not the case 

The following procedure was adopted As the material is not sufficient to 
calculate the expectancy for each age separately, the ages at election are 
combined m groups of five If y be the number of years which denotes the 
duration of a life after election, n —1 Et/ would denote the average life for a 
group of five years, n being the number of Fellows m the group This average 
would correspond nearly, though not exactly, to the third of the five yean 
of the group When the calculation has been completed for each of the groups, 
it is easy to apply a small correction to the average age of the group so as to 
make it correspond exactly to its third year 
For the FellowB who are still living we are ignorant of their ultimate life, 
but we find an approximate value by adding to the number (a) of yean which 
have elapsed since election up to the end of 1922 their further expectancy (to) 
taken from some reliable Table of Life Statistics I have chosen for the 
purpose the Table published in Whitaker’s Almanack If m denote the 
number of living Fellows, we take m —1 2 (a -f- to) as their average life after 
eleotion, and correct as before to brrng the average age at election in each 
group to that of the third year The expectancy of life, taking account of both 
living and former Fellows, will then be 

- (in f n)” 1 S (y + a + to) 

As shown m Table VIII the values of W, are substantially greater than 
those of to. This necessitates a revision of the calculation, substituting W, 
for to, so that the final expectancy as calculated is * 

W »- [m + n) _1 S (y + a -f W,)» 

Table VIII represents the final results — 
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Table VIII -Expectancy of Life 


Age 

N 

u 

1 

W, 

i 

w | 

| fixpeots&oy 

JO 

06 

36 0 

38 7 

33 1 

40 4 

15 

201 

31 0 

34 0 

20 2 

36 8 

40 

208 

26 8 

| 20 2 

26 6 

30 0 

45 

190 

24 8 

i 26 7 

22 2 

28 4 

50 

170 

21 4 

23 1 

18 0 

24 0 

53 

114 

18 1 

| 18 8 

15 8 

20 1 

bO 

70 

17 0 

17 0 

12 0 

18 0 

S3 

( 

41 

16 A 

16 5 

10 3 

17 1 


The column headed N represents the number of Fellows included in the 
group elected at the average age given m the first column U represents the 
expectancy, taking account only of deceased Fellows , this number, as has 
already been explained, should be less than the true expectancy The last 
column gives the expectancy calculated as indicated, and the last column 
but one gives the expectancy as given in the Tables of u Whitaker's Almanack " 
The comparison between the two last columns shows that the average life of 
Fellows of the Royal Society is, on the average, nearly six years longer than 
that given m the Tables which have been used 
It may be stated m conclusion, that Fellows who have withdrawn from the 
Society are included in the Life statistics but excluded from the Tables referring 
to the composition of the Society after the date of their resignation. 
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The Thermionic Work-Functions and Photo-electric Thresholds of 

the Alkali Metals. 

By 0 W Richardson , FR8, Yarrow Research Professor of the Royal 
Society, and A F A Young, Ph D , King’s College, London 

(Received January b, 1925 ) 

1) 1 Summary of Previous Knowledge 

It has generally lieen found that the thermionic currents from solids follow 
the formula AT' e where A and b are two constants, over a wide range 
of temperature So far as this matter is concerned, the same result holds if 
the index of T is replaced by 2, or, in fact, by anv similar low r number For 
example, K K Smith* has shown m the ease of tungsten that such a formula 
with two constants covers the thermionic currents, from 1,030° K to 2300° K, 
over which range of temperature the currents increase by a factor of about 10 12 
It. appears, however that the alkali metals -at any rate, under such conditions 
as it is feasible to make experiments on them -do not subscribe to this 
requirement 

If the old valuesf of log i — 2 log T (i - thermionic current, T — absolute 
temperature) for sodium are plotted against T -1 , it will be found that the curve 
is not a straight line, as is the case with most substances, but is definitely 
convex towards the origin This can, in fact, be seen from fig 21, p 339 
of the paper, whioli is a plot of log t — £ log T, since this function behaves 
similarly to log t - 2 log T This shows that the equation 

i = CT 2 e‘* r (1) 

with C and <1 constants is not competent to express the currents It follows 
that the work function for this metal is not a single constant but its value 
for some electrons must differ from its value for others The case of potassium 
has recently been carefully examined by one of us $ with the result that in 
general the plots of log i — 2 log T against T~' are straight lines, or nearly so, 
at the highest and lowest temperatures of the observations These lines have 
different Blopes and are joined by a curved part which is convex towards the 
origin 

An analogous duplicity m the photo-electric phenomena has been known 

* ‘ Phil Mag.,’ vol. 20, p 802 (1015) 

tOW Richardson, 1 Phil”Trans ,’ A, vol. 201, p 407 (1003) 

t A V A Young, ‘Roy Soc Proc ,’ A, vol 104, p 811 (1023) 
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for some time The curves of photo-electric yield against frequency for 
sodium* possess double maxima indicating the existence of at least two 
thresholds The hrst maximum was found at 3600 AU* and corresponds 
fairly closely to Pohl and Pnngsheim’st maximum for the “ selective ” effect, 
and the second in the ultra-violet at 2270 AU If we assume that each of 
these maxima results from the presence of a distinct threshold in the material 
and that the relation^ 

v max = i V 0 (2) 

holds, we can calculate the respective threshold frequencies v 0 The values 
found are v 0 =- 5 56 x 10 14 sec "* 1 and v 0 =8*81 x I0 14 see ~ 3 or in equivalent 
volts, m accordance with the &f> =r kv relation, the values are ^ — 2 29 
volts for the “ selective ” threshold and </> 0 — 3 * 63 volts for the other The 
long wave threshold was directly determined by Compton and Richardson 
and found to be = 5770 A U , which corresponds to <f> 0 — 2 14 volts This, 
is a fair agreement with the result got from the maximum by using equation ( 2 ), 
but, of course, a similar check on the other maximum is not possible It 
should be added that the value of \ vanes in some obscure way with the 
state of the metal surface, and a value for sodium as high as 6800 A U has 
been found by Millikan § This is the highest published value we have been 
able to find, and the corresponding is 1 82 volts 
The old thermionic observations with sodium are open to some objections 
and should be repeated under better conditions, but, in view of the similar 
behaviour of potassium, it may be permissible to extract such information 
as may be obtained from them as to the probable values of the work functions 
Turning to fig 21 p 539, of 4 Phil Trans ,* A, vol. 201, if we assume that the 
dotted curve for the region between T ^ 1 X 10 4 - 14 and T“ l X 10 4 = 15, 
on the one hand, and between x 10 4 -= 18 8 and T ~" 1 > 10 4 -- 20 on the 

other, has approximately reached limiting straight lines, the corresponding 
values of the constants representing the work function are 

for T 7 1 X 10 4 - 14 5, 6 4 6 x JO 4 , equivalent to ^ = 3 96 volts ; 

for T “ 3 x 10 4 - 19 4, fc = 1 59 x 10 4 , equivalent to <f> -- 1 37 volts 

Whilst these quantities are much higher than the potassium values, it is 
interesting to note that their ratio is very close to the corresponding ratio for 
potassium The upper value, 3 90 volts, does not differ from the value 

* K T Compton and O W Richardson, * Phd Mag vol 26, p 663 (1913) 
t Pohl and Pnngsheun, 1 Verb d Deutooh Physik Gee vol 11, p 1039 U910) 

JO W Richardson, ‘ Phil. Mag vol. 24, p 670 (1012) 

| R A Millikan, ‘Phye Rev / vol 7, p 380 (1916) 
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= 3 • 63 volts deduced by the application of equation (2) to the second photo¬ 
electric maximum by more than the probable errors, but the lower value, 
1 37 volts, seems definitely lower than the lowest photo-electnc threshold 
even if Millikan’s low value corresponding to 1 82 volts is taken 
In the previous work by one of us with potassium it was found that the 
experimentally determined photo-electric threshold varied between the limits 
of either 1 *86 to 2 02 volts or 1 *72 to 1 77 volts, the higher set of values being 
obtained if the tail end of the spectral curves was attributed to scattered and 
stray light of other wave-lengths The measured values of the two thermionic 
work functions for the same specimen and under the same conditions were 
found to lie within the ranges of 0*99 to 1 32 volts at 200° G and 0 463 and 
0 * 694 volt at 30° C respectively. All these values are much lower than any 
of the estimations of the corresponding photo-electric quantity 
The present experiments were undertaken to obtain further information 
bearing on the interesting facts outlmed above In Borne respects they are 
not as complete as we could have wished, but they are published m their 
present form as the collaboration of the authors has had to come to an end 
The experiments were all made with potassium, and, except for modifications 
specifically referred to m the sequel, the apparatus was the same as that already 
used by one of us and described in ‘ Roy Soc Proc,’ A, vol. 104, p 611 (1923) 
As it will be necessary to make frequent reference to this paper, we shall in 
what follows designate it by I for brevity 

§ 2 Theory of Patches 

It is clear from § 1, that a metal may behave as though it possessed at least 
two thermionic work functions and one or more of these may have a lower 
value than that equivalent to the lowest effective photo-electnc threshold 
The first explanation of these phenomena which occurred to us may be desig¬ 
nated as the theory of patches The idea, expressed generally, is that the 
surfaoe of a substance with more than one work function is not uniform, but 
that there are sets of regions, each set being characterised by a particular value 
of the work function We do not at this stage propose to express an opinion 
as to how suoh differences originate, though chemical contamination is an 
obvious possibility, and there are others which are more interesting 
In its effects the hypothesis replaces the uniform surface of the substance 
by a patchwork of different substances, one for each work function To give 
a simple illustration of the way in which such a scheme may operate, consider 
a hypothetical substance which behaves as though it had two thermionic work 
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functions equivalent to ft and ft of which ft agrees with the photo-electric 
threshold and <f> 2 is much smaller than ft This hypothetical substance is 
simpler m its behaviour than either sodium or potassium according to the facts 
and inferences recited in § 1 but there are elements of uncertainty about 
some of them which prevent its absolute rejection as a possible model At 
any rate the vagaries of such a substance are of the same general character 
as those of these alkali metals The properties of the hypothetical Bubstance 
involve an apparent contradiction, inasmuch as the photo-electric threshold 
is much higher than the lower thermionic threshold , whereas it is usually 
assumed to be a measure of the lowest possible value of this quantity This 
difficulty is resohed on the theory ot patches by supposing that the area of 
the patches afflicted with the lower value of the work function is very small 
compared with the area of the rest of the surface The smallness of this area 
makes the photo-electno currents too small to measure until the threshold 
frequency for the bulk of the surface is reached, and they are, for all practical 
purposes, the same under all circumstances as though the small patches were 
not present The thermionic effects act differently The electron emission 
from unit area of the composite surface is proportional to T 2 (0\ 4- 

C a e~ itrT ) where and C a are proportional to the respective areas and d, 
and d t are proportional to the respective work functions Now C 8 may be 
quite small compared with C x yet at low enough temperatures C 2 c - ***' 1 
will exceed C 1 er -I<, ' r if d 2 is less than d x We should thus expect the low 
work functions to dominate the thermionic emissions at low temperatures 
and this is what occurs However, this particular result would be obtained 
on almost any view of the origin of the multiple work functions 
There is another line of evidence which tends to substantiate the real exist¬ 
ence of specifically affected areas If parts of the surface exist having a different 
work function from the rest they will have a different potential, m accordance 
with the relation 

log J,&,-«<V 1 -V 1 )/«, (3) 

where j t art' the respective saturation current densities per unit area and 
V, and V t are the respective potentials Thus, the spots of low work function 
will be electro-positive to the rest by the amount V, — V, required by (3) 
This will give rise to strong local fields at the surface which will tend to prevent 
the currents from attaining the saturation value ThAt the thermionic currents 
from potassium are difficult to saturate is shown clearly by I, figs 9,11 and 12 
That the photo-electric currents from the same metal experience no such 
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difficulty is shown by I, fig 16. This is to be expected on the theory of patch*# 
because the inhibitive fields of force are inoperative on the bulk of the surface 
from which the photo-electrons come 
For a substance with a single effective threshold it is known that the ther¬ 
mionic current density is given with sufficient approximation by equation (1) 
The present point of view divides the surface of a substance whose behaviour 
is more complex into a patchwork (or map) m which the various patches (or 
countries) each behave as a simple substance For such a structure the total 
current density will be given by applying equation (1) to each element in pro¬ 
portion to its area and summing over all the areas The expression for the 
total current density j will therefore be 

j « r- (Cj B x r+l* + C* S 2 + ), (4) 

where S x is the proportion of unit area occupied by the patches for which the 
work function is measured by d v S a is the proportion occupied by those whot-e 
work function is measured by d 2 * and so on It is possible, but not essential, 
that the constants C|, C 2 , etc , which are written os characteristic for each set 
of patches may have a common universal value * 

It has been shown by one of usf that an equation equivalent to (4) has a 
much more general basis than the theory of patches, so that satisfaction of 
this equation cannot be regarded as conclusive evidence of the existence of 
patches 

§ 3 Application to the Potasutum Data 


We shall now show that equation (4) with two terms expresses the abnormal 
potassium results, such as those plotted as (a), (6), (c), and ( d ) of I, fig 7, to the 
degree of accuracy of the observations 


Taking two terms only we 

may write (4) as 


j = T a (P t 

1 F- Jy -1 J t 

(a) 

where 



h -F, T J 

1 Jt = Fj T* r -"* 1 

(«) 

Let d t > d t and write 




X* e-" 1 ' 11 (l + h 11 

(7) 

F 

By taking T small enough =* 

i (ttn always be made 

small compared 


* Cf O W Richardson, ‘ Roy, 800 Proc / A, vol 105, p 387 (1924) 
tOW Richardson, * Proc Lond Phya Soc \ol 36, p 383 (1924) 
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with unity so that j always reduces to j l at low temperatures The constants 
Fj and d x can thus be extracted in the usual way from the experimental data 
for low temperatures This may fail in practice if dg and d x are nearly equal, 
as the required value of T may be so small that the factor e wall make j 
too small to measure The value of the ratio ¥J¥ X might then be important 
We may also write 

j — T* (F, | ¥ t ) rf ' ,/T (8) 

As T oo, approaches 1 and faster than does (d 8 > d x ) , so 

that there is a range at high temperatures in which ? is nearly the same 
as T* (F x -{ F 8 ) c^ ,/T , t e , log — 2 log T plotted against T™ 1 has the same 
slope as log 3 % - 2 log T, but is displaced by an amount depending on F 8 
We thus arrive at the following process for extracting the constants Plot 
the observed values of log^ — 2 log T against T" 1 If two terms of equation (4) 
are adequate to express the data, and unless the constants have inconvenient 
values, the high and low temperature ends of this graph will be straight lines 
The slopes of these give the values of d 2 and d x respectively The absolute 
value at the low-temperature end gives ¥ t The other end gives ¥ x + F a 
from which F a can be got by subtraction The applicability of the process 
can then be cheeked by calculating the intermediate curved part of the graph 
from the values so obtained 

We have applied this process to the thermionic data for potassium from 
which curve ( b ) of 1, hg 7, was plotted This set of data was selected as being 
perhaps the most complete and consistent of a number of similar sets The 
values of the logarithms to the base 10 of the saturation currents (in amperes) 
-r T* were plotted on a fairly large scale against T— 1 x 10* The resulting 
plot was found to be fitted by straight lines to within the accuracy of the 
observations over the ranges of T -1 x 10* from 20*25 to 22 5 and from 32*0 
to 34*75—that is to say, at each end over a stretch equal to about one-sixth 
of the full extent of the whole range of observations The values of the 
constants found from these two straight lines were — 

Table Ia 

Degrees Number of FJectrons per sq cm per degree 8 

d x = 0*498 x 10 4 Fi — 7*96 x 10 7 at a mean temperature of 288° K 
da — 1 296 x 10* F, = 1 32 X 10 A7 „ „ 490° K 

The values of 21og u T — log 10 3 calculated from these data for a senes of 
temperatures distributed along the intermediate curved part of the graph are 
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shown along with the observed values in Table I 

These calculated values 

were obtained by a graphical method with the assistance of the slide rule, and 
will not agree with the constants above with algebraic accuracy, but these 
mechanical methods of calculating are accurate enough for the observational 

data 

Table I 


T-‘x 10 4 

l°gio T " *°gioJ 

2 log 10 T lug jo i 


(calculated) 

(observed) 

23 47 

14 332 

14 285 

25 00 

15 120 

15 104 

25 91 

15 548 

15 537 

26 88 

15 946 

16 009 

27 03 

15 999 

15 953 

28 41 

16 439 

](» 405 

30 12 

16 874 

1(> 854 


In everv tase the <alt ulnted values agree with the olwerved within the lmats 
of probable error, and as the values calculated from the same data fit the 
straight ends of the gxaph, it follows that the data aie covered by two terms 
of (4) over the whole range of temperature as accurately as thev have 1 mh*ti 
observed 

Whilst this result is in agreement with the patch theoi), it should be borne 
m mind that there are other possible reasons for it These will lie dealt with 
later (p 405) We proceed now to consider some new experimental evidence 
We shall first deal with attempts which we have made to increase the area 
of the hypothetical low-threshold patches 

§ 4 The Effect of Hydrogen and Water Vapour on the Photo-electric Emnmm 

from Potassium 

The experiments of Elster and Geitel* have shown that after treatment 
with hydrogen, photo-electric currents may be obtained from the alkali metals 
with infra-red light, showing that a modification of the surface having a low 
value of the photo-electric work function can exist One of usf also found a 
similar effect with the liquid alloy of sodium and potassium after exposure to 
water vapour The manner of variation of current with wave-length was 
however, not accurately determined 

The present method of producing the modified surface was similar in 

* Elster and Geitel, * Phys Zeits / voL 12, p 768 (1911) 
fOW Richardson, * Phil Trans A, vol 222, p 83 (1922) 
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principle to that of Elster and Geitel,* namely, to let hydrogen into the quarts 
tube containing the potassium by heating with a Bunsen flame a palladium 
tube, sealed through the glass situated between the quarts tube and the 
mercury vapour pump When the pressure had mounted to 0 1 m, or 
more, a luminous discharge was made to pass between the central electrode 
and the potassium surface from a 400-volt battery with a resistance of about 
1200 ohms in series, the potassium being the negative electrode To do 
this the electroscope connections were removed from the central electrode 
and the copper cylinder (I, fig 1, W) unearthed An induction coil was 
also used to produce a discharge, but this appeared to be not more effective 
than the 400-volt battery, probably owing to the excessive bombardment 
of metal parts, etc , of the tube The discharge caused the usual change 
m colour of the potassium surface to a tint varying in different cases from 
blue-purple to dark purple, or even blackish Photo-electnc measurements 
wen* made m a htgh vacuum after pumping out the hydrogen by the 
mercury vapour pump The accelerating potential difference used was from 
100 to 160 volts 

Fig 1 shows the type of effect first obtained with the luminous discharge 
The ordinates show the photo-electnc current corresponding to the wave¬ 
lengths given as absciss® The currents are not reduced to unit intensity of 
the incident light, which steadily rises as we proceed towards the longer wave¬ 
lengths, being given approximately by fig 17, I This magnifies any effect 
m the region of longer wave-lengths 

It may be remarked that, as the scale on the drum of the monochromator 
terminated at 7000 A U, the wave-lengths beyond this had to be extrapo¬ 
lated by means of an arbitrary scale drawn on the drum This was done as 
follows The beam of light from the collimator passes at minimum deviation 
through a quartz prism (i = 60°) and is reflected by a quartz mirror into the 
telescope Suppose the drum is set, say, at 6960 A U By means of the 

formula for the refractive index fx = sin / Bin l the deviation D through 

2 / 2 

the prism may be calculated on substituting Camelli’s value |a = 1 54078 
lor 6950 A U Now let the drum be turned and set at one of the arbitrary 
markings, then provided we know the angle 0 through which the prism 
and table have turned, the corresponding change in deviation through the 
pnsrn (20), and thus the refractive index of the light which passe, through the 
monochromator when the drum is set to the arbitrary marking, may be 

* Elster and Geitel, * Phy* Zeits vol 11, p 237 (1010), 



Thermionic Wm'k-Funchons, etc. % of the Alkali Metals 885 

calculated. The wave-length can then be evaluated from a dispersion curve 
for quarts The angle 8 was measured by observing the displacement, on 
turning the drum, of a beam of light from a Pointohte lamp reflected from the 
quarts mirror on the table of the monochromator to a distant scale The lamp 
and scale were situated 8 8 metres from the quartz mirror 
In fig 1, curve 1 shoves the photo-electnc current before sensitising, and 



curve 2 that immediately after, the monochromator, etc, not being shifted 
during the sensitising process. Curve 3 shows the effect two days later, the 
tube having been left untouched meanwhile and the pressure nsen to 0 01 mm 
The displacements with time were always in this direction. Evidently the 
effect of sensitising has been to increase the magnitude of the currents by a 

2 b 2 
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factor which is greatest for the region of longer wave-lengths Fig 2 shows 
the type of curve obtained later, which exhibits two maxima They were 
obtained after a side tube containing sulphuric acid, to which a drop of water 
had been added, had been joined on near to the quartz tube, and separable 
from it by a tap, in order to test the effect of water vapour Curve 1 was 



obtained after the potassium had been exposed to the sulphuric acid and water 
for 93 hours, while 2, 3, 4 and 6 were obtained after successive glow discharges 
of 2, 5, 6 seconds, and 6 minutes’ duration, respectively Number 6 shows 
the effect 15$ hours later still, the sulphuric acid tube being open for the 
whole 108$ hours It remains to be decided, however, as to whether the two 
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maxima were caused by water vapour The evidence for this question will 
be dealt with below 

Whenever a curve exhibiting two maxima was obtained or one in which 
the slope decreased and then increased again m the manner of curve 4, fig 2 
the maximum nearest the ultra violet was always in the neighlmurbood of 
IbBO A V , in fnit for tin whole serus of curves it remained between 4600 
and 1760 A l This forres[Kinds aftei allowing lor the intensity distribution 
oi I lie incident light to the ordinary maximum of the selective effect for 
potassium in the other cases, e q , curve 2 hg 1 where the maximum 
appeared to shift, the effect may possibly be due to the mashing of the oidinai v 
selective maximum by the increased effect towards the infra-red a tendenrv 
which is exaggerated hv the peculiar energv distribution of the incident 
light 

[n all «uses the currents from the sensitised potassium c ould be reduc erl 
approximately to then magnitude before sensitming by beating the tube con¬ 
taining the potassium by a Bunsen flame Fig I shows the effect of raising 
the temperature of the sensitised potassium to 100 V b\ an electric heater 
for about oil* houi m a high vac uum and then allowing it to cool (*urve I 
was that obtained before curve 2 that after, sensitising, while curve* 3 show's 
the effect after heating Curves 4 and 5 are curves 1 and \ respectively with 
the scales altered so that the ordinate for 4750 A 1 T has the same value as for 
curve 2 This heat treatment also < aused a fading of the colouration produced 
by the glow dischaige 

It was found that the mere contact of the potassium with hydrogen made 
no difference to the photo-elec trie effect Also the presence of water vapour 
caused no measurable increase m the photo-electric emission towards the infra¬ 
red region Thus, for example, prior to making the observations for the curves 
in fig 2, the potassium was exposed for 93 hours to sulphuric acid to which 
one drop of waiter had been added Befoie exposing it m tius way the potas 
sunn was heated so that a new surface was obtained by evaporation and 
splashing Curve 1, fig 4, shows the photo-electric currents m a high vacuum 
immediately after tlus had been done, while 2 shows the currents immediately 
after opening the sulphuric acid tube, the jiotassium being at the same instant 
shut off from the pumps Curves 3 to 6 show the currents obtained after 
lit 15$, 23 and 40$ hours respectively Curve 7 was that obtained after 93 
hours, and is identical with curve 1 in fig 2 Immediately before curve 7 
was obtained the tube was opened to the McLeod gauge, in which the pressure 
rose to the order of tenths of a millimetre, so that some of the vanation m 
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magnitude of the currents with time may be due to a varying amount of 
impact ionisation At any rate, the photo-electric emission did not increase 
in the region of longer wave-lengths The three stray points of curve 1 (fig 4) 



may be ascribed to errors of measurement of the “ dark ” current, whieh was 
large for this curve. 

The conditions which must obtain to give the greatest effect m the interred 
seem obscure With the potassium first used, which had not oozne in oontact 
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with water vapour, and had previously been heated in a high vacuum, which 
was maintained until the hydrogen was admitted, the principal effect of the 
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sensitising was to increase the emission in the neighbourhood of the maximum 
at 4700 A IT without causing much increase towards the infra-red, the effect 





390 


O, W. Richardson and A. F. A. Young. 

being roughly proportional to the tune occupied by the discharge, at least 
for the first discharges of about a second's duration each If no particular 
care was taken to avoid gaseous contamination before admitting the hydrogen, 
howevet , quite large effects were obtained on sensitising Thus, for example, 
immediately before curves 1 and 2, fig 1, were obtained, the potassium had 
been exposed to air at atmospherK pressure from the room Also when the 
potassium had been exposed for a long time to sulphuric acid containing a 
drop of watci, the maximum effect m the extreme red was obtained at once 
after a discharge of only two seconds’ duration, as m curve 2, fig 2 It will 
be noticed that the sensitivity did not continue to increase with the length 
of the discharge These results point to the view that it is essential for a 
constituent of water to be present during the sensitising process, but on the 
other hand equally marked effects were obtained later with the same potassium 
after the sulphuric acid had been removed altogether and after the potassium 
and quartz tube had been thoroughly heated the (laede pump having been 
taken down and cleaned in the meanwhile Similar effects weie obtained when 
the precaution was taken to heat the potassium and wash the apparatus out 
with hydrogen once or twice before letting in the hydrogen for the discharge, 
and also when the potassium was first heated to 315° C m an atmosphere of 
hydrogen 

There is a possibility in the foregoing experiments that traces of the surface 
modification, when once formed, were not completely removed by heating 
the potassium with a flame, but that the modification was only destroyed 
sufficiently to make the photo-electric current from it negligible There may 
be a portion of the modification which is stable enough to resist heating, and 
which forms a nucleus from which the original state of the surface is readily 
built up again on re-sensitising In Fig 3 the heating to 100° 0 still left an 
appreciable effect for wave-lengths greater than 6000 A U which, it will appear 
later, is probably not due to scattered light Such an occurrence might give 
rise to the effects recounted at the end of the last paragraph 

Further experiments would be necessary to elucidate the action of water 
vapour 

The curves with two maxima in fig, 2 are not the counter-part for potassium 
of the similar curves with two maxima for sodium found by Compton and 
Richardson * In fig 2 the maximum for the “ selective effect ” for potassium 
is at about 4650 A U, and the new maximum is on the low frequency side of 
it at about 6000 A IT In the sodium curves the maximum for the “ selective 


♦ hoc etf 
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effect ” is at 3600 A U and the othei maximum is on the high frequency side 
of it at 2270 A U In spite of tins there may possibly be some significance 
in the fart that the ratio of the frequencies for the two maxima for potassium 
I Mt is not very different from the value of 1 59 tor the ratio of the frequencies 
of the two maxima on these sodium curves 

^ 5 The Thennumo Emtenion from Polasmom 
The effeit of th< presence of hydiogcn at 0 099 nun picvuiie is shown in 
hg 5 Plotting log (( urrent/TJ) against 1 T in the usual manner curve 1 was 



obtained for a high vacuum with tailing temperature H\drogen was then 
admitted at room temperature, and the temperature raised giving curve 2 
The sudden diop in the emission with using temperature, to which reference 
was made in 1 (p f>19 etc ), occurred at the highest tempeiatuies Curve l 
was obtained on lowering the temperature*, the last two points being taken 
while the hydrogen was being pumped out, at a pressure of KM* and 
8 ' 10"^ mm, respectively The displacement of curve 1 with respect to 
(1) may be ascribed to impact ionisation, as also ma> be the liend m curve 3 
The effect of the hydrogen if any, was thus to reduce the \alue of A in the 
formula i r AT' and to leave the value of b unaltered 
The thermionic emission was also measured after sensitising the surface at 
room temperature The current at a particular temperature was, however 
much greater with the initially rising temperature than with the subsequently 
falling temperature This was probaby due to the evaporation or destruction 
of the greater part of the surface modification during the heating 
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The slopes of the two (log t/T*, 1 /T) curves for the heating and cooling differed 
greatly, and m two cases gave for b a mean of 0*89 X 10* and 0*51 x 10* 
respectively These values are not very reliable 

In order to obtain the values of A and b for potassium under the best possible 
vacuum conditions, the apparatus was set up again as follows The copper cap 
R (I, fig 1 [6]) was replaced by a glass cap with a f-inoh side tube fused directly 
to the tube L connecting to the mercury vapour pump This tubing was made 
shorter and wider (1-inch bore, with two liquid air traps of If inch diameter 
one containing some coconut charcoal, a j$-inch tap, the total horizontal length 
between pump and quartz tube being 19 inches) The copper cvhnder W was 
entirely removed and in its place a thin platinum wire was trailed round the 
inside of the quartz m a large spiral The electrode V was made of platinum, 
the lower part of the connecting lead being also of platinum The lower part 
of the quartz tube was well heated before melting the potassium in the side 
tube D 

Even when these precautions were taken, and when the McLeod gauge 
showed an extremely small pressure, the thermionic phenomena remained 
the same. The sudden drop in the emission was still obtained at temperatures 
of from 180° C to 250° C The (log »/T*, 1 /T) curves for potential difference 
of 139 volts were approximately straight for four curves, whilst three others 
were curved similarly to those in I, fig 7 All the values of A and 6, except 
those from the steepest part of the latter curves, were of a similar low order to 
those already found for potassium (I, Tables III, IV, V) The new values from 
the four plots which were most consistent, using the formula t AT* e~ brt 


are given in Table II 





Table II 

A x (Number of Electrons 



b -s- 10* 

per Square Centimetre) 

1- 

[Maximum 

, 1 900 

3*5 x 10* 

[Minimum 

0-800 

2 4 x 10“ 

2 


0 693 

1*0 x 10“ 

3 


0 801 

2 3 x 10“ 

4 


0*824 

3 9 X 10“ 


An interesting feature of the values of A t and 6 given in Table II above and 
in I, Tables III, IV, V, is that if log u A x is plotted against b, the points obtained 
are distributed near to a straight line. In fig 6 the values of log n C and d 
calculated by applying the formula t = CTV^ 1 have been plotted for the 
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observations corresponding to the values in the above tables This was doi 
by subtracting 3 log J# T from the ordinates of a (log t/T*, 1 /T) curve and plotting 



a new curve According to this formula, A should be somewhere near to a 
universal constant whose value is 1 8 x 10 u E S U per sq cm per second 
It has previously been shown by one of 118 * that approximately a linear 
relation subsists between the various corresponding pairs of values of log A 
and b for the electron emission from tungsten and platinum and for the 
emission of positive ions from platinum Fig 6 shows that a like result holds 
for the thermionic electron emission from potassium 

16, The Photo-electric Work Function 
In paper I two values ^ and fa' of the photo-electric work function were 
given, since at the time it was not known whether the asymptotic portions of the 
photo-electric curves at the long wave-length limit indicated a true photo¬ 
electric emission or were caused by scattered light Referring, for example, to 

* O W Richardson, ‘ Roy. Hoc ProtA, voi 91, p 584 (1915) 
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hg 7 curve l either the point A can be taken as the limiting wave-length, 
giving tftf,, or a point such as (J giving tfo' But it lms since been established 
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that the asymptotic portion is mainly a true emission Thus, in the ease of 
fig 7, the interposition before the slit of the monochromator nearest the Potato- 
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hte source of a Wratten filter (No 25) which cut out all the photo-electnc effect 
for wave-lengths equal to and less than that given by A, failed to suppress the 
portion AB(\ as m shown by curve 2 The inset is taken from the makers’ 
“ Percentage Transmission ” data for the filteT Curve 1 was obtained with 
the apparatus set up as described in the last section and the usual thermionic 
currents were observed when the temperature was lowered from about 150° 0. 
to room temperature immediately before 
It thus appears that the photo-electnc work function obtained when the 
usual thermionic phenomena wore observed is certainly less than <f > 0 corre¬ 
sponding to the point A (hg 7) and mav be even less than corresponding 
to the point (' at which the photo-electric emission was immeasurable, since 
we cannot be certain that with a powerful enough source of illumination the 
currents would not be measurable for wave-lengths greater than that given bv 
C Incidentally the magnification of the photo-electric currents by impact 
ionisation m a gas might possibly be utilised to test this point From this, 
and the conclusions towards the end of l it appears hkclv that there 1 are 
portions of the potassium surface which have a low work function and whu b nre 
sufficiently stable to resist heating, at least to temperatures of 100-150° V 
The value of the thermionic work function corresponding to the umveisal 
value of C is, from fig 6, <£ — 0 86 x 10~ 4 d — 1 38 volt This would corre¬ 
spond to a photo-electnc threshold of X 12360/1 38 =~ 8950 \ U It will, 
however, be convenient to defer the further discussion of tins question until 
the experiments m the next section have been considered 

7 The Infra red Photo-electnc Em mum from Potassium 

Since the photo-electric measurements with the quartz monochromatoi 
could not be extended beyond 8500 A IT some measurements were made 
using as monochromator a Hilger infra-red spectrometer with roc k-salt prism 
This instrument has a scale stretching from 5000 to 100,000 \ V The experi¬ 
mental arrangements were the same as before, except that in order to obtain the 
maximum possible radiation-energy incident on the potassium surface, the 
100 c p Pomtohte lamp was replaced by a 500 c p Pomtohte lamp with a con¬ 
cave reflector The radiation from the plate of the lamp was focussed bv a 
single 3£ m glass lens on to the slit of the spectrometer the quantity of light 
passing through the latter being made as large as possible To investigate the 
long wave-length photo-electric emission the shorter wave length energy was 
absorbed by various filters 

Fig. 8 shows the spectral distribution of the energy of the dispersed radiation 
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leaving the second slit of the spectrometer, as indicated by means of the linear 
thermopile provided with the Instrument and a GambreU’s galvanometer of 





sensitivity 25 x 10"® amperes per centimetre deflection per metre scale 
distance Curve 1 shows the distribution without any filter interpoeed ( curve 
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2 with a cell with thin microscope cover-glass ends, containing a solution of 
iodine m carbon disulphide of such strength that the white hot plate of the 
lamp was completely invisible when viewed directly through it, interposed m 
the non-dispersed beam before the first slit Curve 3 shows the effect of a 
shorter cell of a similar solution through which the plate of the lamp could be 
faintly distinguished while curve 4 shows the effect of interposing simulta¬ 
neously three Wratteu filters (No 50, blue, No 62, green (Ixrth in glass) and 
a red gelatin filter) through which the lamp appeared a dull red The slit 
widths of the spectrometer were each 0 01 inch (10 divisions), the lamp 
current was approximately A 8 amperes 
Photo-electric curves obtained using the three Wratten filters together are 
shown in fig 9, curves 1 to 5 The points 0 represent the total current when 
the surface received radiation from the spectrometer set to the nave-length 
shown as abscissa, while the points X represent a residual “ dark current '* 
remaining when the radiation was cut off by a thick block oi wood or brass 
The accelerating potential difference was about 135 volts Tn all these cases 
the surface had been sensitised immediately before by passing a glow discharge 
m dry hydrogen, for 30 seconds in the case of curve 1, and 2 minutes for curves 
2, 3 and 4 The photo-electric current was found to dec rease slowly with time, 
thus after taking measurements increasing the wave-length, on returning to 
the wave-length for the maximum current, that current was found to have 
decreased by 20—50 per cent The effect could not have decreased much, 
however, in the time required to make the observations over the region of 
wave-lengths for which the photo-electric currents were appreciable (7000-- 
10,000 JlU approximately) Curve 5 was taken immediately after curve 4, 
a further 2-mmute glow discharge being passed No water-vapour was suppbed 
for these curves , some other observations m which water-vapour was supplied 
did not show larger currents or a greater effect m the infra-red , in fact, if 
too much water vapour was present the photo-electric currents became very 
small If the photo-electric currents were measured after a previous heating 
of the potassium without first sensitising the latter by a glow discharge, no 
measurable effect could be obtained when the three Wratten filters were 
simultaneously interposed The effect of inter {losing the perfectly opaque 
cell of iodine solution was to make the photo-electric currents from the sensi¬ 
tised surfaces completely immeasurable for all wave-lengths The whole 
range of wave-lengths from 10,000 to 40,000 A U was thoroughly investigated 
without finding any measurable photo-electric effect with the apparatus used 
From fig. 8, curve 4, it is apparent that the three Wratten filters together 
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absorb the whole of the energy of the light of wa\ e-lengths less than 7000 A U ,* 
and the photo-electric cuives of fig 9 themselves record practically no photo¬ 
electric current for wave-lengths less than this, so that it may be inferred that 
the whole of the photo-electric electrons from the sensitised potassium which 
were measured under these conditions were emitted by the incidence of light 
of wave-length greater than 7000 A U The apparent effect for wave-lengths 
5000—7000 A U m curves 4 and 5 may be ascribed to a small quantity of 
scattered light, while that in curve 2 is probably due to an error Since the 
emission from a surface not specially sensitised was completely suppressed by 
the interposition of the three filters, its emission for wave-lengths greater 
than 7000 A,U must lmvo been negligible, and this is consistent with the 
photo-electric curves actually obtained with such surfaces, c g , curve 2, tig 7, 
which shows no measurable emission at wave-lengths greater than 7000 A U 
As regards the long wave-length limit of the effect with the sensitised surfaces, 
an inspection of the curves show's that the effect certainly extends as far as 
9000 A U , and may extend up to 10000 A U The curve near the long wave¬ 
length limit is still asymptotic and a part of the effe< t may be due to scattered 
light of shorter wave-length At any rate, if a quantity of the same order as 
the possible scattering effect for 6000- 7000 A U (eg, curves 4 and .5) is 
subtracted from the effect for wave-lengths greater than 9000 A U , 10,000 A U 
still remains as a possible limiting wave-length The impurity of the spectrum 
due to finite slit-widths must have been small since curve 1 (fig 9) for which 
the spectrometer slits were 0 03 and 0 05 inch wide respectively is not 
appreciably different from curves 2-5, for which the slits were both only 
0 02 inch wide 

The following are the values of the photo-electric work function fa m volts 
corresponding to the given limiting wave-lengths X m A U 


X 

9,000 

9,500 

10,000 


& 

1 37 
1 *30 
1 24 


The limit of the measurable photo-electric effect with the sensttised 
surfaces gives a work function corresponding very nearly with the value of 
the thermionic work function which has been found when the calculations are 
made using the CT* formula, and taking the value of d corresponding to tiie 


* It is possible that the transmission might have amounted to 2 or 3 per cent at 
7000 A17*, an amount which would not be indicated by the measuring galvanometer 
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universal value of C, but the significance of this may be doubtful * Much 
tune was spent m trying to make the photo-electric effect shift further into 
the infra red, without success 

§ 8 Discus&wn of the Results 

Before drawing definite com lusions from the foregoing material it is necessary 
to consider the possible effects of the specific heat of potassium on its ther¬ 
mionic emission formula It has been shown by Lewis, Eastman and Rode- 
bushf that the specific heat at constant volume is very appreciably higher than 
the Dulong and Petit value This is attributed by Lewis to the possession by 
the internal electrons in this metal of an appreciable heat content even at low 
temperature*?, and LatimerJ has shown that there is a fair correspondence 
between the values of a t the specific heat of electricity (Thomson coefficient), 
deduced from the excess of the specific heats over the Dulong and Petit values 
for a number of metals and the values of a deduced from thermo-electnc data 
In the case of potassium in particular, the thermo-electric power deduced 
from the abnormal specific heat agrees exactly with the measurements of 
Bromewsky and Hackspill § 

It is clear that the possession of this abnormal specific* beat may have some 
effect on the temperature variation of the electron emission, but it is not clear 
without fuller consideration whether the effect will be of considerable magnitude 
such as, for example, would lead to serious error if it were assumed that the 
constant V in equation (1) had the universal value The effect of a in modi¬ 
fying equation (1) can be elucidated by means of formula? given in a recent 
paper by one of us || By taking the logarithms out of equation (32), (p 398), 
of that paper we have 



where p is the equilibrium electron pressure, y is the ratio of the specific heats 
for an electron gas, C x is a universal constant, to is the internal latent heat of 
evaporation per electron under the conditions specified on p 397 (he at ), 
and k is Boltzmann’s constant If we further assume what seems likely to be 
exactly true, and is certainly approximately true, that the internal latent heat 

* See the discussion below 

t 4 Froo. Nat, Aoad. of Sciences,’ vol 4, p 25 (1918) 

% * Journal Amer Chem Soc voJ. 44, p 2136 (1922) 

§ * C RV vol 153, p. 814(1011). 

|| 0 W. Richardson, ‘Roy Soc ProcA, vol. 105, p 387 (1924). 

2x2 
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of the Clausiua-Clapeyrcm procesH is the same as the w of equation (9), ere have 
(equation (22), p 394, loc cti) 


dw 

dT 


ea 


or 


w *= 6> ft 


~~T — f cod T, 

y— l Jo 

where m 0 is the value of w at T — 0° K By combining (9) and (11) 

jj~T —exp (C t - i— — ^ 

y-> \ Y-l *T fcT J 0 *J*T / 


( 10 ) 

(ID 


( 12 ) 


This reduces to (1) with C a universal constant if the terms involving the speci¬ 
fic heat of electricity are neglected Thus the effect of the specific heat of 
electricity, which, on the view we are taking, is due to the heat energy of the 
internal electrons, will be to multiply the thermionic currents by the factor 

ex p [vt I’ wdT - 1 £ f ex p - £ ** w 

The existing thermo-electric data for potassium do not appear to be complete 
enough to enable us to determine the integrals in (13) with any confidence as a 
function of the temperature We have therefore evaluated the integrals on 
the left-hand side graphically, using for a the values of the excess specific 
heat (Q,) given by Lewis, Eastman and Rodebush Our graphical integration 
is very rough, but the data are incomplete at low temperatures and otherwise 
the method is only approximate , so that it is probably good enough for the 
material In this way we estimate the value of (13) at 303° K to be exp 
O'053 = 1 054 

It thus appears that at this temperature the electron specific heat terms 
only affect the currents to the extent of about five per cent Thus it seems 
unlikely that the specific heat terms will have any very senous effect on the 
constants of equation (1) even m the case of potassium As the form of (13) 
expressed as a function of T is unknown, it is uncertain whether the form of 
equation (1) will even remain unaltered, and, if it does, how such modifications 
as may occur will be distributed among the two constants For these reasons 
we shall, as a first approximation, neglect the specific heat terms 

The phenomenon of electron reflection is a more senous matter If other 
metals can be taken as a guide this is likely to reduce the electron currents by a 
factor of about one-half It is likely also to affect the index of T in equation 
(1) If we disregard the effect on the index of T the change in C is equivalent 
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to an increase in the thermionic work function of 0 042 expressed in volts 
If instead of assuming the standard value of C in equation (1) to be 1 *8 X 10 11 
BSU cm we take it to be 9 X 10 10 , the corresponding value of <f> 9 assuming 
hg 6 to be applicable, is reduced from 1 *38 to 1 354 volts, the equivalent in¬ 
crease in the threshold wave-length being from 8950 to 9130 A U It does 
not seem that these considerations will move C very far from the standard 
value 

The essential facts as regards the photo-electnc effects, so far as we have 
been able to ascertain them, are — 

(1) With the unsensitised potassium the photo-electric currents become 
too small to measure at all wave-lengths m excess of about 7000 A U (fig 7) 

This wave-length is almost exactly 1 5 times the wave-length (4650 A U ) 
for which the photo-electric effect as measured is a maximum This requires 
a correction for the energy distribution which will probably bring the maximum 
to about 4400 A U If the photo-elcctnc behaviour of potassium is similar 
to that of other metals, we should anticipate* that the photo-electnc threshold 
corresponding to a maximum at 4400 would be close to 6600 A U This is 

Q 

m reasonable agreement with the determined value for which 7000 A U 
is probably an upper limit If they stood alone and apart from the thermionic 
effects the photo-electnc data from the pure potassium would be quite self- 
consistent 

(2) With the sensitised potassium there is an additional photo-electnc 
emission extending into the mfra-red The long wave limit at whioh this 
effect ceases to be measurable is about 10,000 A U (fig 9), and its maximum 
is probably m the neighbourhood of 6000 A U (fig 2) 

Here again the long wave limit is not far from 1’5 times the probable 
maximum wave-length, so that these data are consistent with the view that 
the effect of sensitising is to create an abnormal form or a set of patches about 
half a volt electro-positive to normal potassium The volts equivalent to 
thresholds of 7000 and 10,000 A.U are 1 77 and 1 24 respectively 

When we try to connect these results with the thermionic data we meet 
with considerable difficulties In the first plaoe, there is no clear evidence of 
any threshold, either photo-electnc or thermionic, which agrees with the 
universal value of the constant C m equation (1) and the linear relation implied 
in fig. 6 Disregarding electron reflection, the value to agree with this should 
be 8960 A.U or 1*38 volts, or d ® 1 606 x 10 40 With one exception 

* Richardson, ‘ Phil Msg ,* vol 24, p 570 (1012), Compton and Richardson, ‘ PhiL 
Magvol 26, p 555 (1013) 
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all the thermionic values plotted in fig 6 are below this, most of them very 
muoh so One of the higher temperature values taken from I, Table 4, is 
equal to 1 31 fi volts, and another to 1 *27 ( volts The threshold at 10,000 A U 
is also fairly near (1 236 equivalent volts), but this is for potassium m an 
abnormal state The value which should agree with the universal C is the 
photo-electric threshold at 7000 A U, but this, expressed m volts, is far too 
high on fig b It would correspond to about 10 15 instead of 10 11 It is, of 
course, always open to urge that our unsensitised potassium was covered with 
a layer of something inhibitive of photo-electric action, but this explanation 
seems extremely improbable In the first place, the potassium was being 
continually distilled and condensed m our apparatus, with the formation of 
new surfaces of the metal, whilst subject to the most powerful evacuating 
devices known In the second place, the determined threshold agrees with 
the wave-length found for the photo-electric maximum, which is quite close to 
the position found by Pohl and Prmgsheim 

It is a fact that all the values of the work function deduced from the ther¬ 
mionic data for the unsensitised potassium in fig 6 which are taken from 
paper I, he below the equivalent of the measured photo-electric threshold 
We do not, however, infer from this that these data establish any real contra¬ 
diction between the photo-electric and thermionic work functions It follows 
from equation (4), and tins is borne out by the experimental results, that 
where there are more thresholds than one the higher values only make them¬ 
selves felt in the thermionic effects at the higher temperatures It may well 
be that if these thermionic experiments had been pushed to higher tempera¬ 
tures, values of the thermionic work function would have been obtained 
equivalent to the measured phofco-electnc threshold for the unsensifcised 
potassium At such temperatures, however, we meet with serious practical 
difficulties arising from the vapour pressure of the metal, its high chemical 
activity, and its low ionisation and radiation potentials 

For this explanation to be reasonable it is necessary that the constants 
which correspondtoCinequation (l),and which govern the thermionic emission 
should be small compared with the normal value of C, otherwise these thresholds 
will become effective m the photo-electric emission This requirement is, 
in fact, satisfied For example, if we turn to Table Ia, we find that F 2 is 
about one-thousandth part and F x about 10“ 12 of the normal C value The 
values found for these constants are almost mmruxbly of a low order, as may 
be seen from fig 6 

The single point in fig 6 which forms an exception to this statement, the 
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A in the top right-hand oorner, may be significant This point was determined 
under conditions of vacuum which were certainly not worse, and may have 
been better, than those m paper I The value of A for this point is 1 *87 X 10*, 
which is equivalent to 1*61 volts, or a threshold of 7680 AU This is not 
very far from the photo-electnc threshold at 7000 A U, which also was 
re-determined under the same conditions It is possible that the value of 
d given by these data may even bo a little higher than 1 87 X 10 4 , but it is 
difficult to determine at curately, as the log % — 2 log T, T" 1 curve is here 
running into the region where the sudden reduction of the thermionic current 
sets in "We do not wish to overstress the value of this particular set of 
observations, but they do seem to afford some evidence of a tendency at high 
temperatures for the thermionic work function to approximate towards the 
photo-electric threshold They suggest, furthermore, that the thermionic 
threshold which corresponds to F 2 in Table Ia is removable by heating and 
evacuation At the same time a thermionic tlireshold of a much lower order, 
nearer to F x in Table I a, persisted during these experiments, so that there 
is evidently another thermionic threshold which, if not permanent, is certainly 
more difficult to remove by such means 
The considerations so far dealt with in this section merely require that 
multiple thresholds exist They afford no indication as to whether they are 
distributed uniformly over the surface or only exist locally in patches The 
fact that the thermionic currents obey an equation of the type of (4) equally 
implies merely that multiple thresholds are present,* and says nothing about 
their superficial distribution There is, however, definite evidence that they 
exist in local patches when we study the curves connecting the currents with 
the applied potential differences The photo-electnc curves exhibit an increase 
of current of the order of 5 per cent when the voltage is increased from 
10 to 250 Such ready attainment of saturation is to be expected if the 
photo-electnc emission is effective over the whole of the surface, more 
particularly as, on the view wo are taking, some 99 9 per cent of it comes 
from the most electro-negative part which forms almost the whole surface 
The current E M F curves for the thermionic emission should, however, 
be quite different if the emitters with different thresholds are localised on 
the surface. Taking the figures given in Table 1a as a representative sample, 
which is a fair way of treating the data from paper I, we see that at temperatures 
in the neighbourhood of 40° C practically the whole emission comes from 
systems which represent about 1 (H 1 * of what we may call the “ ultimate 
* O. W. Richardson, 4 Froo Lond Pby» Soc / vol 36, p 383 (1924) 
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capacity ” of the surface If these systems are m locahsed areas, these areas 
will be electro-positive about 1 3 volts to the bulk of the surface This would 
give rise to strong local fields which would tend to prevent the emitted electrons 
from being removed from the source by the externally appbed field At 
temperatures in the neighbourhood of 220° C the bulk of the emission comes 
from systems which represent about 10~ 8 of the ultimate capacity of the 
surface If these are in localised areas, they will be electro-positive about 
0*5 volt to the bulk of the surface. These will give rise to fields of force, 
tending to prevent the attainment of saturation, but to a much lesB degree 
than the more electro-positive areas which account for most of the thermionic 
activity at the lower temperatures 

Whatever may be the ultimate fate of the idea of patches, there is no doubt 
that these requirements are in excellent agreement with the facts If we 
turn to I, figs 10 and 11, we find that the difficulty of attaining saturation 
at 42° 0 and 43° C is most striking, and that this difficulty gradually diminishes 
aB the temperature is raised to over 200° C If the theory of localised patches 
were abandoned there would remain, so far as we are aware, no alternative 
reasonable explanation of the remarkable difficulty of attaining saturation 
with the thermionic currents m the neighbourhood of 40° 0 

We shall now consider the experiments with the sensitised potassium The 
immediate incentive to these experiments was the hope of stimulating the 
formation of the low threshold modifications to such an extent that their 
ultimate capacity would become a considerable, instead of a very minute, 
fraction of the whole In that event, we anticipated that we should obtain 
appreciable photo-electric currents m the infra-red, setting in at wave-lengths 
corresponding to the low thresholds In this programme we did not 
anticipate success as regards the lowest threshold which is effective on the 
thermionic currents m the neighbourhood of 40° G The photo-electnc 
threshold corresponding to this would lie at about 30,000 A U, and we have 
been able to detect nothing m the infra-red at wave-lengths larger than 
10,000 AU This is, perhaps, not surprising, since at 30,000 AU there 
was practically no energy m the arrangement we used In any event, it may 
prove difficult to do much with this particular threshold In the unsensitised 
potassium its ultimate capacity is about 10~ 12 On the patch idea ultimate 
capacity is mainly, though not entirely, equivalent to proportion of total 
area. Obviously, in order to obtain any appreciable photo-electnc effects 
we should have to multiply the amount of this modification by a footor 
comparable with 10 1 * As the amount present in the unsensitised potassium 
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ib only of the order of 10,000 atoms per square centimetre it is presumably 
very difficult to grow 

On the other hand, our experimental results arc not in conflict with the view 
that we have succeeded in growing the modification which is effective on 
the thermionic emission at about 220° C The photo-electric threshold at 
about J0,000 AU, which is brought out by sensitising, is equivalent to 
1 236 volts or d — 1 44 x 10 4 ° This value falls within the range of values 
which we obtained from the thermionic emission from the unsensittsed 
potassium, and which are shown thus, x in fig 6 It is, therefore, a jxissible 
view to take that the threshold which is effective on the thermionic emission 
at about 200° C 1 in (a), (6) (c) (rf) of I, fig 7 for example, is that of the 
modification which is produced by subjecting the potassium to the action of 
a glow discharge in hydrogen We do not feel that we have established this 
result beyond the possibility of doubt It would be very difficult to do so 
We also do not wish to commit ourselves as to w r hat the particular result of 
the glow discharge is which is effective in altering the threshold It may be 
the formation of a hydride or of an abnormal potassium atom, and, m tact 
there are numerous possibilities 

If the effect of the glow discharge is an extension of localised patches, 
which are electro-positive with respect to the normal surface, they must extend 
in such a way as to form a c oarse and not a very fine pattern For it appears 
on examination of our results that the photo-electric currents, from the 
sensitised surfaces, show no increase when the voltage is increased from 30 to 
125 In other words, they possess the same property of easily attaining 
saturation as was shown by the photo-electric currents from the unsensitised 
potassium, but not by the thermionic currents m the neighbourhood of 200° C 
If the effect of sensitising were a mere multiplication of the small patches 
which are supposedly effective on the thermionic emission at about 200° C , 
we should expect the photo-electric currents also to show lack of saturation 
The lack of saturation is due to an effect which is localised at the periphery 
of the patches, and for this to disappear the areas must become large The 
process of sensitising must consist in a growth of the individual patches and 
not merely in an increase of their number 

There is one fact which the foregoing explanations leave untouched, and 
that is the increase in the normal photo-eloctnc emission which generally 
accompanies the act of sensitising In most cases one effect of the glow dis¬ 
charge is to increase the maximum effect in the neighbourhood of 4400 A U 
by a large factor This increase is permanent m a high vacuum, and is thus 
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not clue to ionisation of residual gaB by impact On the view we have been 
developing thus far we should not expect sensitising to increase the normal 
effect, as the abnormal areas have been supposed to develop at the expense 
of the normal areas It appears, on the contrary, that as the low threshold 
effects become more responsive so also do the high threshold effects There 
seems to be something to be said for the view that the low thresholds are 
created, or their effects augmented, by the glow discharge by a process whose 
effect on the surface is rather of the nature of subtraction than of addition 
It may be tbat the thresholds are present in the unsensitised metal, but that 
under normal conditions most of the surface, even m the highest vacua attain¬ 
able in the laboratory, is covered with a layer which either absorbs the light 
before it reaches the photo-electncally sensitive electrons, or tends to prevent 
their escape after initial liberation, and that the function of the glow dis¬ 
charge is to do something which is equivalent to the removal of this layer 
There are obviously a considerable number of alternatives which it will require 
much further experimental investigation to resolve The following is one 
such alternative picture of the phenomena, which appears to be consistent 
with the facts, and to allow of an increased normal effect from the sensitised 
surfaces — 

(a) UnsensUtsed potassium 

(1) A maximum m the neighbourhood of 4400 A U, corresponding with 
Fohl and Prmgsheim’s selective maximum 

(2) An effect extending to 7000 A U and possibly to 10,000 A U, hut too 
small to measure beyond 7000 A U 

(b) Sentttvied potassium 

(1) As for (a) (1) 

(2) A second maximum at about 6000 A U, giving a threshold between 
9000 and 10,000 A U 

(3) Possibly an effect at 30,000 A U —not yet detected. 

(c) Assume that the effect of sensitising is merely to increase in some* way 
(eg , by increased absorption) the photo-electric emission from every portion 
of the surface, and especially for the longer wave-lengths This is consistent 
with the curves actually obtained for sensitised and unsensitised surfaces In 
this ease all the effects with sensitised surfaces would necessarily be obtainable 
with unsensitised surfaces if the measuring apparatus were sensitive enough. 
Thus for normal potassium we should have the following thresholds *— 

(Selective )X = 4400 Xl 5* 6 ’600 about, equivalent to ^ = 1*87 volts («), 
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X = 6600 X 1 5 =r 10,000 about, equivalent to <f> — 1 24 volts (jl) Possibly 
X a* 30,000 about, equivalent to X = 0*412 volts (y) 

(d) The thermionic data --Assuming that there are portions with two different 
work functions, the equation i = T 2 (Fj e~ dilT + F a has been found 
to agree well with the data from 16° C to 226° C , d x corresponds to the work 
function for an appreciable proportion of the surface and has values in the 
neighbourhood of 1 24 volts agreeing with threshold (($) This is also 
consistent with the linear relation (fig 6) and the universal value of C d% 
corresponds to a low work function and a threshold of the order of 30,000 
A U This threshold is operative only on a very minute fraction of the surface 

To account for the threshold with <f> ~~ 1 87 volts (selective) another term 
T* F 0 ma y be added to the equation , so that i •= T 2 (F 0 
+ Vi e-W + F fi e-W) At 225° 0 or 600° K , putting d, = 2 17 X 10* d x 
= 1 44 X 10 4 , the term in F 2 is quite negligible compared with the other 
two The ratio of the first two terms to each other at this tempera¬ 
ture is F 0 X e*“ 10 4 Fj Hence unless ¥ x is very small compared with F 0 
the second term alone will determine the emission and the emission corre¬ 
sponding to the selective threshold will be negligible at 600° K 

(e) The current E M F curves are consistent with this view — 

(1) Thermionic Curves Unsaturated at low temperatures when the third 
term is operative They are still unsaturated, but not so much so at 
the higher temperatures when the second term dominates the emission 

(2) Photo-Electm * Curves —Always saturated because the photo-electric 
currents will only be appreciable when they come from thresholds which 
are effective over a considerable proportion of the surface 

Whilst the classification under (a) to (e) has seemed to merit consideration 
we do not feel quite satisfied with it It seems, on the whole, not unlikely that 
the augmentation of the 4< selective ” photo-electnc emission and the develop¬ 
ment of the low photo-electnc thresholds are distinct effects There is evidence 
that with fresh potassium and pure hydrogen the only effect of the glow discharge 
is the augmentation of the “ selective ” emission, and that the development of 
the low thresholds requires the co-operation of some other element This 
involves a return to the interpretation on pp 29-36 with the addition of a 
specific effect of the hydrogen discharge m augmenting the ‘ selective ” 


emission 
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§ 9 Summary 

Attention is drawn to existing evidence that the thermionic work function 
w and the photo-electric threshold Xn each have more than one value for sodium 
and potassium The thermionic emission i from a substance with multiple 
thresholds should be given as a function of the temperature by the expression 
* — A X T*-}- A 2 T 2 \~ , with one term for each threshold 

Such an expression with two terms represents typical experimental data for 
potassium There are similar but less complete data for sodium The fact 
that the photo-electnc cunents saturate readily, but the thermionx currents 
do not, indicates that the separate thresholds are localised in patches on the 

o 

surface The photo-electric threshold for normal potassium is < lose to 7000 A U , 
which agrees with the knoun wave-lengths of maximum acti\itVA maK and the 
equation X<> ~ 3 Uncertain traces of a thermionx threshold agreeing 

with this have been found at about 200° 0 in one experiment but the thermionic 
thresholds usually effective at this and lower temperatures are ot a much lower 
magnitude even under the best vacuum conditions Satisfac ton investigation 
at appreciably higher temperatures is precluded by various complications which 
develop A common thermionic threshold effective at about 200 C corre¬ 
sponds to Xo “ alnnit 10,000 A V A photo-cleetnc emission with tins infra-red 
threshold has been got by exposing potassium to a luminous discharge in 
hydrogen or water vapour It is suggested that this is due to the growth of 
small patches normally present We have found no evidence of photo-electric 
activity further out in the infra-red, although there is a thermionx threshold 

o 

which corresponds to X 0 - ^0,000 A U All the various pairs of values of 
A and w come near to satisfying a linear relation between w and log A The 
glow discharge not only brings out undeveloped thresholds, but it also augments 
the normal emission A tentative classification of the effects is suggested and 
some unsettled alternatives are partly indicated 

In conclusion, we wish to express our thanks to the Radio Research Board for 
a grant to one of us (A F A Y ), which has enabled this research to be brought 
to its present condition 
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(M E ipenments i elating to the Spectrum of Nitrogen . 

By T R Merton, M A , D Sc , F R S, Professor of Spectroscopy in the 
University of Oxford, and J 0 Pilley, B A 

(Received January 21, 1925 ) 

It is somewhat remarkable that the spectrum of the neutral nitrogen atom, 
the nitrogen arc or NI spectrum, should be the least known of the spectra 
associated with nitrogen The positive and negative band spectra, associated 
with nitrogen molecules, have been the subject of many investigations, and 
of the line spectra which are developed when condensed discharges are passed 
through nitrogen at atmospheric pressure or through nitrogen contained m 
vacuum tubes, the spectrum of singly ionised nitrogen, the Nil spectrum, has 
ret ently been arranged in senes by Fowler (‘ Roy Sot Proc , vol 107, A, p 31, 
1925), who has in an earlier investigation ( k Monthly Notices R A S vol 80, 
p 692, 1920) assigned a number of lines which have not yet been arranged m 
senes to the doubly ionised nitrogen atom It would appear that under 
ordinary conditions of excitation the lines of the an or nitrogen I spectrum 
are not conspicuous and we are indebted to Hardtke (‘ Ann der Phys ,* vol 
56, p 363, 1918) for the information at present available with respect to this 
spectrum Hardtke found that with discharge tubes of special construction 
containing nitrogen a number of lines were predominant in the spectrum 
of the positive rays observed in certain regions of the discharge tubes, and 
that the same lines were relatively enhanced in vacuum tubes of the con¬ 
ventional type when they were excited by (ondensed discharges of feeble 
or moderate intensities Hardtke gave approximate measurements of a 
number of these lines, which he assigned to the arc spectrum 

In a senes of previous investigations (Merton, ‘ Roy Soc Proc / A, vol 96, 
p 382, 1920, Merton and Barratt, ‘ Phil Trans A, vol 222, p 369, 1922 , 
Merton and Johnson, * Roy Soc Proc / A, vol 103, p 383, 1923) it has been 
shown that profound modifications are sometimes observed in the spectrum 
of a substance when a very small quantity of that substance is present in a 
discharge tube containing helium at a comparatively high pressure, and the 
tube is excited by condensed or uncondensed discharges Thus with uncon¬ 
densed discharges there is a striking change in the distribution of intensity 
of the lines of the secondary spectrum of hydrogen , a trace of carbon is recog¬ 
nised by the appearance of the 4t comet tail 99 spectrum, first observed by 
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Fowler (' Monthly Notices BAS,’ vol 70, p 484,1910) at very low pressures, 
and when both carbon and hydrogen are present a new triplet series of bands 
are developed 

With condensed discharges of moderate intensity through helium at 30 mm. 
pressure containing a trace of carbon a new line spectrum was observed and 
it was suggested that this spectrum might be assigned to the neutral carbon 
atom Rayleigh (‘ Roy Soc Proc ,’ A, vol 102, p 453, 1923) has found that 
the spectrum of the nitrogen afterglow is modified by the presence of the 
inactive gases, the effect depending on the nature of the inactive gas used. 
The effect of argon on the secondary spectnun of hydrogen has been investi¬ 
gated by Barratt (‘ Phil Mag vol 6, p 627, 1923), who has observed pheno¬ 
mena somewhat similar to those seen in the presence of helium, but the 
change is not so striking, and the effect of the two gases, even quaktatively, is 
not exactly the same Johnson and Cameron (‘ Roy Soc Proc,’ A, vol 106, 
p 195,1924) have observed a more striking difference in the spectra of carbon 
in the presence of argon and helium, for whereas in the latter gas the “ comet 
tail ” spectrum and the new line spectrum appear with uncondensed and 
condensed discharges respectively, neither of these spectra could be observed 
under any conditions of excitation when argon was substituted for helium, 
though the new triplet senes of bands could be developed in either gas In 
the present investigation we have examined the effect of helium on the spectrum 
of nitrogen, and have been successful m finding conditions under which the 
arc spectrum appears without any trace of the spark lines 

Experimental 

The preparation of the vacuum tubes has presented much greater difficulties 
than were encountered in the case of the tubes showing the “ comet tail ” 
spectrum and the arc spectrum of carbon For the investigation of the 
nitrogen lines the carbon spectrum must be eliminated, and when the pressure 
of the helium in the discharge tube is as great as about 30 mm of mercury, 
this becomes a difficult matter A procedure which would yield helium tubes 
showing no trace of any impurity at pressures of about 5 mm, generally 
results in a brilliant “ comet tail ” spectrum when the pressure is increased 
to 30 mm The tubes used were of the H pattern, with spiral aluminium 
electrodes and with tubes of from 8 to 12 mm internal bore in place of the 
usual capillary. They were provided with palladium tube regulators far 
admitting and removing hydrogen, and with side tubes which were blown 
on to a senes of bulbs containing respectively phosphorus pentoxide, lumps 
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of caustic potash, potassium permanganate, and lastly alumina which had been 
moistened with a dilute solution of sodium azide and dried at a moderate 
temperature In a separate side tube was sealed a short piece of platinum 
wire with a small head of silver fused on to the end By passing a discharge 
from this Bilver electrode to one of the aluminium electrodes durmg the process 
of exhausting the tubes a deposit of silver was sputtered on to the walls, and 
this was found t-o be completely effective in absorbing any traces of mercury 
that might be present The tubes were alwaj^s washed out with dilute hydro¬ 
fluoric acid followed by distilled water before the side-tubes containing the 
reagents were sealed on, as this had been found to be by far the most effec tive 
method of cleaning them We are indebted to Prof J C McLennan, FRS, 
for a cylinder of helium which was used in this investigation A quantity of 
this gas, which contained traces of neon, was transferred to an ordinary Kipp 
gas generator which served as a convenient reservoir The Kipp was con¬ 
nected through a large U-tube contaimng cocoanut charcoal to the tubes to be 
exhausted, a mercury manometer being included between the Kipp and the 
charcoal tube The apparatus -was exhausted by means of a Holweeh mole¬ 
cular pump backed by a FIpuhs oil pump, and the discharge tubes and the 
charcoal tube were severely heated during the process of exhaustion 
A heavy discharge was passed at intervals through the tubes, winch were 
washed out from time to time with pure oxygen admitted by gentlj heating 
one of the bulbs containing potassium permanganate The charcoal tube 
was then cooled to the temperature of liquid air, and helium from the Kipp 
was allowed to flow \erv slowly through the charcoal tube into the discharge 
tubes, until the desired pressure of about 30 mm of mercury had been attained 
At this stage the tubes, which showed a strong comet-tail spectrum, were 
sealed off, since the charcoal tube appeared to be quite ineffective in removing 
the last traces of the carbon contamination to which this spectrum is due 
The elimination of the lost traces of carboy could be accomplished only by 
admitting oxygen into the tubes by heating the permanganate and by passing 
a heavy discharge for a considerable time, the carbon being presumably 
absorbed by the potash as carbon dioxide, and at the same time nearly all 
the hydrogen was eliminated by absorption as water vapour by the phosphorus 
pentoxide Any excess of oxygen was removed by the aluminium electrodes, 
and the tubes weie now ready for the admission of the nitrogen by heating 
the alumina and the sodium azide This had always to be earned out with 
the greatest possible care, for it was difficult to control the amount of nitrogen 
admitted With any excess the spectrum showed nothing but the positive 



414 


* T. K Meiton and J. 6. Pilley. 

and negative bands, and also tbe helium lines with a condensed discharge 
For the excitation of the tubes a small alternating current transformer was 
used, and a condenser and spark gap could be included in the secondary circuit 
in the usual manner It is not proposed to discuss fully m this communication 
the phenomena observed with uncondensed discharges, but it may be stated 
that under these conditions only the Band spectra of nitrogen were observed, 
these spectra being in some respects modified by the presence of the helium, 
and the negative bands being greatly enhanced in intensity 

The A re-sped rum of Nitrotjen 

When a condenser and a small spark gap were introduced into the secondary 
circuit an entirely different senes of phenomena were observed It has already 
been pointed out that with any excess of nitrogen only the band spectra of 
thiH gas are seen, and when the nitrogen lias been absorbed by the electrodes 
the tubes show only the line and band spectra of helium, with traces of the 
neon lines There is an intermediate stage, when the tube contains an 
extremely small quantity of nitrogen, in which the nitrogen and helium hand 
speitra are both much weakened and a line spectrum appears This hue 
spectrum is entirely different from that observed when condensed discharges 
are passed between metallic poles in nitrogen at atmospheric pressure, and 
the strongest of its lines are not conspicuous in condcused discharges through 
nitrogen m vacuum tubes at reduced pressures The lines observed include 
most of those recorded by Hardtke (loc at ), but under these conditions they 
are completely isolated from the spark spectrum The tubes could only be 
run in this condition for a relatively short time, since the small amount of 
nitrogen was absorbed by the electrodes, and the admission of the requisite 
amount of fresh gas was difficult to control An excess of nitrogen too small 
to obliterate the arc lines was nevertheless objectionable, as many of the 
lines of the arc spectrum were confused with lines of the band spectra, of 
which the negative band spectrum was particularly strong under these 
conditions With very intense dischaiges or with narrow tubes some spark 
lines began to appear 

The Determination of Wave-lengths 

The spectra were photographed with a grating spectrograph having a 
concave grating ruled with 20,000 lines to the inch, and of 4-ft. radius of 
curvature, the dispersion being approximately 10 A per millimetre, and use 
was also made of a large Littrow spectrograph with one glass pnsra which 
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gave a dispersion of about 40 A per milbmetre at X - 7500 A and about 
5 A per milbmetre at about X - 3700 A The international iron and neon 
lines served as standard lines, and exposures m juxtaposition wero also made 
of the spectra of pure nitrogen and pure helium with discharge tubes of the 
same pattern and excited in the same manner Lines due to the band spectra 
of nitrogen and the band and line spectra of helium could thus be recognised 
With the \wde-bore tubes which were used the intensity of the light leaves 
much to be desired, and very long exposures were necessary This gave rise 
to gTeat diffit ulties due to loss of definition and displacements with changes 
of temperature and the sputrograph was finally Net up m a small room which 
was kept at ,i < onstant temperature by means of an electric heater controlled, 
through a relay, by an Ostwald toluene regulator In order further to eliminate* 
errors due to changes of temperature the < ompamon spectrum was put on in 
instalments which weie spread over the period during which the nitrogen 
spectrum was exposed, so that a small temperature shift would show itself 
as a widening of the lines without sensibly displacing tlu positions of their 
maxima relative to the nitrogen lines The plates were measured in the 
usual manner with a Hilger photomeasunnp micrometer The results are 
shown m Table 1 in which the wave-lengths (I A ) m air and the intensities 
are given m the first and second columns respectively The intensities call 
for some further comment The first three lines m the table were measured 
with the prism instrument only The grating gives sveak spectra in this 
region and the plates used were not very sensitive to these wave-lengths 
It is believed that the lines were really of very considerable intensity, and they 
have accordingly been assigned the intensities given m the table The lines 
marked 0 and 00 could only be observed on plates which had been exposed 
for very long periods, and on which the strongest lines recorded were greatly 
over-exposed, and it is difficult under the circumstances to construct a uniform 
scale of intensities In the third column are given the wave-numbers m vacuo , 
and in the fourth the wave-lengths recorded by Hardtke (loc at ) 

The lines marked with an asterisk were measured on one plate only, a few 
of the lines which were very diffuse are marked d, and c denotes a line which 
was confused with nitrogen bands With the condensed discharges which 
were used to excite the tubes the definition of the lines was not so good as that 
usually found when uncondensed discharges are employed, with the result 
that the accuracy of the wave-length determinations has not been so high as 
we had hoped to attain It is believed that, with the exception of the first 
three hues m the table, which were recorded with the prism instrument only, 
VOL OVIt. — A, 2 O 
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and the lines marked with an asterisk, the values given are rarely m error by 
more than 0 03 A 

Table I 


Wave A 

A (1.A) Int number (Hardtke) 
(vacuo) 


7468 4 9 13380 1 

7442 4 9 13432 8 

7423 6 7 13407 0 

6946 18 3 14394 51 

6926 70 2 14432 92 

6874 27 1 14643 01 

6733 33 3c 14847 40 

6722 60 6 14871 10 

6713 19 I* 14801 95 

6708 81 2* ? 14901 68 

6706 21 2* ? 14907 45 

6656 53 0 15018 72 

6653 46 4 15026 05 

6646 52 2 15041 32 

6644 07 7 15044 84 

6626 98 ft* 10085 07 

6630 94 ft 15063 04 

6622 55 00 15095 77 

6499 51 1 15381 54 

6401 24 1 15401 13 

0484 88 8 15416 24 

6488 77 4 J5418 87 

6482 74 9 15421 32 

6481 73 3 15423 73 

6480 53 0 15426 58 

6471 02 0 15440 25 

6468 30 Id♦ 16455 75 

6462 73 0 15460 08 

6457 80 0* 16480 66 

6452 76 1 15492 98 

6448 41 1 16503 43 

6441 70 5 15519 57 

6440 91 2 15521 48 

6486*75 Od 15531 50 

6420 63 2 15570 60 

6417 07 1 15570 14 

6808 74 00* 15860 23 

6285 79 0 15904 49 

6279 42 1* 15920 63 

6275 43 0 15930 76 

6272 93 2 15937 10 

6075 79 3 16454 23 

6017 74 1 16612 95 

6008 49 9 16638 52 

6999 46 5 16663 57 

5829 52 2 17149 33 5832 0 

5752 65 2 17378 48 

5710 77 0 17505 93 

5686 20 00 17581*58 

5625 40 00 17771 40 

5628*22 8 17778 40 5628 5 

5618 18 00 17794 44 

5616 67 4 17799 64 5617 0 

5611 36 00 17816 06 

0564 38 4 17966 47 


Wave A 

A (t A ) Int number (Hardtke) 
{vacuo) 


5560 46 4 17979 17 5050 5 

5567 63 1* 17956 97 

5563 84 3d* 17968 21 

5557 49 00 17988 74 

5545 11 0 18028 91 5544 0 

5378 45 00 18587 55 

5372 66 Id 18607 59 5372 6 

5367 28 00* 18626 25 5366 5 

5356 75 3 18662 86 5357 0 

5328 67 5 18701 21 6330 0 

5310 60 00* 18825 05 

5309 48 00 18829 02 5309 0 

5292 74 00 18888 57 5292 6 

5281 17 1 18029 94 5282 0 

0201 79 00* v 10218 82 

6197 00 00*? 19236 53 

5182 

5170 

4935 03 9 20257 68 49.35 5 

4014 02 4 20340 56 4915 5 

4881 67 2 20479 10 

4868 88 00* 20532 90 

4855 43 Od* 20589*77 

4830 91 Od* 20694 27 

4753 17 2 21032 73 

4750 26 2 21045 62 

4742 87 0 21078 40 

4735 77 1 21109 90 

4670 0 
4660 3 

4494 68 5c 22242 32 

4492 45 5c* 22253 36 4492 5 

4485 5 
4466 5 

4358 20 7 22944 78 

4336 51 4 23053 57 4337 0 

4324 3 

4317 72 4 23153 80 4317 7 

4313 11 3 23178 64 4313 3 

4305 46 6 23219 83 4306 6 

4284 91 2 23331 18 

4282 20 1 23345 92 

4281 35 2 23360 56 

4253 31 3 23504 61 

4230 36 4 23632 03 

4224 90 2* 28662*50 

4223 09 5c 23672 70 4223 0 

4215 0 
4218 0 
4193 0 
4187 0 
4180*0 
4188*0 

4151 44 9 24081 26 4151*0 

4145 0 


5504*0 
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Table I --(continued) 




Wav© 

A 



Wav© 


MIA) 

int 

number 

(Hardtko) 

A (I A) 

Int 

number 




(vacuo) 


(vacuo) 


41 V7 68 

4 r 

24101 04 

4137 0 

3834 20 

4 

20073 70 


4113 92 

5 

24:100 88 

4114 0 

3880 39 

0 

26099 63 


4100 94 

10 

24324 41 

4110 0 

3822 00 

5 

26156 02 


4009 90 

0 

24383 02 

4100 0 

3818 10 

1 

26183 02 


4037 35 

3c 

24761 76 


3681 14 

J 

27157 77 


4011 07 | 

4 

24923 90 

4012 0 

3650 13 

5 

27788 50 


3999 98 


24993 09 


3545 60 

2c 

28195 94 


3057 19 

| * 

25263 32 


1532 63 

2< 

28299 45 


1952 18 

3 

25295 35 


3437 14 

2 

29065 65 


3808 95 

1 ~ 

25839 50 


1 





A 

(Hardtke) 


The Effect of Argon 

Experiments have been made to discover whether the arc lines of nitrogen 
can be excited when argon is substituted for helium under the conditions of 
experiment which have been described above A discharge tube similar to 
that used for the observations with helium was prepared, with the bulbs con¬ 
taining phosphorus pentoxide, potash, potassium permanganate and azide as 
before, and with a palladium regulator The tube was connected to an 
auxiliary discharge tube provided with electrodes of aluminium, magnesium 
and gold Tho tubes were exhausted in the usual manner and a discharge was 
passed between the aluminium electrode and the gold elec trodc, which sputtered 
a layer of gold on to t-he walls of tho tube Crude argon from a cylinder was 
allowed to flow into the lubes until a mercury manometer showed that a 
pressure of some 32 mm of mercury had been attained, and the tube was then 
sealed off The diatomic impurities in the argon were rapidly absorbed by 
passing a condensed discharge between the aluminium and magnesium electrodes 
m the auxiliary tube During the passage of the condensed discharge the 
magnesium electrode appeared to be covered with bright green tufts, which 
showed the magnesium spectrum strongly, and the absorption of diatomic 
gases (with the exception of hydrogen) was very rapid. This is a convenient 
method of preparing pure argon, With the wide-bore tube the blue spectrum 
of argon, was not conspicuous, even with fairly powerful condensed discharges 
Small quantities of nitrogen were admitted by heating the azide, and when the 
tube was excited by condensed discharges of moderate intensity the nitrogen 
arc lines could not be seen, though the strongest of them became family visible 
when powerful discharges were used. It appears that m the presence of an 

2 o 2 
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excess of argon the nitrogen arc spectrum » not developed under ordinary 
conditions in the same way that it appears m the presence of helium 

The, Excitation of Nitrogen by Cathode Rays 

It has long been known that the negative band spectrum of nitrogen can 
readily be excited by the impact of electrons on nitrogen molecules, but the 
first investigation m which electrons of known velocity were employed was due 
to Fulcher (‘ Astrophys Journ vol 37, p 60, 1913). who made use of a 
thermionic discharge tube and found that as the speed of the electrons was 
increased, the positive bands first appeared and were followed at higher 
velocities by the negative bands Fulcher’s results were confirmed by Foote, 
Moliler and Meggers (Foote and Mohler, ‘ Origin of Spectra,’ p 191), who 
observed the positive bands at 7 volts and found that the negative bands were 
very intense at 25 volts The ionisation of nitrogen by electron impact has 
formed the subject of a careful investigation by Smyth (‘ Roy Soc Proc ,* A, 
vol, 104, p 121, 1923), who has observed critical potentials at 16-9, 24 1 and 
27 *7 volts, and has given cogent reasons for supposing that these potentials 
correspond respectively to the reactions 

N„—- Ni, N 2 —► N f | N or N„ —*■ N+^ N~. and N 2 — N+ -+ K 1 

In the present investigation no attempt has been made to determine the 
potentials at which the different spectra are first observed, but an attempt 
has been made to observe which lines are the first to appear when the 
velocities of the exciting electrons are gradually increased In the first 
experiments the method employed was essentially similar to that used by 
Foote, Meggers and Mohler (Foote and Mohler, loo cit , p 117) The electrons 
emitted by a heated strip of lime-coated platinum foil fell through a known 
potential in their passage from the foil to a wire grid On the other side of 
the grid, and connected to it, was a fiat metal plate, and the potential differ¬ 
ence between the foil and the grid could be varied by connection to the 
tappings on a battery of small storage cells Observations were made of the 
spectra emitted in the space between the gnd and the plate. 

The intensity of the light emitted under the conditions of experiment was 
very small m so far as the positive bands and lines were concerned, though the 
negative bands, which dominated the spectrum as soon as they appeared, 
could be photographed with comparatively short exposures It might have 
been expected a prton that the first lines to appear would belong to the axe 
spectrum, but if these fines were developed at all they were of such email 
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intensity that they were m fact never observed under these conditions With 
protracted exposures a few lines were photographed and these hues were found 
to belong to the spark spectrum It was subsequently found that the same 
lines, with a few others, appeared with far greater brilliance m the spectrum 
of the glow in u hollow cathode using a wide discharge tube < ordaining nitrogen 
at a pressure somewhere about a millimetre, the tube being excited by a large 
induction coil The arrangement does not differ in principle from Paschen’B 
box cathode (‘ Ann d Phys / vol 50, p 901, I91G) In Table II are given 
the lines observed in a five-hour exposure under these conditions, the wave¬ 
lengths being those given by Fowler (loc 'wt ) and Porlezza (‘Rend Accad 
Line,’ vols 5, 20, p 580 1911), whose values have been reduced to 1 A m 
the Table 

It will be seen that none of the ar< lines are imluded in this list Rayleigh 
(‘Roy Soe Prot vol 101, p 114,1922) has made an investigation of the 
nitrogen spectrum in relation to the auroral spectrum, and has also observed 
the line X ‘5995 m tin path of the cathode rays at low pressures 

Table T1 


MIA) 


(Fowlor) 

(Porlezza) 


5078 94 


5075 31 


5666 03 


6004 71 


5000 92 

4432 76 ’ 


4041 32 


3965 00 


3955 85 



Disomsion 

There seems to be little doubt that the spectrum recorded in Table I is to 
be regarded as the arc spectrum of nitrogen, and it appears that the presence 
of a very small proportion of tins gas in helium at fairly high pressures con¬ 
stitutes a condition uniquely favourable to the isolation of the spectrum, 
which is not seen under similar conditions when argon is substituted for 
helium* It ib probable that the analogous spectrum of carbon observed under 
similar conditions is due to the neutral carbon atom. It is of interest to con¬ 
sider how the helium acts m these cases, and m this connection it is important 
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to note that Johnson and Cameron (lor c%i ) were unable to observe the G&rbon 
u arc ** spectrum when argon was substituted for helium, and also, as shown 
in the preceding section, that when nitrogen is excited by electron impacts 
there is apparently a direct transition from the negative band spectrum to 
the spark spectrum as the velocity of the electrons is increased, or at least 
if the NI or art lines appear at all at an intermediate stage they are too weak 
to be observed under ordinary conditions It may be inferred from this 
latter observation that when the nitrogen molecule is broken up, ions and not 
neutral atoms are the most probable product, and that the number of atoms 
present at any time is ex< eedmgly small The production of ions in the break¬ 
ing up of the molecule would be consistent- with the observations of Smyth 
{loc Cll) 

Now, with regard to the actum of the helium it appears that two distinct 
effects may be involved In the first place, the expectation of life of a neutral 
nitrogen atom will become greater as the partial pressure of that gas decreases, 
and m helium at a high prebsure, containing a very small trace of nitrogen 
the conditions will be favourable both to the passage of a heavy discharge 
which could not tie maintained at very low pressures, and also to the existence 
of a considerable proportion of the nitrogen in an atomic state An effect 
of this land is to be expected in the ease of any of the inert gases, and the 
same may indeed be said with the diatomic gases as diluents, but this case 
need not lie considered in view of the foot that at the dilutions under considera¬ 
tion the nitrogen lines would not be visible at all with any diluent other 
than the rare gases, and further complications due to the formation of com¬ 
pound molecules would arise It is evident that the greater the dilution the 
more favourable will be the conditions for the production of line spectra, since 
the presence of an excess of molecules would result in a preponderating emis¬ 
sion of band spectra, with lower radiation potentials At relatively high 
pressures the mean free path would lie so small that unless the proportion of 
molecules were very small, there would be little chance of an electron ever 
acquiring the energy required to excite the line spectra 

It is suggested that the helium acts also in a different manner With con¬ 
densed discharges through vacuum tubes the excitation must be regarded as 
very heterogeneous, and it may be supposed that forces varying over a wide 
range are available It has been pointed out above that an excess of nitrogen 
molecules may prevent electrons from acquiring sufficient energy to excite the 
line spectra The hehutti must act in precisely the same way, the first resonance 
potential of helium is at 20 4 Ivolts (Foote and Mohler, loc ctf.), and a # 
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large excess of helium atoms in the discharge tube must art as “ safety valves ” 
which blow off when they are struck by 20 4-volt electrons, and which, therefore, 
set a superior limit to the energy which there is any significant probability 
that an electron will acquire If we may assume that both in the case of 
nitrogen and carbon the energy required to excite the arc lines is less than 20*4 
volts, and greater than this value for the excitation of the spark spectra, tile 
above considerations show how the presence of an excess of helium may result 
in the complete isolation of the aro spectrum 

The resonance potential of argon is 11 5 volts (Foote and Mohler, loc 
and it is evidently possible for spectrum lines having radiation potentials 
greater than this value, but less than 20*4 volts, to be suppressed by an excess 
of argon, though they may appear readily in the presence of helium, and it is 
suggested that the arc spectra of nitrogen and carbon belong to this category 
On the above view it is a fortunate circumstance that helium should make 
it possible to isolate the arc spectra of nitrogen and carbon, but it is possible 
that interesting results will be obtained for other elements with other inert gases 

With uncondensed discharges the action of the helium would be similar, 
but it would seldom be called upon to fulfil its function as a safety-valve , 
electrons could undergo a large number of collisions with helium atoms without 
loss of energy and would acquire higher velocities than would be possible in 
pure nitrogen, in which collisions above a comparatively small velocity would 
not take place without loss of energy With uncondensed discharges it would 
therefore appear that the excitation w more intense in the presence of helium 
for a given total pressure, and Incomes greater the smaller the proportion of 
nitrogen or carbon in the mixture until the limit of 20 4 volts is reached In 
pure gases the intensity of the excitation should increase as the pressure falls 
and as the potential drop between collisions increases but at these low pressures 
the intrinsic brightness of the spectra is often too small for observation The 
above considerations are consistent with the fact that the coraetctail spectrum 
can be observed either m carbon compounds at very low pressures, or else m 
helium at high pressures when a small trace of carbon is present, but there are 
complex changes in the intensity distribution which may require some further 
consideration 

Summary 

It has been found that when helium at about 30 millimetres pressure con¬ 
taining a very small quantity of nitrogen is excited by feebly condensed dis¬ 
charges, the arc spectrum of nitrogen is developed, and under these conditions 
is completely isolated from the spark spectra 
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The arc spectrum of nitrogen is not developed in the presence of an excess of 
argon under the same conditions that it appears in the presence of helium 
Special precautions have to be taken to ensure the punty of the gases 
and the proportion of nitrogen present has to be carefully regulated 
Measurements have been made of the wave-lengths of the lines of the 
nitrogen arc spectrum (NI) 

When nitrogen is excited by electron impacts there appears to be a direct 
transition as the energy of the impacts is increased from the negative band 
spectrum to the spark spectrum, which v> ould imply that the rupture of nitrogen 
molecules is generally into ions rather than neutral atoms 
The action of the rare gases m modifying Bpectra is discussed, anti the prmt ipal 
phenomena appear to be open to a simple explanation 

We wish to express our thanks to the Department of Scientific and Industrial 
Research for a grant winch has been made to one of us (.TOP) during the 
course of this investigation 


The Heat Developed during Plastic Extension of Metals 

By W 8 Farre* M A and G I Taylor, F R S, Yarrow Research 
Professor of the Royal Society 

(Recmed Not ember 19, 1924 ) 

1 Itvtroduclmn 

When a soft metal, such as annealed copper or aluminium, is deformed 
while cold, either by stretching hammering, rolling, or other method of “ cold 
working,” it hardens , that is, the forces necessary to deform it increase as the 
amount of plastio deformation increases The physical state of “ cold worked ” 
metal w undoubtedly different from that of the metal in its original soft or 
annealed state, and various explanations have been put forward to account 
for the difference Some of these explanations involve the hypothesis that 
the process of hardening is associated with the formation of amorphous material 
at the crystal planes where slipping occurs during the deformation The for¬ 
mation of amorphous material from a crystalline mass would involve a phase 
change, which would in general be accompanied by a change m the internal 
energy of the material It has been suggested that the phase change could 
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be detected by measuring the heat evolved during a deformation, and com¬ 
paring with the heat equivalent of the work done on the metal by the forces 
producing the deformation Any difference between the two would imply 
a change in the internal energy of the metal 
It is curious that very few measurements of this type appear to have been 
made. The only reference which we have been able to find occurs in Dr Rosen- 
ham’s article on “ Metals/* in the * Dictionary of Physics,** where he quotes 
some previously unpublished observations made by Dr Hmnat 
According to these observations, only one-tenth of the work done reappears 
m the form of heat, the remaining 90 per cent being presumably used up in 
changing the phase of the material This Tesult, if true, would be of very 
great interest, but bo far no further details have been published Dr Rosenhain 
has informed us that he is carrying out further experiments on the subject 
On the other hand, as will be seen later, the experimental difficulties m 
making measurements of this kind are considerable, and if several independent 
workers performed such experiments along parallel lines their time would not 
be wasted, even if they got identical results 

2 Methods of Measurement 

The simplest way to deform a metal is to take a straight bar or “ test-piece ” 
and stretch it by a longitudinal pull The work done in any portion of the 
bar during an operation of this kind can be determined by measuring the 
pull P and the length l of the portion concerned at successive stages of the 
test The work done, namely, JP dl, is represented by the area of the stress- 
strain curve The stresB-stram relation is usually determined in engineering 
laboratories by means of a testing machine in which the stress is measured by 
balancing the tension in the specimen against a weight on a lever, and the 
strain by direct measurement on the specimen 
This method was not suitable for the experiments described here, because it 
was necessary to do the whole of the stretohing m a few seconds of time in 
order that the rise m temperature of the metal might be measured before any 
appreciable cooling had taken place For this reason a self-recording testing 
machine was made which automatically produced a stress-strain curve as the 
specimen was being stretched This machine is described later m some detail, 
because the value of our results depends entirely on the accuracy of the measure¬ 
ments, and it is necessary to show that the accuracy of our stress-strain curves 
is at least equal to that of our temperature measurements 

* VoL 6, p. 898 
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To measure the heat evolved during the stretching, the use of a calorimeter 
naturally suggests itself, but the experimental difficulties m the way of getting 
accurate results m this manner appear insuperable , and even if they could be 
overcome the result obtained would give only the total heat evolved throughout 
the whole specimen, while what is wanted is the heat evolved in the middle 
of the bar, where the stretching is uniform 

The method adopted was to measure the rise in temperature which occurs 
during a rapid plaBtic extension of the bar For this purpose a thermocouple 
was used and the temperature was recorded photographically on a moving 
plate 

Preliminary experiments showed that, when fixed m the testing machine and 
exposed to the air, the specimens first used cooled througli about 4 per cent of 
their excess of temperature over that of the room in 1 second It was clear, 
therefore, either that large cooling corrections would have to be introduced or 
that the temperature measurements would have to be made rapidly The 
second alternative is preferable, if possible, and the first part of the work was 
devoted to a study of the heat losses immediately after the extension of the 
specimen, and to a search for the method of measuring temperature which 
suffered least from lag 

The cooling of the specimen was due almost entirely to conduction of heat 
through the ends, only a very small fraction of the heat being radiated or* 
earned away by convection This might have been guessed beforehand, but 
it was proved by observing the rate of cooling of the specimen when hung up 
horizontally by a silk thread, and comparing it with the rate of cooling of the 
specimen when fixed on the testing machine In the former case the excess of 
temperature of the specimen over that of the atmosphere was reduced m the 
ratio I to e* in 18 minutes, while in the latter the time taken was 28 seconds 

28 ] 

It appears, therefore, that only ^ e, — of the heat loss, w»as due to 

39 

convection and radiation, and that the remaining — must have been due to 

conduction of heat from the central uniform part of the specimen to the ends 
and grips of the testing machine 

The coldness of the ends takes some tune to reach the middle, and it was 
during the interval between the time of generation of the heat and the tone of 
arrival of the cold waves from each end of the bar that the temperature 
measurements were made 


* e the base of Napierian logarithms. 
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To find how long this interval might be expected to be it la sufficient to idealise 
the condition slightly Consider a uniform bar of length i, coefficient of con¬ 
ductivity A, specific heat cr, density p, and suppose that at time t — 0 the tem- 
peraturo of the whole bar is suddenly raised by an amount T* the ends being 
maintained subsequently at their original temperature, which may be taken as 
T - 0 The subsequent temperature at distance x from either end is repre¬ 
sented by the series 


T=1t 0 \e 


-a** sm 3 !? _} \ e -Mu 
t 


where 


_ n 2 k 
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When l — 0 T T 0 for all values of x 
Wlien t is large tin* series reduces to the* first term 
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When t is small this series is inconvenient for numerical calculation and the 
expression 




(3) 


■ouv he used where 






The expression (3) is approximately the same as (1) for small values of t 
The maximum errors occur first at the ends, x = 0 and x - -1 When t -= 
0 OnpaP/k the error is 1 per cent at the ends but is still quite inappreciable m 
the middle, where (3) gives T = 0 594 T 0 while (2) gives T = 0*595 T 0 It 
appears that the error in using (3) from t — 0 to t = 0 077paf*/I and (2) from 
this value to t — so is never more than a fraction of 1 per cent 
The theoretical cooling curve for points in the middle of a bar, cooled bv 
conduction of heat to both ends, is shown m fig 1 It will be seen that from 

t = 0 to t -« 0 014p aPjk (4) 

the temperature is practically constant At t --- 0 014 paP/f. it has fallen 
only 1/166th of its initial value After this the temperature begins to fall 
rapidly, and at < — 0 04pthe curve becomes practically indistinguishable 
from the ordinary exponential curve (shown as a dotted hne m fig 1), which 
would result from Newton's law of cooling. 
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In the second part of the curve, when the temperature of the middle of the 
bar is falling exponentially, the time t, taken to fall to 1 je of its value is pcrFJid? 



Fig 1 —Theoretical cooling curve for the middle point of a bar initially at ft uniform 
temperature and subsequently cooled by maintaining the ends at ft steady temperature 

* 

or 1 ja It appears, therefore, that if this time t, is observed experimentally the 
temperature will not fall through more tlianl/166th of its initial value during the 
time 0 014 i&t t after the instant when the heat is generated If the temperature 
measurements can be made within this interval of tune the error due to neglect¬ 
ing cooling corrections will not amount to 0 6 per cent 
In the first experiment with aluminium bars having a parallel portion in the 
middle 1 i cm long before the stretching began, the time t f was observed to be 
28 seconds, so that the time available was 0 014 x 28 « 4 seconds, whereas 
using the expression (4) and inserting the known physical constants for 
aluminium, namely, p = 2 7, a 0 212, 1=05, and putting 1= 11, the 
time comes out to be 1 • 9 seconds The difference is due no doubt to the fact 
that the ends of the parallel middle portion are not m practice maintained at 
the temperature of the atmosphere, and it seems clear that the time d uring 
which the temperature of the middle of the bar might be expected to remain 
practically constant is considerably underestimated by the expression ( 4 ), 
This is confirmed by measurements of temperature records taken in the couae 
of the experiments 
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In some of the experiments here described it was possible to use specimens 
containing as much as 30 cm of parallel part in the middle, and with these 
there was ample time for measuring the temperature It was not possible, 
howe\er, to obtain single crystal bars of aluminium with a parallel middle 
poition greater than 16 cm For tins reason it was necessary to have a 
temperature recording system which c ould be relied on to give a correct reading 
within two or three seconds of the time of application of the strain 

For this purpose an iron-constantan thermojuuotiou was used This was 
connected directly to a galvanometei, the moving part of which reflected light 
from a vertical sht on to a fine horizontal slit placed close in front of a photo¬ 
graphic plate which was made to move vertically at a constant speed by means 
of an electric motoi fitted with a speed governor 

The galvanometer used was of the moving magnet type, but the suspended 
system was specially designed and made for us by Dr P Kapitza, with a view 
to reducing the period to the minimum value consistent with the required 
sensitivity It consisted of an astatic pair of cobalt-steel magnets, each 
2£ mm long X 0 02 mm thick These were fixed to a fine straight glass 
thread which was hung vertically by a quartz fibre The reflecting mirror 
was made of thin coverslip glass, 2 mm square A magnet was used to control 
the sensitivity of the system, and m the present experiments the period of 
oscillation was 2 3 seconds, and the damping per half-period was 0 44 The 
records obtained with this apparatus could be reduced to eliminate the effects 
of periodicity and damping in the galvanometer, in most cases, however, 
this was found to be unnecessary, the temperature of the middle of the 
bar remaining constant for a time which was long enough to allow the 
oscillation to die away 

3 Method of Using a Thermoj unction 

The usual method of using a thermojunction for measuring the temperature 
of solid bodies is either to insert it m a small hole in the body, or, if jiossible, 
to solder it to the surface Neither of these methods w T as available in the present 
instance To bore a small transverse hole in the specimen would alter the 
type of distortion which the metal would experience in the immediate neigh¬ 
bourhood of the hole This would give rise to an error whose magnitude it 
would be impossible to estimate Solder could not be used because many of 
the experiments were made with aluminium It was, therefore, necessary to 
devise some method of attaching or pressing the thermojuncfcion to the surface 
of the metal. 
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When a thermojunction touches a specimen on one side only, unless it 
can be soldered on, some other material, preferably a non-conductor, must be 
in contact with its other side in order to press it against the specimen. The 
temperature of the thermojunction will, therefore, be intermediate between 
that of the specimen and that of the non-conductor, and if the resistance to 
the passage of heat at the contact is small, presumably the temperature recorded 
will be close to that of the specimen, but there will be an error whose magni¬ 
tude must be determined In the experiments here described this source of 
error was reduced to a minimum by pressing the thennojunction against the 
inside of a -j^-inch hole bored symmetrically from end to end of the specimen 
The total amount of non-conducting material used for pressing the thermo- 
junctiou against the inside of the hole was very small, and in any case it was 
certain that everything inside the hole would warm up to the temperature of 
the metal, whereas it was by no means certain that a thennojunction pressed 
on the outside of the specimen would do so 

The chief difficulty m the way of getting an accurate record of the tem¬ 
perature of the metal immediately after stretching was due to the lag in 
temperature between the thennojunction and the specimen To test the 
efficiency of different ways of fitting the thennojunction a very thm-walled 
metal tube with a bore of -&-inch web made The thennojunction was fitted 
into this, and a sudden change in temperature was produced by removing the 
tube from a jar of water and suddenly plunging it in a jar of water whose 
temperature was about 2° higher, and stirring vigorously The temperature 
record produced in this way had to be analysed to allow for the lag in the 
galvanometer Bystem The method adopted for this purpose will next be 
desenbed 

If there were no lag m the heating of the thennojunction, the record would 
show a damped harmonic oscillation, the charactenstics of which would be 
determined solely by the galvanometer In the present case the galvano¬ 
meter had a penod of 2*3 seconds and a damping of 0 44 per £ penod It 
is clear, therefore, that if the temperature of the thermojunction were suddenly 
raised from T = 0 to T — T 0 , and then kept at temperature Tp the record 
would overshoot the true temperature by an amount 0 44 so that the 
maximum temperature shown on the record would be 1*44 T 0 The next 
minimum would be {1 — (0*44)*} T 0 — 0 81 T 0 , and so on 

If the lag m the temperature of the thermojunction were large, the recorded 
temperature would be dose to the true temperature and there would be no 
maximum on the record till the true steady temperature had been attained. 
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For intermediate cases, where the lag m the temperature and the period of the 
galvanometer were of the same order of magnitude, there might be a first 
maximum on the record, which would necessarily be less than 1 44 T 0 , but 
might be greater than T 0 by an amount which would depend on the temperature 
lag in the thermojunction 

If T m represents the first maximum temperature shown on the record, it is 
possible by measuring T m /T 0 to measure the amount of the temjierature lag 
in the thennojunction 

If y represents the reading of the galvanometer record when multiplied by 
the calibration factor, so as to reduce it to a measure of temperature, the 
equation whirh represents the galvanometer record, in the case when there 
is no lag m the temperature of the thennojunction, is 

S + *# +wfs " 0, (5) 

and the solution of this is 

y ^ T 0 (1 — e^ Kt cofl nt) (6) 

where n 2 = jx — \ tc 2 

2njn is the penod of the galvanometer, while e^ K is the damping factor 
When there is a lag, (5) becomes 

+fi(y ~ T)==0 ’ (7) 

where T is the temperature of the thennojunction 
If 1/X represents the lag u> the temperature of the thermojunotion when 
the temperature outside the case containing it is suddenly changed, the equa¬ 
tion for T may be assumed to be 

T = T 0 (l-e-*') (8) 

Thu equation in fact defines the “ lag ” 

Substituting for T in (7), solving, and inserting the condition, that when 
t = 0, y — 0 and dy/dt = 0, an equation is formed for y Using the values 
for n and \h obtained from the experiments on the period and damping of the 
galvanometer, the solution of (7) which fits the conditionals found to be 

3L - i ■ -8-176-** + (1 *42 X - A*)e-° 71t coa2-77< — (0-266 A* ± 2-58A) e~° nt ein2 77t . 
T# " t * A 1 —1*42 A+ 8-17 

Taking a senes of different values of X, it u found that if X u less than 0 B 
then u no TnATwnnm value for y, but that when X is greater than 0*71, y has 
a maximum T„, the values of which are given in Table I. 
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Table I 

X a 2 1 0*71 

T„,/T 0 1 4* 1 137 0 032 0-781* 

The value T m T u was measured for a uumbei of different types of thermo* 
junction and the results Riven in Table I were used to estimate the lag It 
was found that the lag varied very greatly, according to the method used for 
pressing the thennojunction against the heated surface In the first place 
the lag was always far too great unless there was actual metallic contact 
between the junction and the heated metal For this reason it would be 
impossible to obtain accurate results if a multiple junction were used, because 
of the necessity in that case for Iwvmg insulating material between the metal 
and the junction 

Various methods were tried for pressing the thermojunction directly against 
the inside of the hole through the specimen, but they were all failures In 
every case a lag of several seconds occurred, though the lag was not so great 
as when there was no metallic contact 
The method w Inch proved most successful c onsistecl m soldering the junction 
to a plate of silver foil 0 1 mm thick, 7 mm long and 9 mm wide This 
plate was bent round a small cylindrical piece of cork which could be forced 
into the hole In this way the silver was pressed hard up against the inside 
of the sjiecimen 

This method had the advantage that when the hole contracted as the 
specimen lengthened the only effect was to make the cork press the silver 
plate still harder against the metal, and even when the hole became elliptical, 
as it did when single crystal specimens were used, the silver foil was still 
pressed against the metal all over its surface 
Using this method the lag was reduced to 0 4 second (t c, I/A = 0 4) 
It will be noticed that this includes any lag which may have existed between 
the temperature of the copper tube and that of the water into which it was 
plunged, so that the lag due to the passage of heat to the thermojunction 
must have been less than this In order to ensure that the temperature of 
the thermojunction was within 1 per cent of that of the specimen with which 
it was in contact it was therefore necessary to read the record at a tame greater 
than — 0 4 log, 0 01, or 1 *8 seconds, after the stretching was firnahwf 

5 Method of Carrying Out an Experiment 
The thermojunction was first fitted inside the middle of the fj um frn ** 
The iron and constantan wires passed out through one end to the cold junction 
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which was contained m an oil-filled tube dipping into a thermos flask full of 
water The other end of the axial hole through the specimen was made 
watertight with wax, and the thermojunction was calibrated by moving the 
specimen from one large jar of water at the temperature of the room to 
another containing water about 2° G higher. The temperature of the water 
was found by means of Beckmann thermometers graduated in hundredths 
of a degree Centigrade. The water w both jars was stirred vigorously by 
means of small fans, run by an electnc motor, but even then the specimen 
took some 18 seconds to attain the temperature of the surrounding water 

An actual stretching experiment lasted a few seconds only, bo the speed 
of the falling plate on which the records were taken was reduced when the 
calibrations were being done (see fig 2) In order to provide a base fane from 
which measurements of the plate could be made, an image of the same vertical 
slit which was used to illuminate the galvanometer mirror was cast by a 
fixed miror on the bomontal slit of the recording apparatus, and the light 
was cut off by a shutter from both images, at regular intervals of 6 seconds, 
so that small simultaneous gaps appear m the temperature record and the 
base line 

In most of the experiments two records were taken on each plate In 
fig 2 the outer and thicker line, marked A, is the calibration record. 

The next step was to put the specimen in the machine and stretch it by 
winding the handle as rapidly as possible, till the temperature of the speouaen 
had risen through about 2° C The mat hine was then left for about 10 minutes, 
with the specimen still under tension, m order that it might have tone to 
cool. It waa then again stretched, till its temperature rose again by about 
2° C. With the steel, copper, and aluminium specimens three such extensions 
were made. With tire single crystals of nlnmmmm there were five. 

The load waa then released suddenly and a record taken of the reversible 
adiabatic rise in temperature which accompanies the sudden elastic contrac¬ 
tion. This usually amounted to about 0 3* C., or about 3 per cent, of the 
total xiee which would have occurred if the whole extension had been done 
at once. 

The main object of the experiments was to determine how much of the energy 
put into the metal by external forces was used m increasing the internal 
energy of the material For this reason it was thought that the ideal way to 
carry out an experiment would be to stretch the material and then 
immediately to release the stress, so that the material would be unstressed 
aa a whole both before and after the experiment This was inconvenient 
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and it was decided to divide up the adiabatic heating which occurred when 
the stress was finally released, and to distribute it among the successive stages 



of the stretching in proportion to the change in stress which occurred in each 
stage Thus if the stresses at the ends of the first three stages were pi, p t 
and pt, and if the change m temperature due to adiabatic heating on releasing 
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the stress p s was T„, an amount pjT,/p s was added to the observed nse of 
temperature during the first stretching, (p a — p t ) T a /p 8 for the second stretch¬ 
ing, and (p 3 — p t ) T 0 /pa for the third Except for the firat extension in each 
experiment these corrections are small, but they are founded on experimental 
evidence that the elastic strain, and hence the adiabatic heating, is pro¬ 
portional to the change of stress and does not depend on the hardness of the 
material. 

6. Temperature Records 

Some of the temperature records are shown in figs 2-5 In each the stretch¬ 
ing of the specimen was complete before the spot of light had travelled its 
maximum distance, but since the stretching was not instantaneous (it occupied 
about 2 seconds) the amount by which the galvanometer mirror overshot the 
mark was small It is a comparatively simple matter to analyse the record 
so as to make allowance for the galvanometer lag and inertia, but an inspection 
of the records shows that the oscillation has practically died away before the 
specimen begins to cool, so that in most cases no correction is required In 
each of the records the temperature curve has the flat top which was predicted on 
p 426 (fig 1), but it is most obvious in fig 3 which is the record of the stretching 
of a single-crystal specimen of al uminium It will be seen that the temperature 
did not begin to decrease till at least 5 seconds after the stretching was complete, 
and by that time the galvanometer oscillation had practically disappeared 
In figs 4 and 5, which are the records for annealed steel and copper, respectively, 
the specimens were 30 cm long, and the rate of cooling was much slower than 
for the aluminium specimen, which had only 16cm of parallel part in the middle 
The flat top in these records extends over about 8 seconds 

7 Ducussum of Results 

In order to compare the observed rise in temperature with the heat evolved 
the heat equivalent of the work done m each experiment has been calculated 
If is the original length of the specimen between its marks, and c its extension 
at any stage, its length is then (p (1+•) If P is the pull in the testing machine 
and Op the original cross-seotion of the specimen, the work done on unit volume 
of the material during a stretching between extensions s t and c ( is 
1 f*» 

7 ~ ] Pigdc This integral is evaluated from the stress-strain records 
(see p. 448) 

The cross-section of the specimen was measured in square inches and the 

2 h 2 
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work done m foot-pounds Using for Joule’s equivalent J the value 
4 18 x 10 T ergs per calorie, the factor for converting the above integral to the 

1 65 x 10~* 

equivalent nse m temperature is- 

The densities of the materials used were determined by weighing in water 
The specific heats were not measured, but their values were taken from the 
latest edition of Landoldt and Bornstem's tables The values adopted for 
p and a are shown in Table II below 


Table II 


Material 

[ - ! 

! • 

Aluminium 

2 70 

0 212 

Steel 

7 80 

0 10» 

Copper 

8 93 

0 092 


The results of measurements on eleven specimens, namely three each of 
annealed copper, steel and plain aluminium, and two single crystal specimens 
of aluminium are given in Table III 

In this table the number of the specimen is given at the top so that the figures 
may be compared with the reproductions of some of the temperature records 
(figs 2-5, p 432) and stress-strain records (fig 17, p. 448) In the first column 
is given the extension c of the material (per cent of its unstrained length) at 
the end of each experiment The second gives the observed nse in tempera¬ 
ture T 0 The third gives the correction T a for adiabatic heating which must 
be added in order to give the nse in temperature which would be observed if the 
material were unstressed at the beginning and end of each experiment. The 
fourth column gives the corrected temperature T x — T 0 +T« The fifth column 
gives the temperature nse T t corresponding to the heat equivalent of the work 
done The sixth oolumn gives the final result, namely the ratio Tj/T* 
the proportion of the work done which is converted into heat The bottom 
line of each Table gives the total results for each specimen 

It will be seen that in every case the observed evolution of heat falls short 
of the heat equivalent of the work done, The difference which represents 
increase in the internal energy of the material amounts to 13$ per cent, of the 
work done in the case of steel, 8 to 9^ per cent, m the case of oopper, 
7 to 8 per cent m the case of aluminium, and 4| to 5 per cent in the ease 
of the single-orystal specimens of al uminium 
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One remarkable feature of the table is the constancy of the ratio of the 
increase in internal energy to the work done on the specimens doting different 
stages of the test. It is the same during the first extension when the metal 
is very soft and hardening rapidly as it is m the last extension when it is quite 
hard and only hardening slowly It seems therefore that the increase in 
internal energy does not bear any very direct relationship to the hardening. 

8 Description of Machine for Extending Specimen, and Recording 

Exlemometer. 

The mechanism by which the specimens were stretched was designed specially 
for these experiments, particularly for use with single crystals of aluminium. 
These have, at the breaking load of about 1 ton on an initial cross-section of 
J square inch, an elongation of the order of 70 per cent on a length of 6 indies. 
Standard tensile testing machines will not deal satisfactorily with large and 
relatively weak specimens The wedge grips deform the ends unduly, and 
require a large initial load The force ib generally applied by a weight, through 
a lever, and is difficult to control with such large extensions at almost constant 
loads The vertical position of the specimen is inconvenient Finally a rapid 
tame rate of loading is almost out of the question 
In the machine described in detail below the specimen is horizontal. Its 
ends are screwed into steel end-pieces with spherical 8eatings, which fit into 
corresponding recesses in two moving carnages Of these, one rests against 
a pair of steel springs, whose compression measures the apphed load. These 
spnngs are very short and stiff, so that the energy stored is small and there 
is no tendency towards instability with plastic specimens Hie second carriage 
» moved by a square thread screw, the nut being rotated by hand through a 
reduction gear Loads of 2,500 lbs can be conveniently apphed in about 
2 seconds The recording mechanism consists of a drum on which a celluloid 
film is stretched, the trace being made on it by a fine steel point This method 
(due originally to Mr Collins of the Cambndge Instrument Company) has 
proved very satisfactory The record is immediately available, requires no 
treatment, is permanent, and can be measured with great accuracy The drum 
has both axial and rotational motion, the former being proportional to the 
compression of the spnngs referred to above, and the latter to the abeolute 
movement of a point on the specimen. The scribing point has a rotational 
motion only, proportional to the absolute motion of another point on the 
specimen, situated similarly to, and some 10 cm from, the first point 
Providing certain geometncal conditions are fulfilled the co-ordinates of the 
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resulting diagram are proportional to the compression of the spring and donga- 
turn of the specimen Actually the abscissas are 1/3*69 x the elongation of 
the specimen between the selected points, the length of the diagram in this 
direction varying from 6 to 16 mm. (see fig 17) The ordinates (2,000 lbe 
is represented by about 9 mm ) are approximately twice the compression of the 
springs, but as the springs do not obey Hooke's Law exactly, areas are not 
exactly proportional to work done The consequent distortion of the diagram 
from a true stress-strain figilre is unimportant so far as concerns deductions 
from the shape of the curves, as the departure from Hooke’B Law is mainly 
at low loads For estimation of work done the diagrams are measured on a 
double stage microscope and areas of the true stress-strain curves calculated 
The calibration of the mechanism was done directly By a system of levers 
described below loads were applied to the spring m the same way and through 
the same members as when the specimen is in place The extension co-ordinate 
was calibrated by substituting for the specimen an arrangement of telescopic 
brass tubes incorporating a vernier reading to 1/1000 inch 
The whole of the testing machine and recorder is self-contained and occupies 
a space approximately 4 feet by 1 foot 8 inches The weight is sufficient to 
enable the maximum load to be applied m a few seconds without the necessity 
for fixing to the ground On the other hand, the whole apparatus can be lifted 
by four men with ease 

9 Tensile Testing Machine (Fig 6 ) 

The main frame A is rectangular, approximately 4 feet x 1 foot 8 inches, and 
is made of 4-inch X 3-inch x 4-inch channel steel, bolted together with angle 
pieces The longer sides A a are extended, carrying the recording instrument at 
one end and the geanng for extending the specimen at the other To the 
shorter sides A v A 4 , are bolted, parallel to the longitudinal axis of the machine, 
two bars of l$-mch round steel A a , which act as guides for the cross head D 
This cross head is moved by means of the screw B (1 inch diameter x J inch 
pitch) The phosphor-broiuse nut through which this screw passes is mounted 
in bearings attached to the cross member A x , and is rotated by the 3 to 1 ohain 
geanng C The end thrust is taken by a ball beanng 
On the cross member A< rest two large helical spnngs F, held in position by 
short circular pieces of steel fitting freely inside them Across their outer 
ends is a piece of channel steel O provided with two similar discs. To this 
cross bar, and to the cross head D, are attached two pieces of channel steel 
Bj, E*, forming carnages for the ends of the specimen is sufficiently 
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supported by its attachment to D To E a are fixed two wheels e which roll on 
the guide bars A s 



B C D E, E 2 r F G 


I' 10 0 —Arrangement of testing machine 

The ends of the specimen are screwed mto end-pieces H (fig 7), which form, 
together with the parts E t , E a , a species of bayonet-joint In the face of E x is a 
rectangular hole through which the end-piece H passes freely On then 



Fra 7—Gnp for end of specimen 
Fio 8 —Gnp for end of specimen with spring link 


rotating the latter through approximately 90° the spherical seating on it beam 
on a corresponding recess m the hack of E x The arrangement at the other end 
E 2 is similar, with an additional complication described below 
The spiral springs F have each three coils of |-inch diameter wue, wound on 
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a 2-mch mandrel, with a pitch of 0* 4 inch The pitch of the end coils dec re as e s 
to tero and the ends of the spring are ground flat This forms a suitable bearing 
surface and gives the spring, regarded as a strut, some stability But it causes 
the law of the spring to be non-linear on account of the closing of the end coil 
m the early stages of compression Since there is no actual fixture of the ends 
either of the specimen or of the springs, a small initial tension was necessary 
both in the actual experiment and in calibration To ensure that the same 
amount was used always, a spring link was introduced which closed hard up at 
a known load, its closing being indicated electrically In addition, in order to 
avoid any uncertainty which might have arisen owing to the springs seating 
themselves differently at different times, stops were inserted between E a 
and A t which prevented the springs from ever becoming slack The initial 
tension (72 lbs, of the order of one-fifth of the force required to produce 
permanent set in the weakest specimens) was sufficient to pull E s away from 
these stops 

The spring link is shown in fig 8 The spherical seating K, at the end nearer 
the springs F, is separate from the carnage E a , being supported on four light 
springs, suitably guided Three pairs of stops L make contact when the load 
of 72 lbs is applied to H, causing three lamps to light Provided the load is 
applied axially, so that the lamps light nearly simultaneously, this device is very 
sensitive, a decrease of 2 lbs being enough to extinguish the lamps It was 
calibrated directly, the carriage E a being i^moved and suspended 

10 Mechanism for Calibrating Springs (See fig 9 ) 

The springs were calibrated m place in the machine by the application of 
weights through the system of levers shown diagrammatically in fig 9 A 
vertical lever N, suspended by an ad]ustable wire, is pivoted at its lower end 
on a hook-piece 0, which engages with the lower flange of the carnage E x 
To this lever are attached the links M and P. The former screws into the 
standard end-pieoe H and engages, via the spring link (fig 8), with the carnage 
E ( , and so to the springs F. To P is attached a bell-crank lever Q, pivoted at 
R and carrying weights at S All pivots (indicated by (g)) are hardened knife- 
edges. 

The arms of the levers are so proportioned that the force at M u approxi¬ 
mately 10 tunes that at P, which is approximately double the weight S. The 
overall ratio is thus 20 to 1, enabling forces of 2,500 lbs. to be applied to the 
springs by a weight of 125 lbs atS 

The geometry of the mechanism was restored to standard by the following 
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adjustments Weights being hung at S, the cross-head D was moved, carrying 
with it the hook 0, until the lever N was parallel to a plumb line The turn' 



buckle in P was then adjusted till the bell-crank lever was m the standard 
position, as indicated by the index and scale T. 

The accuracy of the calibration is dealt with below (§14) 


11 ExlemotnUer (See figs 10 12 ) 

The essential problem of ordinary^extensometers is the multiplying mechanism 
by which the minute extensions occurring withm the elastic range are made 
visible In thiB instrument, with extensions of the order of 50 per cent on 
10 om., it was found desirable to use a reducing gear (actually 3*59 to I, in 
all) in order to produce a convenient diagram On account of the incon¬ 
venience of very long levers, a mechanism was developed which kept the ratio 
of reduction constant to a high degree of accuracy with levers of reasonable 
length. This is shown in fig 10 Two levers, A lt A,, of special construction 
to avoid errors due to deflection, engage at their lower ends with the selected 
points on the specimen (the method of attachment is described below) Their 
upper ends pivot m cross-heads sliding m guides B t , B, From a point on 
each of these levers a connection is taken to the recorder Provided the 
following conditions are fulfilled, the ratio is invariable — 

(1) The points of attachment of the connections must divide the levers 
m the same ratio. 

(2) The guides for the upper ends of the levers must be perpendicular to 
the axis of the specimen and must be fixed in relation to one another 
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(3) The connection/* to the recorder must be parallel to the axis of the 
specimen 

The levers may be, and in fact are, of different lengths 
Motion of the specimen, as a whole, in relation to the two guides B z , B, 
produces no movement of the tracing-point on the drum, and hence it is not 



essential, from this point of view, that the guides should be fixed, except 
relatively. As, however, they experience the reaction due to the force required 
to move the recorder, they are, in fact, fixed to the framework shown m the 
accompanying photograph 

The levers A 1# A, are tubular, stiffened by kingpost bracing tensioned 
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up by adjusting screws The general arrangement can be seen in the 
above photograph 

One of the problems of the experiment was the attachment of the lower ends 
of the levers Aj, A a to the selected points in the specimen Since normal 
plane sections of a single crystal do not remain normal u hen the specimen is 
stretched, it is impossible to use the conventional form of attachment—namely, 
two screws engaging in punch-marks at opposite ends of a diameter On the 
other hand, the deformation of a single crystal is so closely uniform along its 
whole length that the extension of any generating line of the onginal cylinder 
may be taken as the extension of the whole specimen Two punch-marks are 
made about 10 cm. apart, on a generating line, the punch used being a gramo¬ 
phone needle Into each of these fits a similar needle fixed into the lower end 




Fro 10 —Arrangement of extontometor mechanism. 

Fig 11.—Method of attachment of extemometor to specimen. 

Fzo 12.—•Arrangement of connections to xeoarder 

of the lever A x or A* the details being shown in fig. 11 In the end of the 
tube forming the lever is soldered a piece of brass 6, shaped as shown, carrying 
the brass plug c, m which the needle-pomt d is soldered. The point is held 
firmly in the punch-mark by a rubber band e. It will be seen that the position 
of the point, practically on the axis of the tube, forming the lever A t reduces 
the torsion on the lever to a negligible amount, and any tendency of the lever 
to twist as a whole is reduoed by arranging the trunnions which slide in the 
guides B|, B s at some distance from the axis of the tube (See fig 12, T& x ) 
The intermediate points on the lever A, A, are connected to the recorder 
by steel bands 0*1 inch wide by 0*004 inch thick In order to avoid errors 
due to the slight flexural rigidity of this band, a certain minimum tension is 
needed This is obtained by making each band a complete loop (see fig 12), 
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passing from the attachment to the lever Aj, round the pulley a, by which 
the recorder is driven, back to a free pulley b at the other end of the machine, 
and finally returning to the lever Aj, which therefore experiences no force 
due to any tension m the band A long spiral spring c is inserted in each loop 
between the two pulleys mentioned above Finally, in order to ensure that 
there is no lost motion m the system a light adjustable spiral spring d connects 
a point on each band to the framework e 

It will appear from the calibrations referred to in §14 below that these 
precautions had the desired result, the x co-ordinate of the records being a 
constant fraction of the extension between the selected points on the specimen 
to a high order of accuracy 

12 Recorder. (See figs 13-15 ) 

A diagrammatic sectional view of the recorder is shown in hg 13, and its 
external appearance in the above photograph It is mounted on a cross bar 
of channel steel attached to the extended sides of the mam frame of the testing 
machine On this is a bearing A, in which turns the external drum B, which 
carries the scribing point On a parallel cross bar of fiat steel, firmly 
supported by arms which are clearly visible in the photograph, is a second 
bearing C 

On the upper end of the drum B is formed a groove for the steel band e t 
from which it derives its motion Three large oval panels are removed from 
the drum m order to enable the celluloid film to be mounted on the internal 
drum F The scribing point b t is fixed m a triangular frame which pivots 
on pointed screws b 2 , attached to the drum B It is pressed on the film by 
a flat spring (see photograph), which is so arranged that the point can be 
swung back while the film is put in place, and restored with the same pressure, 
when required 

The inner drum F carries the film on which the record is made This is 
ordinary cinematograph film, the gelatine being first removed The axial 
motion of the drum, approximately twice the compression of the springs which 
measure the force on the specimen, is obtained as follows To the cross bar 
by which these springs are compressed (see fig 14) is attached a compensating 
lever a, from whose endB two steel bands pass to two equal pulleys L 1( mounted 
on a spindle fixed below the recorder. In between, and integral with, these 
pulleys is a larger one L a , from whose circumference a steel band passes up 
to the recorder Each band is attached to the circumference of its pulley, 
the compensating lever a eliminating the effect of any slight inequality in the 
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diameters of the smaller ones The bands are kept taut by a spring K (fig 13) 
so arranged that it doeB not contribute to the friction of the recorder 
The band from the larger pulley L a is attached to the lower end of a tube H 
whioh passes up through both drums and has on its upper end a collar, against 
which the inner drum is pressed by a spring G, a ball thrust bearing reducing 



Fig IS Fig 14 

Fio 13—Arrangement of recorder 
Fio 14 —Connection of extensometcr to springs 
Fio 10 —Rotational dnve to drum of reoorder 

the friction. The spring G also serves to press the outer drum B down on 
to the bearing A 

The most difficult problem of the instrument was the rotational motion of 
the inner drum F This is derived from the upper pulley E and steel band 
0 t . The spindle D of this pulley passes down through the upper bearing C, 
both drums, B and 7, and the tube H, the bearing surfaces being arranged 
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as shown in fig. 13 in order that the tension m the bands may not eause the 
mechanism to bind 

On the part of this spindle D which is inside the drum F is mounted a cylinder 
d\ (fig. 15) with a diameter approximately half that of the drum This cylinder 
is open at the upper end and is slotted parallel to its axis,as shown in the sketch 
To its outer surface is soldered a piece of silver steel rod which was carefully 
tested for straightness Its position is indicated m fig 15 It was adjusted 
to be as nearly as possible parallel to the spindle 1) Through the slot in d x 
there projects a similar piece of rod /, which is fastened to a projection of 
the end of the drum F The rods / and d a are kept in contact by springs (not 
shown) to avoid backlash, and form a “key ’ and “ keyway " connecting 
D and F rotationally 

This construction reduces the errors in the axial motion of the drum F to a 
minimum As the result of the precautions described it is not possible to 
detect, on a Hilger measuring microscope, any departure from straightness m 
fiducial lines on the records parallel to either x or y axis (see fig 17, below) 
The angle between the axes is almost exactly 90°, showing that the “ key way ” 
is practically parallel to the axis of the drum As however the angle between 
the stages of the microscope could be adjusted so that the movements were 
parallel to the fiducial lines, the exact magnitude of this angle is not important 

13 Insttumental Knots 

The errors to be anticipated m such a mechanism as has been described may be 
classified as follows - - 

(1) Due to sit am —The supports of all parts are very firm The stresses m 
the mam frame are very small and any deflection which takes place when the 
force is applied to the specimen is certainly elastic and, since the springs are 
calibrated m situ, is absorbed in the calibration The steel bands driving the 
recorder are of ample size, and are under sufficient initial tension to ensure that 
their flexural rigidity is not a source of error 

(2) Due to friction —There is very little frictional resistance to the rotational 
movements of the recorder, but there is an appreciable frictional resistance to 
the axial motion of the inner drum Since however the forces to be measured 
are of the order of 1,000 lbs and this friction is of the order of ounces, no 
appreciable error arises. All the surfaces on the recorder are copiously lubricated 
with a fairly viscous oil, and no tendency to stick has ever been observed It 
may be noted that in all experiments the motion of every part of the mechanism 
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is in one direction only (the fall of stress at the elastic limit with steel is the only 
exception and cannot give nse to any appreciable error) 

(3) Due to alack —The precautions taken to avoid slack at every point 
have been described The points which engage in the punch marks on the 
specimen fit very firmly, and though the latter must extend into an oval shape 
when the specimen is stretched, it appears from separate measurements made 
on the stretched specimen that the points remain in the centre of the punch 
marks 

(4) Due to chanqe of conditions betiveen calibration and experiments —As has 
been mentioned in describing the methods of calibrating, elaborate precautions 
were taken to ensure that, so far as the condition of the machine and reoorder 
were concerned, the calibrations and experiments were identical 

14 Ordei of Accuracy of Results 

The magnitude of the probable error of the final result (the area of the stress- 
strain figure) is influenced chiefly by the calibration of the springs. The levers 
used in this calibration (see §10) were found to have ratios of 1*959 and 10*21 
as the mean of several calibrations by weights, giving a combined ratio of 
20-00 The variations in the figures for the individual levers were of the order 
of 1 in 1,000 and the combined result may be relied on to l in 500 The “ out 
of balance ” of the bellcrank lever was determined directly to be equivalent to 
21 5 lbs at the springs 

The calibration curve of the springs is shown in fig 16 It includes the 
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results of calibrations taken both before and after the experiments, showing that 
the characteristics of the springs did not alter appreciably with tune The 
points nowhere depart from the curve adopted by more than 1 per cent, and it 
is considered that tins represents the maximum error in a force measurement 
The calibration of the extension co-ordinate by the method described in 
§8 (p 437 ) gave a ratio of 3 59 within 1 in 500 the ratio calculated from the 
measurements of the mechanism involved being 3 58 The former figure was 
used as it correhjwnded to a direct comparison of specimen and record, whereas 
the latter involved several separate measurements, one being of a type in which 
great accuracy could not be attained The constancy of this ratio for extensions 
of both large and small amounts was within the figure given ft large ” meaning 
of the order of 5 cm on the specimen, and “ small M of the order of 5 mm In 
the experiments the actual extensions corresponding to each temperature 
measurement had the following average values for the materials tested — 

miu 


Toppei fi 

Steel 1 

Aluminium (plain) 7 

Aluminium (single crystal) 10 


The total extensions of each specimen averaged 18, 12 22 and 50 mm 
respectively 

The actual records were measured on a Hdger comparator, on which readings 
could be repeated withm one-hundredth of a millimetre The final areas were 
computed from measurements of ordinates sufficiently closely spac ed 

It is considered that the above figures enable it to bo daimed that the final 
areas, representing the work done, are determined within 1 per cent 

15 Stress-Strain Records 

Some examples of these are shown, enlarged 3 1 times,m fig 17 * The upper 
three are from steel, copper, and plain aluminium, respectively, and the lower 
two from single crystal specimens of aluminium The numbers correspond to 
those m the table of results (Table III) and m the temperature records, 
figs 2-5. 

* The definition of the lines has suffered m reproduction As seen by transmitted 
light the trace of the sonbmg point appears as two dark lines, separated by a white 
line. The overall width is about 0 04 ram In measuring the records, the cross wires 
of the mierosoope were focussed on the outer edge of one of the dark lines 

T^u cm.—A. 2 I 
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99 100 

Aluminium (Single Crystals) 


Fio 17 —Stress-strain records 

The approximate scales of the diagrams as reproduced are — 

Extension (j> axis) 1 cm — 11 6 per cent on the original length of 10 cm. 
between marks 

Forces (y axis) 1 cm. == 715 lbs approximately The force scale is not 
exactly linear, for reasons which have been described above. 

The original dimensions of the specimens are given in the following 
Table IV. 
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Table IV 


Material 

Length of 
parallel part 

Outside 

diameter 

i 

inside 

diameter 

i _ 

Cross soutional 
area 


cm 

in 

in 

sq in 

Hteol 

30 

0 J) 

0 21 

0 0422 

Copper 

29 

0 25 

0 12 

0 0384 

Aluminium 

21 

0 50 

0 19 

0 1688 

Aluminium (single crystal) 

lit 

0 50 

0 19 

0 2151 


The approximate stress scales are therefore as follows — 

Steel 1 cm - 17,000 lbs /square inch, 

Copper 1 cm 18,600 „ „ 

Aluminium 1 <m — 4,200 „ „ 

Alummram (single crystal). 1 cm — 3 300 „ , 

referred, m all cases, to the original < ross-sectioual area 

The short vertical marks on the records represent the end of each 
experiment With steel and al umi nium they appear on the record auto¬ 
matically and weie thought at first to be due to a defect in the instrument, 
but as they did not appeal in experiments on copper (the marks on the record 
for copper were made deliberately m order to give greater precision to the 
measurements) they are presumably characteristic of certain materials only 
Their significance is discussed below 

The interval between two extensions of any one specimen was about 
10 minutes, and during this time the specimen was under tension, constant 
except in so far as any “ creep ” of the specimen allowed the springs to extend 
The records show that this creep occurred with steel, and (to a much smaller 
extent) with plain aluminium, but not with copper or single-crystals of 
aluminium It should be noted that the circumstances during this “ creep ” 
are very different from those which occur when a specimen is left under load 
in an ordinary testing machine The load is then independent of any extension 
which may occur, whereas here extension of the specimen relieves the load 
rapidly In fact, the springs extend the same amount as the specimen The 
recorder magnifies extensions of the spring twice (approximately) and reduces 
aitwninn. 0 { the specimen, between the selected points, 3 59 tunes Hence, 
if the whole length of the specimen is n tunes the length between the pouts, 
the fine on the record representing the “ creep '* referred to above should dope 
down from left to right at an angle tan" 1 2 X 3*S9» For the steel 

2 i 2 
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specimen (n ™ 3) this angle is tau 1 21 5 Examination of the record will 
show that these lines do in fact slope to about this extent 

On increasing the load, for the next extension, it will be seen that with steel 
and aluminium (both plain and smgle-c rystal) no extension occurs until the 
load has risen appreciably above that previously i cached There is then a 
rapid extension at almost exactly constant load, followed by a period in which 
both load and extension increase The fact that the curve corresponding 
to the last part ]oins smoothly on to that representing the end of the previous 
extension suggested that the “ kink 9 m the curve was instrumental, but as 
the phenomenon is not observed with copper (see records) it is presumably 
characteristic of certain materials only, corresponding to something analogous 
to sticking 

With copper the absence of the “ link ’ is so definite that it was sometimes 
found difficult to decide exactly where each separate extension ended, though 
the approximate point could be seen without difficulty, owing to the slightly 
deeper depression m the celluloid made by the scribing point resting m one 
position for some minutes The marks seen m the copper records were 
therefore made deliberately, as mentioned above 

It will be seen that the “ kinks M m the curves for single-crystals of 
aluminium decrease regularly as the load increases, and practically disappear 
when the breaking load is reached see in particular No 100, which was on the 
point of breaking at the end of the expenment 
The record for mild steel No 94 shows the characteristic fall of stress at the 
yield-point An actual fall of stress was not observed m all specimens, the 
variation being presumably due to sbght differences in the rate of extension 
The " ripples 99 on the record are due to slight irregularity in turning the 
handle of the machine. They do not appear m the records for the other 
materials, presumably because these have a much smaller tendency to 
creep 

All the specimens were thoroughly annealed before the experiments, but 
there is nevertheless an appreciable “ elastic range ” for all except the plain 
aluminium This material, however, hardens remarkably rapidly, having 
after 1 per cent extension an “ elastic range ” of about 4000 lbs /sq. m, 
and after 5 per cent extension a range of about 9000 lbs /sq in, these stresses 
being about one-third and three-fourths respectively of its ultimate breaking 
stress 

When plotted on true stress-strain co-ordinates the records for all the 
copper and all the plain aluminium specimens tested agree very closely with 
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one another The single-crystal specimens of aluminium differ considerably 
from one another No 99 having a lower yield point than No 100, though it 
is ultimately stronger 

The work was carried out in the Cavendish Laboratory through the 
kindness of Sir Ernest Rutherford, to whom we wish to expiess our thanks 
We wish also to thank Pi of Carpentei and Miss Elam for presenting us 
with single-crystal specimens of aluminium, and Mr W W Haekett, of 
Messrs Accles & Pollock, Ltd , who presented us with specially annealed 
steel tubing from which the test-pieces were made An analysis of this 
material (for which we are indebted to Mr W E Woodward, M A ) showed 
that it contained 0 17 per cent carbon ind 0 70 per cent manganese 
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§1 Introduction 

This investigation* deals with the natural frequencies of flexural vibration 
of the blades and shaft of a rotating airscrew, and includes a comparison of 

* The work described in this paper was earned out m the Aerodynamics Department 
of the National Physical Laboratory, and permission to communicate the results was 
kindly granted by the Aeronautical Research Committee, 
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theoretical results with those determined experimentally from an analysis of 
the sounds emitted These sounds can be divided into three group — 

(а) The sounds of rotation, which, according to Lanchester,* are due to the 
movement in circular or spiral paths of the sources and sinks which would 
account for the pressure differences on the blades Since the air pressure in 
the neighbourhood of the airscrew will fluctuate as the blades rotate (except at 
points on the axis, where m the absence of reflection from neighbouring bodies 
no sound is heard), the pitch of the fundamental note is equal to the product of 
the number of blades and the rotational speed Harmonics of this note are 
also present, and these acting together have an effect on the ear which resembles 
that of a roar f Experimental determinations of these frequencies have been 
made and are given in §5 below 

(б) Tearing sounds associated with the shedding of eddies from the blades 
No attempt has been made to measure these sounds, which appear to have a 
high but very indefinite pitch An analogous sound is that produced by a 
rotating rod, which, according to E F Relf,J omits a note of frequency equal 
to that of the periodic eddy formation behind the rod 

(c) Hounds arising from the vibrations of the airscrew blades and of the shaft 
The frequencies of the sounds due to flexural vibration have been measured 
(§6), but not those due to torsion, as these were well outside the frequency range 
of the experiments 

The frequency measurements were made with a hot-wire microphone and a 
four-valve amplifier, designed and constructed by Dr W S Tucker, of the 
Signals Experimental Establishment, Woolwich Common 

§2 The Hot-Wire Microphone 

This instrument has been developed by W S Tucker and E. T Fans,§ 
and consists of an electrically heated platinum grid placed m the neck of a 
cylindrical Helmholtz resonator which is capable of being tuned by means of a 
sliding piston The advantages of this type of Tesonator are that the resonance 
is sharp and that the overtones are all comparatively high and are not m 
harmonic relation When in tune to the note to be measured, the oscillatory 

* “ Memorandum on the Emission of Hound by an Aeroplane Propeller ’* * Aero 

nautical Research Committee, Report No T 1058 ' (Not pyblwhcd ) 

t The variation of the intensity of this sound with rotational speed has been investi¬ 
gated mathematically by E J Lynam and H A Webb “ The Emission of Hound by 
Airscrews ” ‘ Aeronautical Research Committee, R & M , 024 * 

t • Phil MagJuly, 1921 

| “ A Heleotive Hot-Wire Microphone ” 1 PhiL Trans Roy Soo Senes A, vol 221, 
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movement of air in the neck of the resonator causes a sensible change m the 
resistance of the wire grid This change is compounded of a steady fall in 
resistance, due to the average cooling, and a periodic change due to the 
oscillatory air currents Resonance may be detected, either by measurement 
on a Wheatstone’s bridge of the steady resistance drop, or by amplifying the 
periodic changes of current and making use of a galvanometer or telephone 
In the present experiments a four-valve amplifier, designed by Dr Tucker, 
was used in conjunction with a mirror galvanometer 

The circuit- values of this amplifier are given m fig 1 Three microphones 
of different sizes were available for detecting resonance, the frequency ranges 



being 25-450, 50-100, and 100-200 respectively These microphones were 
calibrated against a standard siren at Woolwich, and check calibrations against 
tuning-forks, in which the vibrations were maintained electrically, were made 
at the National Physical Laboratory 

§3 Description of Airscrew Apparatus. 

The chief feature of the present apparatus is the method adopted to obtain 
a silent electric drive for the airacrew Preliminary experiments on electric 
motors showed that the sound emitted by them was built up of a large number 
of tones, the frequency intervals being so small that it would be almost impossible 
to distinguish between these notes and those from an airscrew, especially as 
both vary with the rotational speed Accordingly, it was decided to enclose 
the motor in a sound-proof chamber, and as a further precaution to isolate 
this chamber outside the room in which the frequency measurements were to 
be made. 

The general arrangement of the airscrew apparatus is shown in fig 2 The 
Bound-proof box had double wooden walls packed with cotton-wool, and was 
lined on the inside with felt The motor and box, detached from each other, 
were mounted on alternate sheets of rubber and wood, on the top of a strong 
wooden table standing on a concrete floor The purpose of this method of 
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mounting was to dissipate within the box most of the noise of the rotating 
parts and to damp out the motor vibrations by the rubber sheets To increase 
the inertia of the stand, and so to lessen the effect of motor vibrations not dissi¬ 
pated m the rubber sheets, a heavy weight of about 5 cwt was earned on a 
lower platform Further, the sound-proof box and stand were totally enclosed 
within an ordinary Post Office telephone box, on the outside of the brick 
wall of the experimental room 

The airscrew shaft rotated in two well-lubncated plain journal bearings 
carried on a rolled-steel joist, which was grouted into the bnt k wall and addition¬ 
ally stiffened with splayed angle bars Direct transmission of sound or vibration 
along the airscrew shaft was prevented by the use of a rubber drive between 
the motor and airscrew shafts The rotational speed was measured by a 
revolution counter on the motor shaft withm the sound-proof box Steadiness 
of running was obtained by mounting a heavy fly-wheel on the motor end of the 
airscrew shaft, and also by running the motor directly from a battery supply of 
adjustable voltage 

It was found m practice that this method of isolating the motor noises was 
quite satisfactory At speeds below about 700 r p m no sound could be heard 
m the experimental room , above this speed and up to the highest speed of the 
experiments—-about 1,400 rpra —only faint noises, chiefly due to the grinding 
of the bearings, were audible Acknowledgment is due to Mr A Monk, artificer 
in the Aerodynamics Department, for care taken in the construction and 
erection of the apparatus 


§4 The Model Airscrews 

The experiments were made on four airscrews, of diameter 3 ft, which had 
been used in a previous investigation * These airscrews were then designated 
as fourbladerH Nos 1, 3 and 10, and sixblader No li For convenience, they 
are renamed ‘ airscrews A, B, C, and T) ” respectively in the present paper 
Some general characteristics of the four types of blade are given m fig 3 
Except at the root, where the section was a circle of diameter 1 1 inches, the 
blades had similar sections at the same radii The blade widths were m the 
ratios 4 3 2 The blades were of cast aluminium and were clamped into 

a large metal boss 

* “ Experiments with a Family of Airscrews mounted m front of a Small Body ” B> 
A. Fage,€ N H Look, K G Howard, and H Bateman ‘R & M, No 829 Aero 
nautical Research Committee,' 
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§5 The Sounds of Rototwn 

Tt would appear that most of the sound emitted from an airscrew arues, in 
tbo absence of excessive vibration, from the rotation of the sonrce-and-mnk 
system associated with the pressure differences on the blades Experiments 
by R McKinnon Wood* have shown that this noise is composed of a large 
number of tones, which are harmonics of a fundamental having a frequency 
equal to the product of the number of blades and the rotational speed in 
these experiments the frequencies were estimated aurally, by comparison with 
a piano and pitch-pipe. 

The present experiments have involved the direct measurement of these 
tones The method adopted was to maintain constant the speed of rotation, 
and to record resonances as the timing of the resonator was progressively 
changed The alternative method of constant tuning and variable rotational 
speed was found to be unsatisfactory, since the changes with speed in both the 
intensity and character of the sound influenced the shape of the reeonanoe 
curves Variable tuning was obtained by removing the piston and placing 
the open end of the resonator under water, the level of which was raised at a 
slow and uniform rate The frequency change per minute was abont $ per 

* “ Note on Some Experiment* on the Sound emitted by Airaorews " • R. A M, 

No 094. Acronsutioal Research Committee ' 
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cent at a frequency of 100, and 2 per cent at a frequency of 200 With this 
method of variable tuning, the sensitivity of the microphone is increased by 
the forced convection of air over the hot-wire grid * 

Resonance curves were obtained by plotting the average deflection of the 
mirror galvanometer taken over a jienod of 30 sec against the frequency of 
the resonator a resonance being indicated by a peak m the curve Roth the 
valve amplification and the distance of the microphone from the airscrew were 
adjusted to give a convenient deflection of the galvanometer at resonance 
The microphone was placed in a line making an angle of about 45 f * with the 
airscrew axis 

A summary of the experimental results for four-blnded airscrew R, rotating 
freely at a stationary point, is given m Table T 


Table I 


Hotat tonal Npeed 
n 

HYpqiieiu v of Note 

<*/+») 

KoinnrlcK 

RPS 

V ! 


15 05 

127 3 

2 0 

l«t harmonic 

15 95 

104 5 

3 05 

2nd , 

Fundamental 

12 00 

48 35 

0 98 

12 50 

97 50 

1 OR 

1st harm on n 

12 00 

154 O 

3 08 

2nd ff 

12 50 

209 5 

4 18 

3rd 

« S3 

100 0 

3 00 

2nd „ 

H S3 

139 O 

3 90 

3*1 

H 33 

108 5 

5 08 

4th 

8 *3 

197 5 

5 95 

5th 

7 n 

112 5 

3 95 

3rd 

0 07 

137 0 

4 93 

4th , 

(1 97 

109 0 

0 08 

5th 

0 97 

190 5 

0 85 

f.th 

0 97 

225 0 

8 10 

7th 


This table shows that musical notes ranging from the fundamental (of 
frequency 4«) up to the seventh harmonic, have been detected with satis¬ 
factory accuracy The higher harmonics were of faint intensity, owing to the 
low rotational speed which was nee essary m order to keep witlun the frequency 
range of the resonators It is probable that still higher tones are present and 
that these would be detected with resonators of higher frequency range 
Typical resonance curves are shown m fig 4 Tn general, the resonances 
were less marked as the order of the harmonic increased An exception is 
shown at n = 12*5 rps., where the second harmonic is more pronounced 
than the first, although the reverse was the case at n — 15 95 rpsf It 

* For explanation see the paper on 41 A Hot-Wire Microphone,” loc nt 
t Not shown in fig, 4 
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should be noted that the galvanometer deflections at resonance are not 
necessarily representative of the intensity of the note, since the response of 



the resonator depends on tlxe pitch of the note and the val\e amplification 
may not remain constant throughout the experiments 

§6 Measurement of Flexural Vibrations 

In the elastic system composed of an airscrew lotatmg at the end of a shaft 
of appreciable length, there are possible two distinct types of flexural 
vibration, that of the blades alone and that of the airscrew shaft Torsional 
vibrations are also possible, but these are not here considered, since they are 
well outside the frequency range of the microphones Preliminary experi¬ 
ments showed that w r hen the airscrew was rotating freely the only notes that 
could be measured were those of rotation and except for an occasional flutter 
there was no tendency for either the blades or shaft to vibrate It was 
necessary, therefore to stimulate these vibrations by giving to the blades a 
definite number of impulses per revolution 
The method adopted was to mount behind the airscrew —% e , in the slip¬ 
stream—a number of equally spaced radial arms, which cause the blades to 
vibrate when their natural period is equal either to the impulse frequency or 
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to one of its harmonics Stars of 4, 7, 8, 9,10, and 12 radial arms were used 
The distance of a star behind the airscrew, and the width of the arm, were 
adjusted so as to make the impulse strengths just sufficient to maintain the 
vibrations The arm widths were either 1 inch or 3 inches, the maximum 
distance of a star behind the airscrew was 4 inches A diagrammatic sketch, 
showing the general arrangement of a star of 8 arms, is given m fig 5 



Fia. 5 


It was originally contemplated that a star would excite vitiations m the 
blades only It was found, however, that flexural vibrations of the shaft 
were also excited, presumably on account of some slight want of ^symmetry 
in the forcing system* Complete records of all the vibrations were 
accordingly taken, and afterwards the two types of vibration were disentangled 
with the aid of theory. 
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The method of experiment employed was to traverse a range of rotational 
speed in short steps, and when the rotation was steady to measure this apeed 
and then from its known calibration to tune the resonator to a note of which 
the pitch was equal to the product of the number of arms and the rotational 
speed * At each step the average deflection of the galvanometer taken over 
3 or 4 minutes was recorded, and resonance curves were then obtained by 
plotting these readings against either the resonator pitch or the rotational 
speed 

To illustrate the general character of the results, the resonance curves 
fur airscrew B aie given m figs 6 and 6a These curves, on which the 
observation points are plotted show that in nearly all cases the resonances 
were very pronounced, and also that with no vibration the response of the 
resonator is very weak, although it is always m tune with the forcing impulses 

The pitch of the notes from the non-rotating blades was determined by 
Mr E F Relf from a comparison with tuning-forks of standard pitch A 
detailed discussion of these experimental results, and also a comparison with 
theoretical values, is given later (§ 8). 

§7 Calculation of Flexural Vibration# 

(а) Airscrew Shaft —The frequency of the flexural vibrations of the airsc rew 
shaft, which is supposed to be encastr6 at one end and attached rigidly to 
the centre of inertia of the airscrew at the other, was determined by the 
methodf described by the writer m ‘ Engineering,’ July 20, 1917 The steel 
shaft used in the present experiments had an overall length of 13 2 inches, 
and tapered m diameter from 1 385 inches at the encastr6 end to 1 0 mch at 
the airscrew The calculated results are given in Table II, where it will be 
seen that there are two periods of vibration corresponding to each rotational 
speed The values of M and I x for each airscrew are also included in this 
table M (the mass of the airscrew) is given in slugs, and I x (the moment of 
inertia of the airscrew about an axis passing through the centre of inertia 
at nght angles to the plane of flexure) m slugs-feet 2 

(б) Airscrew Blades —The frequency of the lateral vibrations of a non¬ 
rotating blade was determined by the analytical method of A A Griffith^ 
and also by the graphical method of R V Southwell § The results obtained 

* In wo mu experiment* the rtsonatoi was tuned to a note of double this frequency. 

f See also the method of A Berry, published by the Aeronautical Research Committee 
(R & M , No 177) Those two methods give practically the same results 

X ‘ Aeronautical Research Committee, R k M, No 451 ’ 

{ 1 Phil MagMarch, 1921. 
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by these twojmethods were found to be in veiy close agreement They are 
given m Table IV. 




The effect of rotation on the frequency of the lateral vibrations was deter¬ 
mined by the method of R. V Southwell and Barbara S Gough,* who have 

* ‘ Aeronautical Research Committee, It & M , No 706 ’ 
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shown that the frequency j) and the rotational speed « are connected by an 
approximate formula of the form of p 2 -- p 0 a f~ aw 8 , where p 0 is the gravest 
frequency ui the absence of rotation and a is a constant, the value of a cannot 
be determined exactly, but an upper limit to which it approaches can be 
estimated by an application of methods duo to Lord Rayleigh 

The modulus of elasticity used in the calculation of the frequent y of the 
aluminium blades was determined by direct measurement at the Royal Aircraft 
Establishment, and was found to vary from 1 0 X 10 7 to 1 1 X 10 T lbs pei 
square inch The density was found to vary from 0 lOd to 0 105 lb per 
cubic inch, and a mean value 0 104 w f as taken in the calculations 

§8 Discussion of Results 

(а) Vrfwatiom of Airscrew Shaft -The experimental results for three of 
the four airscrews are given in Table II , those for airscrews B and 0 
are plotted in figs 7 and 8 Each frequency value given in the table was 
determined from resonant e curves of the typo shown in hgs 6 and 6a The 
observations for airscrew D were limited in number, as they were marie only 
for the purpose of distinguishing the shaft vibrations from those of the blades 
No measurements of the shaft vibrations w f erc made foi airscrew A, which 
differs from airscrew B only in its pitch-diameter ratio The theoretical 
values of the shaft frequencies are also included m Table IT 

The above table shows that for the airscrews 0 and D the measured frequencies 
of the fundamental modes of vibration agree with those of theory within 2 per 
rent. The agreement is not so satisfactory in the case of the heavier air¬ 
screw B, for which the measured values of the upper and lower fundamental 
modes are about 8 pei cent lower than those of theory It is probable that 
m this caho there ts some “give ” at the fixed end of the shaft It is of 
interest to note that overtones of the fundamental were also measured 

(б) The Flexural Vibrations of the Blades — The experimental results for the 
four airscrew blades are summarised in Table III The results for air¬ 
screws B and C are also plotted in figs 7 and 8 | 
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Table II. 



Rotational 


Number 


Airscrew 

Speed 

n 

Frequency 
of Note 

of 

Radial 

Remarks 


■an 

P 

Arms 


Four-bladed 

13 30 

res 2 

4 1 

Lower fundamental 

ausorew B. 

12 06 

°\48 2* 

4 

Average value, 63 2 


12 32 

l/40 3* 

4 

Theo- f67 0 at n=0 


13 27 

"\83 1 

4 

retioal -<67 lat»=»16 


13 37 

63 6 

4 

values ^55 8atn=25 


6 62 

63 0 

* J 


11 - 0 32 

1,-0 0464 

12 86 

102 8 

4 1 



13 00 

111 2 

4 

Overtone (first harmonic) 


10 73 

107 3 


Average value, 108 2 


11 16 

111 6 

10 j 


16 27 

102 7 

10 1 



16 77 

167 7* 


Overtone (second har 


13 90 

167 0 

12 

monio) 


8 23 

164 6 


Average value, 166 0 



168 0 

12 J 




r 

Higher fundamental 


18 10 

181 0 


Average value, 184 9 


15 68 

0 33 

187 0 

186 6 

12 4 

“ 1 

T „ b “ 1 201 5 at n=0 

values J 201 7 at n—26 





Lower fundamental 

Four-Matted air 

10 00 

70 0 

7 

A\orage value, 07 0 

aonw C 

9 20 

8 33 

64 4f 

66 6| 

7 J 

8 

Tb tL. \«e 6 at »=o 
vMut J M 7 “ "- 20 

M - 0 204 

I, - 0 027 

10 66 

8 66 

6 78 

106 0* 

104 0* 

104 0* 

10 'I 

'2 ) 

Average value, 104 6 
Overtone (perfect fifth) 


127 8 

9 1 




131 4 

12 




128 6 

9 

Average value, 134 8 


.m 

139 Of 

0 f 

Overtone (first harmonic) 



140 9 

12 


7 86 

141 2 

9 J 


Slx-bladed air- 

6 96 

62 6 

9 r 

Lower fundamental 

aorew D 

7 48 

74 8 

10 

Average value, 69 2 

M - 0 330 

I, - 0 0101 

9 30 

8 10 

74 4 

04 8 

8 

8 

Tb ®° . 1 70 0 at i»=0 

v.l™ J 70 0 * 


* Faint note t Strong note 

a Middle neonator 6 Largo resonator 


2 K 


VOlu 0V1L— A, 
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Table III 


Blade 

Shape 

Rotational 

Speed 

n 

BPS 

Frequency 
of Note 

P 

(p/»> 

Number 

of 

Radial 

ArmB 

Remark" 


0 

131 0 

_ 


Tuning fork measurement. 


6 51 


24 

12 

_ 


6 54 

130 8 

20 

10 

_ 

B 

11 15 

133 8 

12 

12 

_ 


14 15 

141 5 

10 

10 

Famt note 


13 75 

1J7 5 

10 

10 

_ 


18 16 

145 3 

8 

4 

— 


0 

102 0 

_ 

_ 

Tuning fork measurement 






r 

Shaft loaded to have a 


U 10 

141 0 

10 

10 - 

i 

i 

theoretical frequency *- 

RO A 







Shaft loaded to have a 


15 95 

143 6 

9 

9 J 

i 

theoretical frequency — 






i 

50 5 

C 

8 56 

120 0 

14 

7 

— 


10*15 

121 8 

12 

12 

_ 


14 20 

142 0 

10 

10 

_ 


10 00 

144 5 

9 

0 

Very strong not© 


21 00 

108 0 

8 

8 

Very strong note 


0 

76 5 

— 

— 

Tuning fork measurement 


6 85 

96 0 

14 

7 

— 


8 58 

103 0 

12 

12 

_ 

D 

11 74 

117 4 

10 

10 

— 


15 90 

143 7 

9 

9 






r 

Shaft loaded to have a 


16 50 

148 5 

9 

» ^ 

i 

i 

theoretical frequency ** 






L 

50 3 


0 

128 0 

_ 

_ 

Tuning fork measurement. 


6 45 

129 0 

20 

10 

— 


13 77 

137 7 


10 

— 

A 


132 0 

12 

12 

... 


5 41 

130 0 

24 

12 

_ 

1 

t 

18 80 

150 4 

8 

4 

— 


To ebmmate any uncertainty of measurement m the region where the 
curve of blade vibration crosses the firat harmonic of the shaft fundamental 
(see fig 8), the shaft was loaded for airscrews G and D to have a different 
frequency and the experiments repeated These additional results are also 
given in Table III, for the purpose of comparison the two sets of resonance 
curves are shown in fig 9 It should be recorded that when each of these 
airscrews was rotated at the speed at which the blade frequency was double 
that of the shaft the noise emitted was so intense, even although the forcing 
impulnnn were very weak, that it was necessary to shut down immediately. 
Similar trouble was not experienced with airscrews A and B, and would not be 

2 K 2 
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expected, since for the range of the experiments the frequency of the blade 
vibrations is never a harmonic of the shaft frequency. 


A' * Airscrew * 5hnft Vibration 
B f « Blade Vibration 


Fburbladcd Airscrew C 

■ft * 9 

Shrft not loaded 
.TKcoratflcal \ 

I Frequency .66/ 



\ SbaFL 
/boded 
!\ Theoretics! 
i i frequency 

-565* 


120 


(24 


126 


132 


136 


140 


144 . 


146 


3 Fburblesctad Airscrew C 


Shaft loaded 
iTheonattcal 
Frequency 
-52 


C 

o 

-g 

J* 

tL. 

& 



? - 

Shaft rob boded 
Theoretical 
Frequency ■ 66 


Frequency. 


12S 


130 


135 


140 


145 


150 


Sixbtaded Air&crew D 


Shrft loaded 



In fig 10 the experimental values of p 2 from Tabla III have been plotted 
against <o 2 These curves show that for each of the blades C and D the fre¬ 
quency can be expressed with good accuracy by the approximate formula of 
R V Southwell and B S Gough,* viz, p» = p 0 * + ««* This linear relation¬ 
ship does not hold for blades A and B, although both sets of results are seen to 
lie on the same curve, the slope of which increases with w* and has a value at 
«*= 1*44 x 10* of 0-86 


* Loc , ett. 
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The agreement of the experimental frequencies for blades A and B shows 
that a change of geometrical pitch-ratio from 0 3 to 0 7 does not appreciably 
influence the frequency of the flexural vibrations. 

The experimental values of p 0 and a obtained from the curves of fig 10 are 
given m Table IV, where comparisons are made with the theoretical values 



Table IV 




Po (• - 0) 


a 



j 

i 

Blade 


Theory 



Ratio of experimental 
and theoretical fre* 
quern ie# at 

Shape 

Kxpt 

E - 1 1 
< 10’ 
lb« per 
sq inch 

E -r 10 

X 10’ 
lbs per 
#q inch 

Kxpt 

Theory * 
Upper 
Limit 

n — 1,200 r p m 
{Average theoretical 
valuoH ol p Q taken ) 

J> 

77 0 

80 5 

76 5 

1 54 

1 60 

0 08 

0 

104 5 

107 0 

102 a 

„ 1 04 

1 55 

0 88 

AaudB 

128 0 

ISO 0 

120 0 

Iff =r 0 80 
at m -120j 

1 30 

0 80 


* Lower limit ii unity 


t Value increase# with « 
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Por blades D and C the experimental values of p 0 lie between those of theory, 
whilst for blades A and B the discrepancy from the average theoretical value 
is only 3 per cent Such close agreement shows that any torsion involved m 
the flexural vibrations* is too small to modify the frequency appreciably. 

Since the blades are symmetrical in plan form, these results confirm the work 
■of A. A Griffith and B Hague,f who have shown that such blades would not 
be expected to twist appreciably under load The agreement between the 
calculated frequency and that measured on the rotating blade D is also quite 
satisfactory The theory of thin rods therefore holds, and any twisting of 
the blade due to the centrifugal force can be neglected 

The agreement is, however, less satisfactory as the weight and width of a 
blade increases If the blades were similar and the end conditions the same, 
both the theoretical and experimental frequencies would be independent of 
the scale This is not the case, since the blades, although similar over the 
greater part of their length, have a common section of large diameter at 
the root Blade D is therefore exceptionally strong at the root and about 
four times lighter 

The frequency of blades A and B would be over-estimated if the flexural 
vibrations were appreciably modified by torsion In view, however, of the 
close agreement of theory and experiment obtained on blade D this is not to 
be expected, especially as these blades are stronger m torsion A possible 
explanation of the low frequencies measured on blades A and B is that the 
assumption of an encastr6 end holds more closely for the thin blade D than 
for the heavier blades In this connection it is of interest to note that whilst 
the shaft vibrations for airscretf D were m good agreement with theory, those 
for airscrews A and B were about 8 per cent low 


(1) The frequencies of the flexural vibrations in the blades and shaft of a 
rotating airscrew have been determined from an analysis of the Bounds emitted. 
A comparison of experimental results with those of theory is given The 
experiments were made on four airscrews of different blade shape, the variables 
of design being width and geometrical pitch. 

(2) The analysis was made with Tucker hot-wire microphones used w 
conjunction with a four-valve amplifier To isolate extraneous noises the 

* Neglected in the theory 

t * Aeronautioal Research Committee, R, & M*, No. 455 1 
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electee motor driving the airscrew was enclosed in a sound-proof chamber, and 
a flexible rubber drive was used between the motor and airscrew shafts 

(3) The sounds of rotation were analysed and found to be compounded of a 
large number of harmonics, having as fundamental a note of frequency equal 
to the product of the number of blades and the rotational speed 

(4) The measured frequencies of the shaft vibrations were found to agree 
very closely with the calculated results, except for a discrepancy of 8 per cent 
obtained on the heaviest airscrew 

(6) The experiments on blade vibration support the approximate formula 
of Southwell and Gough—viz , p 2 =- p 0 2 -f a<o a , where p 0 is the frequency of 
the gravest mode of vibration in the absence of rotation, and a is a constant 
Close agreement between the theoretical and experimental values of both p 0 
and a was obtained on long narrow blades , the agreement was less satisfactory 
for the widest blade of the series 

The writer wishes to acknowledge Ins indebtedness to Mr R V Southwell, 
Superintendent of the Aerodynamics Department, for the suggestion that the 
work should be undertaken, and for the great interest he has shown throughout 
the investigation, to Dr Tucker for assistance received during the initiation 
of the experiments , and to Dr II Lamb for valuable suggestions made during 
the preparation of this paper 
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By T L Ibbb, MO,MSc. 

(Communicated by Prof S W J Smith, F R 8.—Received November 14,1924) 

Introduction 

In a previous paper 1 " an account was given of a senes of expenments demon¬ 
strating the thermal diffusion effectf m mixtures of hydrogen and carbon- 
dioxide The gas mixtures were passed through a separating device 
consisting of a glass tube down the middle of which ran a helix of platinum 
wire heated by a current The gas was drawn off in two streams, one from 
near the hot helix, the other from the cooler outer parts of the tube Analysis 
of the two gas streams by means of a differential katharometer showed that them 
was a tendency for the heavier carbon-dioxide molecules to move towards 
the cold side, and for the lighter hydrogen molecules to move towards the 
hot side, thus producing a difference m the distribution of the components of 
the mixture 

Although the method was useful for showing the effect of vaiying the 
temperature or of altering the proportions of the two gases, it was not suitable 
for measuring the amount of separation produced with the hot and cold sides 
under definite temperature conditions The extremes of temperature only 
were known, and not the actual temperatures of the hot and cold streams of 
gas 

In order to make a more complete investigation of the phenomenon, further 
expenments were undertaken The object of these was to measure the amount 
, of separation produced in mixtures of different pairs of gases under definite 
temperature conditions Such measurements might give information as to the 
influence of different types of molecules on the amount of separation pro¬ 
duced. The continuous flow method previously used was abandoned, and 
preliminary expenments were made with mixtures of hydrogen and carbon- 
dioxide, using the principle employed in the original expenments of Chapman 

* Ibbs, T L, with a note by Chapman, S,' Roy Boo Proo A, vol 99, p 388 (1931) 

t Enskog, D, ‘ Phys Zeit,’vol 12, p 638(1911), 'Ann d Fhys’(4),vol 38, pp 743, 
789(1912), Chapman, S, ‘Roy Soc Proo,’ A, vol 93, p 1(1918), ‘Phil.Trans,’ A, 
vol 217, p 167 (1917), Chapman, 6, and Dootson, F W, * Phil Magvol 33, p 368 
(1917), Chapman, S,‘Phil. Mag,’ vol 34, p 146 (1917), ‘Phil.Mag,’ vol 38, p. 183 
(1919), Enskog, D, ‘ Arkiv f Nat Astron o Fynk,’ Stockholm, XVI (1921), Chapman, 
8 , and Hainsworth, W, ‘Phil Mag,’ vol 48, p 602 (1924) 
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and Dootson Two cylindrical copper vessels, each of about 200 cc 
capacity, were joined by a connecting tube of length 3 0 cm and diameter 
0 6 cm One vessel was heated electrically, and the other kept cool by 
running water In this case, however, a katharometer block was connected 
by a short tube to the cold side, so that changes of composition in the gas 
could be measured directly Although the thermal diffusion effect was dearly 
shown, this method did not appear suitable for obtaining quickly results of 
the required accuracy Many hours elapsed before anything like a steady 
state was reached, and consistent measurements could not be obtained With 
vessels of this size and shape it was difficult to ensure that uniformity w 
composition of the gas throughout the apparatus had been attained at the 
beginning of an experiment. Any want of uniformity, however small, would 
cause serious irregularity in the small changes observed The long time taken 
to roach a settled condition would probably be partly due to the influence of 
water vapour arising from the inside metal surfaces, on the katharometer 
readings 

Owing to the large number of measurements required m the investigation of 
the phenomenon for a pair of gases, it was desirable to devise a form of 
apparatus in which the time for the effect to take place would be short. 

Principle and Method ot Experiment 

The system of experiment used was developed on the following lines. If 
a small cold cell at a steady temperature communicates by a tube with a hot 
vessel of large capacity and both are filled with a uniform gas mixture, the 
effect of thermal diffusion will be to cause a change in composition of the gas 
m the cold cell There will be a tendency for the lighter and smaller molecules 
to leave the cold cell, and for the heavier and larger molecules to enter it. 
This transfer will go on, until it is finally balanced by the effect of ordinary 
diffusion, and a steady state is reached As the capacity of the hot vessel 
is large compared with that of the cold cell, very little change of composition 
will occur on the hot side, and practically the whole effect will be shown in the 
change of composition in the cold cell With a small cold cell the actual 
amount of gas transferred to bring about the change m composition is small, 
and we should therefore expect the time to reach the steady state to be short. 
In the praotioal arrangement of the apparatus the katharometer cell itself, 
with the necessary connections, is made to form the cold oell mentioned above. 
Changes of composition in a small quantity of gas can m this way be accurately 
measured 
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A cylindrical glass vessel A (fig 1) drawn out at each end serves m the hot 
side This is heated electrically, and surrounded by a lagging of plaster-of- 

Pans Through the closed* upper end of A a 
mercury thermometer M passes, which is used 
for measuring the temperature of the gas 
in A A narrow-bore side-tube leading to a 
tap t x is joined to the top of A, and is used 
for passing gas into the apparatus The lower 
end of A narrows into a tube of 0 63 cm 
diameter, and this leads into a brass screw 
cap C This cap is screwed on to the cylin¬ 
drical copjHJT block of the katliarometer K, 
a thin lead washer being employed to keep a 
small clearance space between the cap and 
the top of the block This space com¬ 
municates with the cell r 8 of the katharometer 
by three small holes Free communication is 
thus established between the cell r 2 and the 
remainder of the apparatus The other cell r 1 
of the katharometer is sealed in dry air A 
narrow-bore tube ending in a tap t 2 is joined to 
the screw cap as shown, and is used for passing 
gas out of the apparatus A water-jacket W, 
through which is passed a continuous stream of 
water from the mams, is fixed on the top of the 
screw cap This surrounds the lower part of 

Fjo. 1* — Diagram of Apparatus, the connecting tube, and serves to keep this 
showing katharometer eell part of ^ tube> the 8crew cap , ini the 

ormingparto cot we katharometer block at a steady temperature, 
and particularly serves to shield the katharometer from the effects of 
the hot side The temperature of the water in W gives the cold side 
temperature The actual length of tube between the hot and cold sides is 
about 0*8 cm 

During a series of experiments on a gas mixture m which the temperature of 
the hot side was varied between room temperature and about 300° C, the 
temperature of the cold side would only alter a few degrees 
[It is important to notice that when the katharometer is used for the analysis 
of a gas mixture in a vessel, this instrument and the vessel to which it is con- 
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nected must be at the same temperature, otherwise serious errors will arise 
owing to the effects of thermal diffusion ] 

One katharometer of the standard type was used throughout the experiments. 
I wish to express my thanks to the inventor, Dr. Q A Shakespear, for the 
use of this instrument, and for his willingness to give me the benefit of his wide 
experience with it The instrument is very suitable for use in the gas analysis 
required in these experiments, and particularly for accurate work when dealing 
with small quantities of gas 

The instrument was used for two distinc t purposes during the course of the 
experiments (1) In order to analyse mixtures of two gases with an accuracy 
of about 0 5 per cent (2) In order to measure as accurately as possible the 
small changes m composition produced by thermal diffusion 

The experiments can be divided into five groups, each group referring to 
mixtures in different proportions of a particular pair of gases The different 
pairs were as follows —Hydrogen and carbon-dioxide (Group I), hydrogen 
and nitrogen (Group II), nitrogen and carbon-dioxide (Group III), hydrogen 
and argon (Group IV), helium and argon (Group V) 

The mass ratio between the molecules of the pairb of gases chosen was very 
large, except in the case of mixtures of nitrogen and carbon-dioxide, and we 
should therefore expect the thermal separation to be considerable There is 
also a large difference in the thermal conductivities of the gases making 
up the pairs, which will mean that mixtures will be suitable for katharometnc 
measurement. By choosing molecules of different types there was a possibility 
of obtaining interesting comparisons between the results obtained 

In order to use the instrument for the analysis of gas mixtures, a calibration 
curve is required for each group The curve for hydrogen and carbon dioxide 
used in the previous experiments was again employed, and curves for the 
four remaining groups were constructed. Dr Shakespear very kindly devoted 
some considerable time to assisting me m the preparation of these curves 
For ordinary gas analysis the normal bridge arrangement of the katharometer, 
previously described, was employed A number of mixtures of known 
composition by volume are accurately made up The galvanometer deflection 
produced by each mixture when the open cell r a is exposed to it is noted, and 
thus defleotion-composition curves can be constructed The shape of the 
curves vanes with the pair of gases used, approaching a straight bne in the 
case of mixtures of nitrogen and carbon-dioxide The curve for hydrogen 
and argon shown in fig 2 may be regarded as typical. The composition of 
any mixture of unknown proportions was determined by passing it through 
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the thermal diffusion apparatus without applying the heater, and noting ille¬ 
gal variometer deflection with the normal bridge arrangement mentioned 



Fig 2 —Calibration ourve for Hydrogen and Argon 


above By reference to the calibration curve the percentage composition 
could then be read off 

Although the differences in composition produced by thermal diffusion are 
sufficiently large to be shown with the ordinary katharometer arrangement 
for analysis, it is necessary to make special provision for their accurate 
measurement Before dealing with this method of measurement the general 
procedure employed in the experiments will be described 

A stream of water is passed through the cooler, and the vessel A is heatedi 
until the conditions become steady at the required temperature The gas 
mixture for examination is passed through the apparatus, entering at / t , passing 
downwards through A, then through the connecting tube into the screw cap, 
flowing past the holes leading to the cell r 2 , and leaving through the narrow 
tube and tap ( g The flow of the mixture opposes the tendency for thermal 
separation, and a steady flow can be maintained so that the separating effect 
is overcome, and gas of practically uniform composition fills the whole appa¬ 
ratus It is found that this stream of gas attains the temperature of the 
containing vessel as it passes through The form of apparatus employed, in 
which the gas flushes out each part m turn, assists greatly m enabling a state 
of uniform composition to he reached By having the holes leading to the 
katharometer oell in the line of flow, the gas in the cell r t soon acquires unir 
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iormity of composition with the gas in the stream, by the ordinary process of 
diffusion 

The flow of gas is now stopped, taps t x and t % are closed, and the thermal 
diffusion begins This proceeds at first rapidly, and then more slowly as the 
steady state is approached The actual progress of the effect can be followed 
by observing the movement on a galvanometer scale For all mixtures, 
except those of nitrogen and carbon-dioxide, the change was complete in about 
three minutes The change in mixtures of nitrogen and carbon-dioxide is 
much slower, requiring about fifteen mmutes to complete The effect was 
clearly shown in all the mixtures examined, and in all cases the heavier mole¬ 
cules tended to move towards the cold side of the apparatus 

In the “ Theory of the Katharometer,”* Dr H A Daynes describes two 
ways m which the Wheatstone bridge arrangement can be used The platinum 
spirals in the copper block (one sealed m air the other exposed to the gas of 
variable composition) form two arms of the bridge The other arms of man- 
garnn, outside the block, may be joined by a graduated bridge wire, and the 
point of contact between the arms varied so that the galvanometer gives zero 
reading (Cf fig 2, loc cit ) The other way is to keep the point of contact 
between tbe mangamn arms fixed so that their resistances are equal, and 
read the direct deflection on the galvanometer when a change of resistance 
occurs m one of the platinum arms (r 2 ) of the bridge This arrangement is 
the one used m the system of calibration, and analysis of gas mixtures, already 
^described 

The cbmparatively small differences m composition produced by thermal 
diffusion were measured m these experiments by using a combination of the 
two bridge arrangements When the steady flow of gas mixture is passing 
through the apparatus, thus overcoming the tendency for thermal diffusion 
separation, the slide wire ib moved so that the galvanometer (which is more 
sensitive than the one used for ordinary analysis) is brought to zero When 
the flow is stopped, thermal diffusion occurs, and the change of composition 
of the gas in the cold cell causes the galvanometer to deflect In this way 
very small changes m composition can be accurately measured From the 
elope of the ordinary calibration curves at any point, we can get the change 
in deflection which will be produced by any small change in composition. It 
will be noticed that the change m deflection corresponding to a definite change 
in comjosition vanes with the proportions of the two gases in any mixture 
JEteference to fig 2 shows that this change m deflection is greatest when the 
* 4 Boy. Hoc. Proo A, vol 97 (1920) 
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mixture contains a small proportion of the lighter gas This means that the 
sensitiveness to changes of composition diminishes as the proportion of the 
lighter gas is increased Deflections on the more sensitive galvanometer can 
be expressed m terms of changes m deflection of the ordinary calibration 
galvanometer, and by getting the slope of the calibration curve at a point 
corresponding to any mixture, the change in composition produced by thermal 
diffusion can be obtained 

For example, m a mixture containing 10 per cent hydrogen and 90 per cent, 
argon, a difference of 0 005 per cent could be measured , for a mixture con¬ 
taining 90 per cent hydrogen and 10 per cent argon, a difference of 0 05 per 
cent could be measured About the same sensitiveness is given by other 
mixtures, except those of nitrogen and earlion-dioxide, in which the sensitive¬ 
ness is less 

The volume of the hot side A is 12 • 1 c c It was not practicable to have it 
greater as the quantity of helium available for the experiments was hunted , and 
it is necessary to flush out the apparatus thoroughly before measurements are 
made The volume of the cold side is 1 5 c c or about one-eighth that of the 
hot The actual volume of the katharometer cell is about 0 5cc, the remainder 
of the cold side being made up by the cooled portion of the connecting tube and 
the space inside the metal cap If the volume of the connections to the katharo¬ 
meter cell had been too far reduced, slowness m diffusion would have resulted. 

The flow of the larger moleoules to the cold side is accompanied by an equal 
flow of the lighter molecules from the cold to the hot side This produces a- 
change in composition on the hot side, wluch >s less than the change produced 
on the cold side The total effect is the sum of the change on the cold side, 
and the smaller change on the hot As all the experiments are made at atmos¬ 
pheric pressure, the mass of any particular mixture on the hot side diminishes 
with rue of temperature, which is equivalent to a reduction in the effective 
volume of the hot side This must be taken into account when working out the 
hot side change corresponding to the measured change on the cold As the 
percentage separation is greater on one side than the other there will be a 
small change in the mean composition of the gas in the connecting tube 
The influence of this on the results will be small m the range of temperatures 
employed 

In each group of experiments from five to ten mixtures m different proportions 
were made up for the pair of gases in a cylinder of 2 cubic feet capacity Hus 
provided a good supply of each mixture with uniformity of composition In 
this way one mixture can be examined with the hot ride at a number of different 
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temperatures, enabling the relation between separation and temperature to be 
found About seven such measurements were made on each mixture In 
all, 43 gas mixtures were examined, giving about 300 measurements of thermal 
diffusion 

The change in composition is in all cases stated as a percentage change, t e , 
the difference in percentage composition by volume between the gas on the 
hot and the cold sides The mixtures in each group are numbered in ascending 
order as the proportion of the lighter gas increases 

The results generally have been expressed graphically to avoid giving 
numerous tables of data A typical set of results for one mixture only is given 
m tabulated form (Table A) This will serve as an example of the tables 
drawn up for all mixtures, from which the graphs arc obtained Throughout 
the paper T A represents the absolute temperature of the hot side, and T # the 
absolute temperature of the cold side 


Table A 

Mixture No 5, Group II (Hydrogen-Nitrogen) Composition 32 7 ]>er 
cent H 2 , 67 3 per cent N a Temperature of cold side 11° C 


Temperature of 
Hot Side 

Percentage Separation 

Tj/T S 

Cold Side 

Hot Side 

Total 

°V 

per cent 

per cent 

per cent 


65 

0 66 

0 10 

0 70 

0 063 

106 

1 47 

0 24 

* 1 71 

0 125 

146 | 

1 91 

0 36 

2 26 

0 163 

183 

2 OS 

0 42 

2 60 

0 206 

206 

2 50 

0 63 

3 03 

0 227 

237 

2 83 

0 63 

3 46 

0 264 

274 

2 96 

0 71 

3 67 

0 286 


Each measurement for a mixture is made separately, the apparatus being 
flushed out as described before another measurement is made It is not sufficient 
merely to alter the temperature of the hot side as this would result in change of 
pressure* 

For all mixtures used the total separation is found to be nearly proportional to 
log T^Tj This is in agreement with the prediction of the Enskog-Chapman 
theory For a few mixtures the separation at the higher temperatures increases a 
little more rapidly than log TJT % This small deviation may be apparent 
only, and due to a decrease of the effective volume of the cold side by the heating 
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of the g&B m the connecting tube At the higher temperatures also there u 
greater difficulty in keeping all the experimental conditions steady. The 
general agreement, however, is so close that the most effective way of 
demonstrating the results is by plotting graphs of separation shown against 
log 10 T 1 /T a This has been done for all five groups The cold side temperature 
(shown m the table of mixtures for each group) is throughout kept practically 
stationary Temperature-separation curves are not now shown, as these are 
all of the same form as those previously obtained * 

The mixtures were made from gaseR, as supplied commercially, m cylinders 
under pressure For purposes of thermal diffusion measurement these gases 
can generally be regarded as practically pure Each gas was tested by passing 
it direct from the supply cylinder into the diffusion apparatus, and observing 
if any thermal separation could be obtained For all the gases used except 
helium the effect was very small, and not sufficient to influence the nature of the 
results For helium the effect obtained was equivalent to that which would 
be given by 3 or 4 per cent of argon mixed with the pure gas (The probable 
punty of the cylinder helium is about 97 per cent, with nitrogen as the impurity) 
The results obtained for each pair of gases will be considered separately 

Results 

Group 1 (Hydrogen and Carbon-dioxide) 

The results obtained for this pair of gases in the previous experiments could 
be regarded as comparative only, the extremes of temperature being known, and 
not the actual temperatures of the hot and cold sides It was desirable, 
therefore, to repeat the experiments on this pair using the new form of apparatus 
The mixtures examined are shown m Table I 

Table I 


Mixture No 

Hj 

CO, 

Cold Side Temperature 


per cent 

per cent 

°C 

1 

5 8 

94 2 

17 

2 

11 8 

S3 2 

16 

3 

24 3 


15 

4 

43 8 


15 

5 

52 6 


15 

0 

58 H 


14 

7 

65 0 

35 0 

18 

8 

09 5 

30 5 

17 

9 

SO 5 

19 5 

12 

10 

89 5 

10 n 

12 


* * Roy. Soo. Proo.,’ A, vol. 99, p. 392 
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In hg 3 is shown the relation between separation and log 10 T 1 /T s for mixtures 
Nos 1, 2, 3 and 7 In older to find the effei t of varying the proportion# of the 



Fra 3 —tiioup I—H* and CO a Relation between separation and log, n T 1 /T t for 

mixtures 1,2 1 and 7 


two gases in the mixture the separation corresponding to iog 10 TJTo -- 0 2 is 
measured on the graph for eat h mixture (This w equivalent to raising the hot 
side to alxnit J85° V ) The curve in fig 4 is thus obtained showing the relation 



Percentage of Hydrogen m Mixture 

Flo 4*—H*—00 £ Relation between composition and separation (Log 10 TVT, ** 0 2 ) 

between composition and separation It is rather more symmetrical, but is of 
the same general form as the curves obtained in the previous series of expert- 
vol ovn —a 2 T# 
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ments (fig 7,‘ Royal Soc Proc ,* A, vol 99, p 393) The slight sag shown 
m the part of the old curve for mixtures containing small proportions of 
hydrogen has disappeared, and in this respect the new curve corresponds 
more closely with the curves obtained theoretically by Prof Chapman The 
system of heating now employed is preferable to the old one, with the result 
that greater accuracy may be expected 

As was anticipated, the separations arc greater than those given by corre¬ 
sponding temperatures with the old apparatus The observed values previoutth 
obtained are only about 0 45 of the absolute values now measured 

It is interesting to notice that the separation for a 50 per cent mixture is 
about 0 47 of the amount calculated by Chapman and Hainsworth* for this 
pair of gases, on the assumption that the molecules behave like ngjd elastic 
spheres 

* Group II (Hydrogen and Nitrogen) 

This pair of gases was selected in order that a comparison could be made 
with Group 1, showing the effect of substituting the lighter diatomic nitrogen 
molecules for carbon-dioxide molecules 

The mixtures examined are shown in Table 11 


Table II 


Mixture No 

Hl i 

N, 

| Cold Nide Temperature 


1 per rent 

1 

per oent 

i 

°C 

1 

2 H 

97 2 

13 

2 

4 7 

05 3 

12 

X 

10 7 

S9 3 

10 

4 

25 7 

74 3 

11 

fi 

*12 7 

67 3 

11 

e 

37 4 

62 0 

11 

7 

r»o 5 

40 5 

9 

8 

60 0 

40*0 

11 

9 

Si 7 

15 7 

0 


Fig 5 shows the relation between separation and log 10 Tj/T t for mixtures 
Nos 2, 3, 4, 6 and 7 Fig 6 shows the separation-composition curve for 
Grouj) JI, when log 10 T lt /T a -= 0 2 Comparison with fig 4 shows that the 
curve is more symmetrical than the one for carbon-dioxide and hydrogen. This 
is of interest when we consider that the mass ratio of the molecules has been 
reduced from 22/1 to 14/1 for nitrogen and hydrogen. In spite of this reduction 

* ‘ Phil Mag / Sept,, 1924, “ Kinetic Theory of Viioodty, Conduction, and Diffusion, 0 
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m mass of the heavier molecule, and also a reduction in size,* it will be observed 
that the maximum separation has been slightly increased 



Fir. 5 —Group II — H 2 and N, Relation bitweon separation and U>g 10 Tj/T, 



Fig, 0 —H 8 and N, Relation between composition aud separation (Log i0 Tj/T, **0 2 ) 

Group III (Nitrogen and Carbon-dioxide) 

Owing to the comparatively small mass ratio (8 14/1) of molecules of carbon- 
dioxide a ud nitrogen, we may expect the thermal diffusion effect to be less than 
that obtained m Groups I and II. The results may be valuable for purposes of 

* Of Jeans, ‘ Dynamioai Theory,’ page 827, 3rd edit. 

2 i 2 
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theoretical comparison with Group I, the heavier diatomic gas nitrogen having 
been substituted for the light diatomic gas hydrogen 
The five mixtures examined are shown m Table III 


Table III 


Mixture No 


1 

2 

4 

5 


N, 

CO, 

1 

Cold Side Temperature 

ceul 

por cent 

°C 

J2 tf 

87 4 

12 

26 0 

74 0 

a 

59 4 

40 6 

9 

76 A 

23 5 

11 

88 0 

a 4 

11 


Although the amount of separation and also the sensitiveness of the method 
are both reduced for this pair, the results obtained are sufficiently accurate to 
be dealt with as before 

Fig 7 shows the relation between separation and log 10 Tj/Tj for mixtures 
Nos 3, 4, and 5 Fig 8 shows the relation between composition and separation 




Fig 8 —N, and CO, Rotation composition to separation, as before 


when logio T 1 /T 9 = 0*2 The five points obtained he on a decidedly 
symmetrical curve It will be notioed that the separation obtained for a 
20 per cent mixture of one of the gases is about the same as for a 20 per cent 
mixture of the other This does not occur in any other group examined. 

A point of interest which has already been mentioned u the slowness with 
which the effect takes place for this pair of gases 
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Group IV (Hydrogen and Argon) 

This pair of gases was selected so that a comparison could be made with 
the results obtained for carbon-dioxide and hydrogen, the mass ratio of the 
molecules in the two cases being nearly the same (reduoed from 22/1 to 19 9/1) 
The ten mixtures examined are shown m Table IV 

Table IV 


Mixture No 


H s 


I 


A | Cold Sido Tempeiatuie 



t 

pci tent 

per oonl 

/1 

1 

e o 

94 0 

16 

l 

11 0 

HO 0 


I 

is i 

8.1 0 

16 

4 1 

25 7 

74 \ 

1 > 

r » 

15 r > 

64 5 


6 

52 S 

47 2 * 

li 

7 

(>3 7 

36 1 

11 

S 

7 \ 5 

26 5 

| % 

ft 

85 0 

16 0 

1 t 

10 

02 2 

7 8 

15 


Pig 9 shows the relation between separation and log 30 r l\/T 2 for mixtures 
Nos, ], 2, 3, 8* and 9 Pig 10 shows the relation between composition and 



separation when log 10 Tj/T g = 0*2, This curve is of the same shape, but is 
a little more symmetrical than the one obtained for carbon-dioxide and 
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hydrogen, and the maximum amount of separation is about the same The 
small argon molecule is thus as effective as the bigger carbon-dioxide molecule 



Fig 10 —H| and A Relation composition to separation, as before 


Group V {Helium and Argon) 

It was important to obtain measurements on a pair of monatomic gases 
Argon and helium, with a molecular mass ratio of 9 8/1. were selected as 
most suitable for the purpose I am indebted to Prof J C McLennan, through 
Dr Shakespear, for supplying the helium used in the experiments 
The mixtures examined are shown in Table V Mixtures containing more 
than 71 per cent of helium were not made, as the supply of the gas available 
for these experiments was limited The nature of the effect however, is well 
shown 

Table V 


Mixture No 

Ho 

A 

Cold Side Temperature 


per oent 

1 

per cent 

°C. 

1 

3 3 

96 7 

17 

2 

5 8 

94 2 

19 

.1 

11 2 

88 8 

19 

4 

18 fi 

81 5 

17 

6 

27 7 

72 S 

18 

a 

38 1 

til 9 

IS 

!■* 

1 

48 8 

51 2 

18 

8 

57 0 

43 0 

17 

9 

70 8 

29*2 

17 


In fig 11 is shown the relation between separation and log 10 T t /T a for 
mixtures Nos 1,3,4, 6, and 9. Fig 12 shows the relation between composition 
and separation when log u T 1 /T ( *= 0 2. 

It ib interesting to observe that tins monatomic pair gives the greatest 
separation obtained in the experiment® Mixture No. 9 (70*8 per oent. helium 
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and 29 <2 per cent argon) gives a separation of 4 5 per cent when log 10 
Tj/Tj =02 The separation for a 50 per cent mixture is 0 64 of the amount 




Fto 12 —He and A Relation composition and separation, as More 

calculated by Chapman and Hamswoith for these gases, on the assumption 
that the moleoulea behave as rigid elastic spheres, 

In fig 12 the percentage of helium shown is that of the gas, together with the 
small amount of impurity. The separation shown for 100 per cent helium 
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is the proportional effect due to the impurity, and the completed curve for 
the mixtures would pass through this point. After allowance has been made 
for the uupunty, the maximum separation is still given with a greater propor¬ 
tion of the lighter gas in the mixture (in the neighbourhood of 65 ner cent) 
than for any other group 

The results as expressed in the composition-separation diagrams Nos 4, 6, 
8, and 10, show the general influence of the mass ratio of the molecules on 
the symmetry of the curves No 12, for helium-argon, suggests that the mass 
ratio may not be the only determnung factor, and that the shape may be 
influenced to some extent by the nature of the molecules 

The insults of this paper were communicated before publication to 
l*i of 8 Chapman, who, with Mi W Hamsw'ortb is pie paring a discussion 
of thou bearing on the question of the mteimoleculai fields 


Ovrt'VoUttf/e and Tiansfer Itenutanw 
By Kduah Njswbkbv, D Sc , FIC , University of Cape Town 

(Communicated bv l’iof Sir E Kutherfoid, K It 8 —Received November 25, IU1M ) 

[I’latxs 9-11J 

Introductory —During the last ten years there has been much controversy 
as to the correct method of measuring the overvoltage of an electrode in an 
electrolytic cell One body of workers considers that it should be measured 
during the passage of current through the cell, whereas another maintains that 
the current should be interrupted by means of a rotating commutator or si milar 
device before the electrode in question is connected to the potentiometer or 
other measuring instrument 

The question is one of considerable importance, as the results obtained by 
the two methods differ widely in magnitude and behaviour, and no theory 
of overvoltage can be generally accepted until this controversy is settled 

The vital point at issue may be shortly stated thus *—(e) Is the total oppo¬ 
sition to the passage of current from electrode to electrolyte due to an active 
back electromotive force * or (6) Is a part of this opposition due to a passive 
resistance 1 In other words, is the whole of the fall of potential from electrode 
to electrolyte reversible, or is a part of it irreversible f 
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Overvoltage and Transfer Resistance. 

Our definition of the term “ overvoltage ” must rest upon a satisfactory 
answer to these questions, for if ( b) is answered m the affirmative, it is quite 
as incorrect to speak of the irreversible ]iart as a voltage as it is to speak of 
the voltage of a resistance roil 

Possible Methods of Attack —The authoi has felt for some years that the 
above question can be satisfactorily answered only by tracing out the complete 
time-potential curve of an electrode when the existing current is made and 
broken To do this perfectly, an oscillograph having infinite resistance, 
infinite frequency, and a sensitivity of not less than 1 cm per volt, would be 
required The Duddell oscillograph has a very high frequenry and sensitivity, 
but the resistance is usually less than 10 ohms Hence, from a small electrode 
so much current would be taken that the true single potential would not lie 
indicated The string electrometer has high resistance and high sensitivity, 
but its frequency is of the order of 200 per second As the total penod of the 
make-and-break of the current is sometimes l/100th second, such an instrument 
would be quite unsuitable The cathode ray oscillograph has nearly infinite 
frequency and is almost electrostatic in action, but the sensitivity of the 
common types is about 1 cm per 100 volts The more recent types of cathode 
ray tubes, in which the electrons are expelled from a heated filament and 
directed on to a screen with the aid of moderate voltages (200 to 600), show a 
much higher sensitivity, but the best of these only give 1 mm deflection for 
1 volt It is possible, however, with the aid of thermionic valves, to amplify 
the electromotive force given by the experimental cell, and it was finally 
decided to proceed along these lmes 

This work was hampered for three years by lack of funds and much tunc 
wasted by the author attempting to produce home-made tubes, but a generous 
grant from the Royal Society overcame this difficulty 

Experimental —The apparatus used is somewhat complicated in appearance, 
involving no less than eight independent electric circuits The oscillograph 
used was the Johnson cathode ray tube,* which requires a directing potential 
of 260-400 volts and has a maximum sensitivity of 1 mm per volt The rays 
ate emitted by a small Wehnelt cathode, and the beam, after passing through 
a small platinum tube which forms the anode, is prevented from spreading 
by the presence of a small quantity of argon, which gives rise to heavy positive 
ions m the body of the tube The connections of the oscillograph itself ate 
shown in fig. 1, but the second pair of dofleoting plates was not used m this 
work, and was therefore short-circuited and connected to earth 


* 4 J Opt Hoc Amer\ol 6, No 7 (1922). 
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The general arrangement of the apparatus is shown in fig 2 The mein 
battery B lf 12 volts, is connected directly to two rheostats of 35 ohm and 



Jfio 1 —Cathode ray oscillograph Diagram of connections 

8 5 ohm respectively, and any desired voltage from 0 to 12 may be tapped off 
from the sliding connections to these rheostats. The current then passes 
through a 3-scale milhammeter MA and a rotating contact breaker CB to the 
experimental cell C, which consists of a rectangular plate-glass cell 10 cm. high, 
6 cm wide, and 1 cm thick (internal measurements). The cathodes used were 
generally m the form of plates 1 cm. wide, and consequently the jet of the 
standard mercurous sulphate electrode, when placed behind the cathode, was 
outside the field of current flow between anode and cathode. The contact 
breaker was divided into four equal sections and was rotated uniformly at 
200 revolutions per minute Hence the current was made and broken for 
equal intervals of 0 075 second 

The experimental cathode and the standard electrode were connected through 
the switch S, to the filament and grid of a thermionic valve V By reversing 
8* a known potential difference from the potentiometer P could be applied to 
the terminals of the same valve The filament and plate of this valve were 
connected through a high resistance R* (150,000 ohms) to a battery B 4 of 30 dry 
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cells, 45 volts, and the terminals of K 4 connected directly to the deflecting plates 
of the oscillograph 0 Thu dim ting potential for the cathode rays between 
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the Wehnelt cathode and the platinum tube was applied from the high-tension 
battery B a (275 volts) through the resistance R* (60,000 ohms) 

With this arrangement a difference of potential of 1 volt between the experi¬ 
mental cathode and the standard eleotrode gave a deflection of about 1 cm, 
depending partly upon the current passed through the valve filament As the 
potential of the cathode varied, the spot of light traced out a vertical line on the 
oscillograph screen In order to draw out this line into a curve various arrange 
ments were tried—rotating or vibrating mirrors, moving photographic plates 
etc. —but the one finally adopted is shown in the figure 
Two solenoids S were fixed above and below the oscillograph tube parallel 
with the deflecting plates * These solenoids were connected to a 2-volt accumu¬ 
lator B, through the resistance R, This resistance consisted of a platinum 
wire 0 2 mm. thick fitted on the ciroumference of a 3'5-inch ebonite disc 
rotating on the same axle as the contact breaker CB One end of this wire was 

* In the figure, for the sake of clearness, these plates are shown at right angles to their 
real portion. 
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pinned to the ebonite, and the other end connected by a strip of copper to a 
continuous brass ring on the same axle, the distance between the ends being 
about 1 mm Contact with the wire was made by means of a small platinum 
brush, made of a number of bits of tlnn platinum foil soldered to the end of a 
piece of watch spring This arrangement has therefore the effect of drawing 
the oscillograph spot with fairly uniform velocity horizontally across the screen, 
together with a flyback action which is practically instantaneous Since the 
rotation of the resistance is alwavs in phase with that of the contact breaker, 
the pattern described on the screen will be exactly repeated as long bb the 
periodic changes of potential of the experimental cathode remain the same 

This arrangement for recording the single potential of the cathode is not 
perfectly electrostatic as it should be under ideal conditions, but it is nearly so 
The current passing between the i uthode and the standard electrode is usually 
only a fraction of a inic ro-ampore, and even under extieinc conditions—very 
high current density and high filament current—it does not exceed 10 micro¬ 
amperes, and the large surface of the standard electrode used may, therefore, 
be relied upon to maintain a constant single potential 

The photographs (Plates 9 11) were taken with an ordinary J-plate stand 
camera, using two 2-mch diameter quartz lenses and Barnet orthochromatic 
plates The cathodes used were copper, silver, zinc, cadmium, mercury, 
thallium, graphite, lead, chromium, nickel, and platinum, all of approximately 
1 square centimetre area 

The plates were exposed for .‘50 seconds to the curve-tracing spot of light 
and then the switch S a was reversed and the potentiometer adjusted in three 
positions, giving 0 0, 0 9, and 1 8 volts respectively, and. the plates exposed 
for 10 seconds with each position, the solenoid circuit BfBr being out out The 
three spots thus marked on each plate enable an estimate of the single potential 
of the cathode to be made within 0 1 volt Since the electrolyte used was 
NHjS 0 4 in all cases, and the potential difference between a hydrogen and a 
mercurous sulphate electrode in this liquid is 0*7 volt, overvoltages at any 
mBtant may be measured by the height of a point on the ourve above a horizontal 
line representing 0 7 volt 

The current density employed in most oases was 0 1 ampere per square 
centimetre, with an applied E M F of about 4 volts. Where other current 
densities were employed, the fact is definitely stated 

Dtseusston of Results —Inspection of the photographs reproduced will at 
once show that the nature of the curves obtained vanes greatly with the 
cathode material. The factors which have been previously shown to have an 
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effect on overvoltage also have an influence upon the curves, but it was also 
observed that whereas the relative positions of the upper and lower portions 
of the curves were chiefly affected by the nature of the cathode and the current 
density, the shape of the lower portions was more affected by time and by the 
previous history of the electrode This change of shape with time is veiy 
marked with certain electrodes, notably lead and mercury, and renders it 
difficult to obtain clear photographs in the 30 seconds required for 
exposure 

One point is brought out quite clearly by all the photographs, and that is 
the large instantaneous drop of potential when the mam current is interrupted 
In some cases this amounts to nearly 2 volts, and the least value observed with 
0 1 ampere per square centimetre is 0 5 volt This instantaneous change of 
potential must be due to an irreversible resistance effect between the cathode 
and the electrolyte The question stated in the introduction as the mam 
object of this work may therefore be definitely answered —the total opposition 
to the passage of a current from electrode to electrolyte is made up of two distinct 
parts, one reversible (true overvoltage) and the other irreversible (transfer 
resistance) 

Attempts to measure overvoltages without the use of a commutator will, 
therefore, lead to errors of at least 0 5 volt, and possibly 2 volts, when the 
current density is 0 1 ampere per square centimetre At this current density, 
therefore, the transfer resistance is from 5 to 20 ohms per square centimetre 
At higher current densities the transfer resistance is lower, although the 
instantaneous voltage drop is greater At very low current densities it may 
rise to high values, the greatest so far observed with this apparatus being 
100 ohms per square centimetre at a mercury electrode with a current of 
0*001 ampere per square centimetre The condition of the electrode surface 
also is an important factor in determining the magnitude of the transfer 
resistance, rough surfaces showing lower values than pobsbed surfaces, but thu 
whole question needs further investigation, and work along these lines is now 
being carried out 

Overvoltage Measurements —It has already been stated that the overvoltage 
of the electrode at any instant after the current has been interrupted may be 
found by measuring the distance between a point on the corresponding part 
of the curve and a horizontal line representing 0 7 volt above the zero lme, 
and comparing this distance with that between the points at the left of the 
photographs representing 0*0, 0*9 and 1 8 volts The true overvoltage while 
the current is flowing will therefore be represented by the distance between 
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the line representing 0 7 volt and the highest point on the lower portion of 
the curve 

In most cases the measurement of this distance presents no difficulty Thus 
in the case of zinc and chromium the lower portions of the curves are horizontal 
straight lines and measurements may be taken from any portion In the case 
of copper, silver, graphite, nickel, and platinum, the extremities of the tumed-up 
ends of the curves are definite and clearly marked On the other hand, with 
thallium, lead, and mercury these extremities are in many caseB indistinct 
in the photographs, and if we had nothing else to rely upon, there might be 
some justification for contending that the curves are really continuous. This 
indistinctness is, however, much more marked m the photographs, which 
represent about 100 tracings superimposed on each other, than appears when the 
curves are viewed with the eye on the screen itself To an eye rested for 10 
minutes m the dark room the upper ends of the lower curves appear perfectly 
sharp and removed by a very definite gap from the upper curves, but at the 
same time the spot is moving more rapidly while these upper ends are being 
traced out The indistinctness is therefore due t»o underexposure of the upper 
part of the lower curves and not to continuity of the curves 

Some idea of the effect of time may be obtained by comparing figs “ n ” 
and “ o ” for lead , or “ s " and “ t ” for mercury In each case there appears 
to be a tendency for the lower sections of the curves to assume angular forms, 
the upper part of each section becoming less marked , but it is remarkable 
that although the shape of the curve changes, and also the position of the lowest 
portion of the curves, yet the position of the tip of the lower portion (from 
which the overvoltage is measured) is very little changed by time or current 
density This result appears to indicate that the effectB of time and current 
density upon overvoltage have been somewhat overestimated On the other 
hand, transfer resistance, which largely determines the position of the upper 
sections of the curves, is greatly affected by both of these factors, tho thickening 
of these sections in the photographs being due to the time effect There is, 
however, insufficient data at present to draw very definite conclusions as to 
the general behaviour 

Comparison of these Results tvtih those Obtained by Other Methods .—The 
author has previously* attempted to obtain reliable values for the hydrogen 
overvoltage of various cathodes by using the usual commutator method, and 
varying the speed of the commutator By extrapolating to infinite commutator 
speed, values were obtained in most cases which were considered to be very 
* ‘ J* Chem, 8oc.,’ vol 12], p 7 (1022), and voI 125. p 511 (1924). 
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near those existing while the current was flowing. The reliability of this 
method may be estimated from the following table 


('urrent density 0 1 ampere per square centimetre. 


Metal 

Overvoltage by 
Om illogrtiph 

Overvoltage by 
Variable 
Commutator 

Coppoi 

0 r > 

0 $7 rising 

Silver 

0 1 

0 M) 

Zme 

0 7 

0 70 

Cadmium 

0 7 

0 57 rising 

Mercury 

0 7 

(0 HZ) 

Graphite 

0 7 

0 52 

Lead 

0 9 to 1 0 

0 50 rising 

Chromium 

0 4 

O 41 

Nickel 

0 4 

0 22 rising 

Platinum 


0 07 


With copper cadmium, lead, and mcknl the commutator rotating at 1 500 
revolutions per minute gives low results, but also indicates the fact that these 
results are low The results obtained with graphite and platinum probably 
owe their differences to the electrodes showing different overvoltages in the 
two experiments, due to variations m the nature of the surfaces and previous 
history of the electrodes The values for men ury are not strictly comparable, 
as that given in brackets was obtained at a lower current density 

It is evident, therefore, that although the commutator method as described 
gives reliable results m some cases a maximum frequency of 1.500 per minute 
is too low, and some arrangement similar to that described by Glasstone* 
(which would reduce the time during which no current is flowing, and the 
potential measurement is taken to 0 001 second or less) would appear to be 
desirable for general work 

The Theory of Overvoltage —As the result of work on this subject extending 
over the last ten years, the author has suggested that cathodic overvoltage is 
due to the presence of solid solutions of metallic hydrides in the electrode 
surface 

Although no Bingle phenomenon has yet been found which is definitely 
inconsistent with this theory, so many workers have objected to the hypothesis 
of hydride formation (which at present appears to be not adapted to direct 
* ‘ J. Cbero Soc/vol 123 p. 2327 (1023). 
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proof) that the author began this work to a certain extent prejudiced against 
his own theory, and determined to study critically any phenomena which 
could possibly discredit it In spite of this attitude of mind, the whole of the 
evidence obtained appears to be entirely m favour of the above theory, and this 
is particularly the case with the remarkable curves shown m fig “p ” The two 
upper sections of these curves were obtained m the ostial way with a lead 
cathode, and arc almost identical with hg “ v ” The tune of exposure was 
30 seconds Then wit limn touching any other part of the apparatus, the Bwitch 
Sj. was turned off and the exposure continued for a further 46 seconds For 
about l p > seconds the spot described a nearly straight horizontal line and then 
rapidly fell and described the lowest set of curves, of which the summits repre¬ 
sent the potential of a hydrogen electrode 
It will be seen from the diagram (fig. 2) that cutting off Si allows the experi¬ 
mental cathode and anode (which was about four times the area of the cathode) 
to discharge periodically throagh the resistant c R 1 via the contact breaker CB, 
whilst the variations of single potential of the cathode are registered by the 
oscillograph If wc now assume the formation of a solid solution of the hydride, 
the explanation of these curves is simple The middle section indicates the 
gradual disappearance of the hydride phase with production of current, the 
single potential remaining constant. The comparatively long time required 
for this disappearance is due to the slow diffusion of the deeplyimbedded hydride, 
or, what is practically the same thing, the comparative stability of the solid 
solution 

The current given by a charged cathode under these conditions is peculiar. 
If a very large-surfaced standard electrode is connected with the small experi¬ 
mental cathode through a micro-ammeter immediately after breaking the mam 
(imut, the current registered by the micro-ammeter is mainly determined by 
the rate of diffusion of the hydride and is almost unchanged by the introduction 
of resistances up to 10,000 ohms or more, an apparent exception to Ohm’s Law. 

When all the hydride has been used up, the cathode behaves as a hydrogen 
electrode from which current is being taken periodically at a greater rate thap 
can be compensated by the solution of more hydrogen m the metal 
At the end of the experiment bubbles of hydrogen were still dinging to the 
cathode. Other dectrodes give similar curves, so that this is not a property of 
ead alone After all the hydrogen bubbles have disappeared, the lowest curve 
tains the form of a horizontal straight lute, as would be expected Farther 
investigation of these curves u in progress. 

It is extremely difficult, if not impossible, to explain these phenomena by 
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' means of any theory other than the hydride theory. The ohangee m the shapes 
of the curves with tune may also be explained on the basis of the hydnde 
theory Lead and mercury show at least two distinct overvoltages, and there¬ 
fore each forms at least two compounds. At a current density of 0 1 ampere 
per square centimetre the overvoltage of lead aB measured by the commutator 
method tends to fall with time Under similar conditions the overvoltage of 
mercury tends to rise. Comparison of fig. “ n " with fig “ o" shows that 
under these conditions the lower overvoltage compound of lead is produced 
more freely than the higher, and the electrode surface is saturated with the 
former compound in a comparatively short time, whereas the higher over¬ 
voltage compound is probably only formed m traces on the outer surface 
Comparison of figs. “ s ” and “ t ” shows that under similar conditions the 
higher overvoltage compound of mercury is formed in such quantity that the 
potential of the lower ceases to exert any appreciable influence. 

Summary. 

The variations of the single potentials of a cathode during make and break 
of the current have been followed with the aid of a cathode ray oscillograph and 
a thermionic valve. 

The results prove conclusively that transfer resistance is a real quantity, of 
anything but negligible dimensions, rising at least to 100 ohms per square 
centimetre under certain conditions 

Transfer resistance decreases with increasing current density, but its behaviour 
at very high and very low current densities has not yet been investigated 

The direct method of measuring overvoltage cannot be rebed upon under 
any circumstances, as it includes not only the true overvoltage, but also the fall 
of potential across the variable transfer resistance 

The commutator method of measuring overvoltage gives reliable values, if 
the results obtained with varying commutator speed are extrapolated to infinite 
speed, but with certain oathodes it is necessary to obtain speeds at least equiva¬ 
lent to 1,000 per second in order to carry out satisfactory extrapolation 

All the phenomena observed are readily explainable on the hydnde theory 
of overvoltage 

In conclusion, the author wishes to express his gratitude to the Royal Society 
for the grant which enabled him to purchase the oscillograph, and to 
Hr. B. Schonland for assistance and suggestions in connection with the 
thermkmic valve. 

9 * 
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The Magnetic Properties of Iron Crystals . 

By W L Webster, B A, 1851 Research Student of the University of Toronto 

(Communicated by Prof Sir E Rutherford, F R S —Received Deoember 5,1924 ) 

§ 1 Introduction 

Comparatively little work has bo far been done on the magnetic properties of 
ferro-magnetic crystals, and it haB been confined to substances for which the 
saturation value of the intensity of magnetisation is small P Weiss, the 
chief worker in this field, did experiments on pyrrhotine, which has a saturation 
value of 47 absolute units It is found that, for these crystals, the direction of 
the magnetisation does not, m general, comcide with the direction of the applied 
field To account for this deviation, Weiss postulates a “ molecular field ” 
due to the mutual action of the molecules of the crystal He finds that this 
molecular field has components along the crystallographic axes, and that for any 
axis the component of the molecular field is proportional to the component of 
the magnetisation along that axis The proportionality factor may vary for 
different axes Weiss calculates values for the molecular field, which would 
account for the deviation of the magnetisation from the applied field, and finds 
values of the order of 100,000 gauss 

It is obviously important to verify the extension of this theory to crystals of 
iron, which has a much larger saturation value for the magnetisation (about 
1,600 abs units) We have been able to obtain through Miss Elam, of the 
Imperial College of Science, some crystals of iron large enough for the purpose 
of the investigation 

It is to be noticed that, as iron haB a cubic structure, the proportionality 
factor must be the same for all the axes, and therefore that the component of 
the molecular field along any axis cannot be simply proportional to the magneti¬ 
sation along that axis For then the resultant molecular field would be m the 
direction of the magnetisation and could produce no deviation (See § 8.) 

§ 2 Method of Investigation 

A thin disc is cut out of the crystal, its plane being parallel to one of the 
(1,0,0) planes of the crystal The diameter of the disc is about 4 mm and the 
thickness about 0 4 mm It is important to make the disc thin, in order to 
reduce the demagnetising field as far as possible. 

It is necessary to measure, for different values of the applied field, the direction 
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and magnitude of the intensity of magnetisation, as the direction of the applied 
field vanes in the crystal 

The measurement of the magnetisation ib divided into two parts 

(a) The measurement of the component of the magnetisation parallel to 
the magnetising field 

(b) The measurement of the component perpendicular to the field 

The methods used in both cases are essentially the same as those used by 
Weiss (‘Journal de Physique,' vol 4, p 469 (1905), vol 6, p 655 (1907)) 
The couple exerted by a magnetic held H, on a body uniformly magnetised with 
an intensity J, is given by 

C = HI sin ^ v, 

where v is the volume of the magnetised body, and <f> is the angle between the 
directions of H and I 

In our experiments, C is measured by balancing it against the couple of a 
torsion fibre H and v were known, so that I sin <j> could be determined This 
gives the component of the intensity of magnetisation perpendicular to the 
applied field The method for determining the parallel component will be 
considered below See § 4 

§ 3 Apparatus 

The apparatus used consists of an electro-magnet, torsion-head suspension 
system, and the case containing the suspension The electro-magnet was 
quite large Using pole pieces, with face area of about 30 sq cm, and a separa¬ 
tion of 1 • 6 cm, fields up to 9000 gauss could easily be obtained The field was 
found to be quite uniform, and was measured with a ballistic galvanometer. 
The current was taken from a battery of accumulators, but, as these were not 
independent, was found to vary appreciably This made an accurate valuation 
of the field difficult The magnet is mounted on a strong turn-table, so that it 
is capable of rotation about a vertical line midway between the pole faces. 

The assembly of the torsion-head and suspension is Bhown in fig 1 The 
central rod of the torsion head ib threaded, and by means of two lock-nuts 
may be adjusted to any height This is desirable as the length of the torsion 
fibre or of the suspension may be varied A pointer was provided for use 
with a circular scale graduated in degrees But it was more accurate to 
measure the angle of torsion by a scale and mirror combination A small 
plane mirror was fixed on to the torsion head, and through it a metre scale 
could be viewed with a telescope. The scale-mirror distance was 240*4 cm, 
and the angles could be read to less than a minute The central rod earned 

2 M 2 
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at its lower end a small brass spring, which protected the toman fibres from 
shocks during the adjustment. 

The suspension system consists of a long straight piece of brass wire. At 



the upper end this carries a galvanometer mirror, and a pair of arms which 
dip into an annular trough, containing light oil, and earned by the case This 
provides damping for the system To overcome the attraction of the pole* 
pieces on the iron disc, a heavy brass weight was attached to the lower end 
of the suspension For very strong fields it was better to hold the lower end 
by a second torsion fibre, held down by the casing tube The crystal container, 
earned in the middle of the suspension, differs for the measurement of the two 
components The two forms are shown in % 1 For the parallel component 
the disc is carried with its plane vertical, on a rotatable spindle, at the other 
end of which is a brass disc carrying a scale graduated in 10-degree divisions. 
For the perpendicular component, the disc is earned with its plane horaontal, 
inside a brass cup The disc is fastened in place with a trace of bees-wax. 
Care was taken to have the disc on the axis of the rod 
When measuring the component perpendicular to the field, the suspension 
was found to have positions of instability, the cause of which will be considered 
later To take readings in this region it is necessary to reduce the free motion 
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of the suspension to 4 or 5 degrees. This is done by attaching a horizontal 
pointer to the suspension, and limiting its motion by stops fixed to the case 

(fig 1) 

Torsion fibres of phosphor-bronze were used Wires with a diameter of 
0*008 inches, and about 1 cm in length, were generally convenient It is 
convenient to hold the fibre in small brass clamps, into which the suspension 
may be screwed. It is then possible to interchange the two suspensions or, 
by attaching a bob of known inertia, to find the torsion constant of the fibre 
in position 

The torsion-head is fastened to a strong support fixed firmly to a stone 
bench, and its position is adjusted so that the axis of the tomon-head and of 
the suspension coincides with that of the magnet. 


§ 4 Procedure 

The torsion constant of the fibre having been found, the suspension is 
assembled and the disc put in place The system ib then adjusted till the disc- 
container is in the middle of the magnetic field. The torsion head is put m 
its zero position, and the zero position of the suspension (m the absence of ■a 
magnetic field) is noted This is done by using the galvanometer minor 
on the suspension, with a lamp and a scale, distant about 2 5 metres It can 
be fixed m less than a minute 

Now, if we are measuring the parallel component, we apply the magnetic 
field and rotate the spindle through about 40 degrees, so that the disc is in 
position for the first reading. then rotate the magnet till the suspension is 
m its zero position This gives the zero position of the magnet, and we assume 
that the magnetic field is then parallel to the plane of the disc The magnet 
is rotated through an angle of about 5 degrees, and the rotation of the 
torsion-head, which is required to return the suspension to its zero position, is 
noted The spindle, bearing the disc, is then turned through about 10 degrees, 
and the process repeated. The zero position of the magnet must be found for 
each position of the disc, as there may be a slight wobble in the spindle And, 
as the 5° rotation of the magnet must be repeated exactly, it is measured 
by means of a lamp, mirror and scale, which is calibrated by comparison with 
a circular degree scale on the magnet. The angle may then be repeated to 
about 1 minute The desired senes of readings may thus be obtained for any 
particular field strength. 

Now let I' represent the projection of the magnetisation in the horizontal 
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plane (and this is the parallel component we wish to measure). Then we have 
directly, 

r o 

H. t> sm 5° ’ 

In deriving this formula, we assume that the demagnetising coefficient for the 
direction perpendicular to the plane of the disc is so large that the direction 
of magnetisation remains in the plane of the disc This is not the case, but we 
shall correct for this below 

If we are measuring the component of the magnetisation perpendicular to 
the field, we find, as before, the zero position of the suspension with no magnetic 
field. We then apply the magnetic field, and rotate the magnet through about 
50 degrees to the position for the first readmg For this position of the magnet 
we measure the rotation of the torsion-head required to return the suspension 
to its zero position We then apply our original formula (§ 2), and have, 

T . C 
I vnj= g— 

giving the required component. We now rotate the magnet, in the same direc¬ 
tion as before, through about 5 degrees, and repeat the readings 

In the region of instability, we find it impossible to hold the suspension in 
its zero position by adjusting the torsion head When we attempt to bring 
the suspension back to its zero position, it suddenly flies beyond it. As will 
be seen later, this instability is not due to instability m the crystal, but is a 
result of the method used. We may get nd of it by using heavier torsion 
fibres 

It is necessary to be able to refer the results to a known direction m the 
crystal disc A fine line is scratched on the disc, and its direction relative to 
the suspension is noted when the disc is put in place. The direction of the 
magnetic field when parallel to the scratch may be determined to 4 or 5 degrees. 

§ 5 Results. 

Two crystal discs have been examined, we shall refer to them as disos 
A and B 

A —This disc was out from a large crystal obtained from a Mast furnace 
Three (1,0,0) crystal faces were present, and the disc was out from one of 
them The dimensions of the disc are:— 

Diameter (c) = 4*74 mm. Thickness (a) = 0*869 *nm. Volume (v) 

= 0*00650 o.o. 
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The demagnetising coefficient (D) = w* (o/c) — 0 771. (Maxwell, * Elect, 
and Mag vol 2, p. 65) 

B.—The crystal from which this diso was cat was produced by Edwards, 
of Swansea University. The axes were determined by X-ray analysis, and the 
disc cat oat parallel to a (1, 0, 0) plane This was done to within 1 or 2 degrees 
The dimensio ns of thu disc are — 

Diameter = 4-10 mm Thickness = 0 305 mm 
Volume = 0*00375 c c 

The demagnetising coefficient =0*734 The results are quite similar for both 
discs 

§ 6. Magnetisation Parallel to the Field 

We measure thu component of the magnetisation for different field 
strengths, and plot the I-H curve Thu u shown in graph 1, curve A The 
curve rues sharply to a maximum, and then falls off linearly. This falling- 
off u due to the presence of a component of magnetisation perpendicular to 
the plane of the disc To correot for thu, we draw B' with the same slope 
as the decreasing part of A We add the ordinate values of B' to A, and 
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obtain the corrected curve B Thu curve gives die true saturation value of 
the magnetisation We may also correct the curve for the demagnetisation 
field by subtracting the abscissa values of O' from the curve B The dope of 
O' u given by the demagnetising coefficient, I/Hd = 1/D. Thu gives the 
true I-H curve C The saturation value of the magnetisation u found to be 
the same for both dues, and equals 1620 abs units Saturation occurs at 
about H = 1000 gauss, and we have then 

B = 21,200 abs units 

The demagnetising force is then equal to 1190 gauss for disc B 

No variation in the magnetisation, for a given field strength, could be detected 
except m the region just below saturation (from H = 1000 gauss to H = 1800 
gauss). Here, as the magnetic field changes direction with regard to the due, 
the magnetisation vanes regularly with a period of 90 degrees. (See graph 2.) 
The maximum values occur when the field u parallel to one of the 
crystallographic axes in the plane of the disc. The value plotted on the 1-H 
curve is the average over a penod But as our calculations are earned out for 
fields giving approximately saturation, this variation does not enter into them 

§ 7 Magnetisation Perpendicular to the Field. 

The variation of this component is shown in graph 2, for H = 2320 gauss; 
the variation of the parallel component for the same onentations u shown for 
H = 1460, and H = 1160 gauss. The perpendicular component also has a 
penod of 90 degrees, but its value u zero when the magnetic field u parallel 
to one of the crystallographic axes In the graph the field u parallel to one 
of the axes, for the onentations 0, 90, 180 degrees. The component u also 
zero for onentations midway between the axes The regions of instability 
mentioned above occur for orientations about 10 degrees on either side of this 
position. 

In fig. 2, let X and Y represent the crystal axes in the plane of the duo 
Suppose the field H to be applied m a direction about 40 degrees from the axu 
of X, so that it u m the region of instability, then the direction of the magnetisa¬ 
tion will be between H and X, and will he two or three degrees from H. The 
suspension will then turn in an anti-clockwue direction. To restore the 
suspension to its zero position, the torsion head must be moved in a clockwise 
direction But as we bring the suspension back, the magnetisation perpen¬ 
dicular to the field decreases, thus decreasing the magnetic couple. The 
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torsion couple then becomes predominant, and forces the suspension beyond its 
tero position 




In graph 8 we give the ourves for the perpendicular component for different 
geld strengths. In this diagram the direction 0 represents one of the crystal 
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axes. The symmetry is seen to be quite good, showing that the crystalline 
structure of the disc must be fairly uniform 



If, now, we draw a curve between the field and the maximum value of the 
perpendicular component, we see that at first this component is small and 
irregular, at about 1000 gauss it increases very rapidly, reaching a marininm 
at about 1800 gauss, and then gradually falling off (See graph 4) 

The probable explanation of this effect is the non-uniform magnetisation 
with weak fields. The applied magnetic field has to overcome not only the 
demagnetising field, but also to a certain extent the molecular field We 
have Been that the maximum demagnetising field is about 1200 gauss, and 
further on we find that the molecular field is about 600 gauss. Thu effect, 
in conjunction with the departure of our discs from perfect spheroidicity, is 
probably sufficient to prohibit a uniform magnetisation for applied magnetic 
fields of less than about 1800 gauss. The molecular field of the diso, while it 
seems to exist for applied fields of about 1000 gauss, cannot be at he full value 
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till much higher fields are reached. This increase to a limiting value is found 
to occur (See below.) 



§ 8 Calculation of Molecular Field 

In fig 2, let X and Y be the direction of the crystal axes in the plane of the 
disc. Let H be the direction of the applied magnetic field, and I that of the 
magnetisation The direction of H is known, and that of I may be calcu¬ 
lated from 

/tan (L = P er P en< l lcu l ar component ^ 

\ Y parallel component / 

The direction and magnitude of the demagnetising field DI is known We 
can then calculate the direction and magnitude of the resultant external 
field R. We have, the component of R perpendicular to the magnetisation is 

R sin {tft — 6 4" (f>) 

Let Mx and My be the components of the molecular field along X and Y Then 
these must contribute a component equal and opposite to R Bin (^ — 6 + $ 
Ms and My will depend on the direction of the magnetisation Put 
M»= M./(<J<), My = M /(90-<jO, 

where <J» (8 — 4>), and / (<|>) is some function of 

Since iron has a cubic structure, one would expect the constant M to be 
the same for both axes. Weiss found the function f(ifi) to be simply cos i|>. 
In our case this cannot be, for the resultant molecular field would then have 
no component perpendicular to the direction of magnetisation 
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The resultant molecular field perpendicular to the magnetisation is given by 
M® sm — My cos <|; = M[/(<|<) sin<j«—/(90 —t|»).cos <|j]. 

We must now determine values of M and/(<J/), which will give 

R sm (<f> — tj>) = M.[/(|) smt{) —/(90 —^).cosij<] 

The value/(<J/) = cos* tj/ was found to give the best agreement with experimental 
results The experimental values R sm (<f> — <^) are plotted for different 
values of <J/ A value of M is then taken which makes the curve, calculated 
from the right-hand side of the above equation, fit the experimental points— 
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see graph 5, which shows the agreement obtained. For the case shown, 
H = 7620 gauss, and M is taken equal to 620 gauss 

It is found that M, which we may call the molecular field, increases as H 
increases (see graph 6) This is to be expected if, as we assumed above, perfect 
alignment of the molecular magnets is not attained except for strong fields; 
we see that M tends to a limiting value For the two discs measured this 
limit is' 

Disc B, 620 gauss Disc A, 470 gauss 
§ 9 Accuracy 

The probable error m the absolute values of the two components of the 
magnetisation is about 2 per cent The largest part of this is due to uncer¬ 
tainty in the value of the applied magnetic field, which, as explained above, 
could not be fixed accurately In the calculation of the molecular field we 
have other errors As the discs could not be accurately machined, the value 
of the demagnetising coefficient is not known very well This, in conjunction 
with the error in the saturation value of I, may involve an error of about 
4 per cent in the value of the demagnetising field There may be another 
serious error m the measurement of the angle 6, which could not be measured 
to less than three or four minutes The estimated error m the values of M 
is about 10 per cent 

§ 10 Discussion 

In discussing these results, it is necessary to point out a difference between 
our case and that treated by Weiss. In our iron crystals the saturation value 
of the magnetisation is about 35 times larger than in the pyrrhotine crystals 
used by Weiss. The effect of the demagnetising field must be correspondingly 
greater And as our discs are not perfect spheroids, we cannot assume a 
uniform magnetisation except for applied fields, large enough to give nearly 
saturation. This same defect may account for the small initial susceptibility 
shown in the I-H curves. The increasing uniformity of the magnetisation, 
with increasing field strength, probably accounts for the increase in the value 
of the molecular field to be noted m graph 6. Further, as our calculations 
of the molecular field are only valuable if the magnetisation is uniform, we 
cannot find the value of the molecular field except for applied fields strong 
enough to give nearly saturation 

Comparing the I-H curves of the two crystals, it is found that, for disc B, 
saturation is reached a little sooner and more sharply than for the other. From 
graph 4 we see that the sudden rise in the value of the component of the 
magnetisation perpendicular to the field takes place for smaller applied fields, 
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and that this value is everywhere higher in duo B. Thu we would expect to 
follow from the higher value of the molecular field found for disc B. 

The difference in the value of the molecular field for the two crystals is 
probably due to the presence of different impurities in them The analysis, 
for which we are indebted to Miss Elam, is as follows — 




Disc A. 

Disc B 



Per cent 

Per cent 

Carbon 

• • • 

0 048 

0-106-0-130 (?) 

Silicon 

• • • • 

0-013 

0 021-0 023 

Sulphur 

• . • • 

0 017 

0 045-0 028 (?) 

Manganese 

• , 

0-024 

0-380-0 440 

Phosphorus 


0-220 

0-019-0 020 

Crystal B was 

heated in hydrogen after this analysis 

I 

l 

i 


probably removed all the carbon and some of the sulphur There is a 
considerable difference m the impurities in the two crystals, chiefly m the 
phosphorus and manganese content If we suppose that both phosphorus 
and manganese alter the molecular field, then it seems that phosphorus does 
so to a greater extent The effect of any substance probably depends on 
the position it takes in the lattice of the iron crystal Apparently the 
molecular field is very sensitive to impurities 

It is interesting to note that the variation of the component of the molecular 
field perpendicular to the direction of magnetisation, given by the expression 
[cos 4 (<l>) sin ((];) — sin 4 (iji). cos is very nearly the same as the simple 
term sin (4^) The ratio of the two expressions is 

[1 + i sin (24*13 
4 [cos (4») + sm (<|/)] 

8m (4tp) is the simplest variation demanded by the symmetry of the crystal, 
and is approximately the form calculated by Honda and Okubo (‘ Physical 
Review,’vol 10, p. 706 (1917)) 

The properties of ordinary iron depend a great deal on the physical treatment 
it receives To investigate any such effect on the molecular field, one of the 
discs was heated to about 600° C. and rapidly cooled. No change in the 
results could be detected. The molecular field must then be a stable property 
of the crystal. 

A determination of the coercive force was made on a short rod (de-magnetas- 
mg coefficient = 0*113), cut parallel to one of the axes of crystal A. A value 
of about 4 gauss was found, for a maximum magnetisation of 1,000 aba. units. 
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Comparing the values of the molecular field found above with those found 
by Weiss for pyrrhotme, we are at once strnok by the enormous difference 
between them That m pyrrhotme is many times larger that m mm. 
Now m pyrrhotine (Fe,8g) the distance between neighbouring atoms of iron 
must be greater than that m pure iron, and we should expect the molecular 
field of pyrrhotme, if due to magnetic forces, to be less than in iron It is 
probable, as has been suggested by Weiss, that the molecular field is not due 
to magnetic forces The above criticism would not hold m that case. 

§ 11 Summary 

It is shown that the magnetic properties of iron crystals may be explained 
on the Weiss theory of molecular fields The magnitude of the molecular 
field is found for two crystals, giving respectively 620 gauss and 479 gauss 
The magnitude of the component of the molecular field along any axis vanes 
as cos 1 (4/), where (t|<) is the angle between the direction of magnetisation and 
the axis considered. 

It is shown that the molecular field is a stable property of the crystal, and 
that it is affected considerably by the presence of impunties Support is found 
for the view that the molecular field is not due to magnetic forces 

In conclusion, I should like to express my thanks to Professor Sir Ernest 
Rutherford for his interest in this work, to R L Aston, of this laboratory, 
for his X-ray analysis of these crystals, and especially to Dr P Kapitsa for 
his very helpful guidance throughout 

[Note, added January 20 —Since writing the above, a summary 11 ' of some 
work by K Beckf on the magnetisation of crystals of iron has been found. 
Our results are m very good agreement with those of Beck, except that the 
matimiim value of the component of the magnetisation perpendicular to the 
magnetic field, in Beck’s case, is much larger than in our experiments. This 
seems to indicate a higher molecular field than was found for our crystals 
The chemical impurities in his specimen amounted to about 2 per cent. 

It is interesting to note that, in our experiments, the crystal with the 
greatest amount of impurities (about i per cent.) also gave the largest value 
for the molecular field This seems to add weight to the argument that the 
molecular field is not due to magnetic forces ] 

• Kuna, 'Bull Nat Rea Council,’ vol 8, Part 3, p. 180 (1882). 
t K. Book,' Dissertation,' Zttrioh (1818) 
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On the Measurement of the Ratio of the Specific Heats using 
Small Volumes of Gas.—The Ratios of the Specific Heats 
of Air and of Hydrogen at Atmospheric Pressure and at 
Temperatures between 20 ° C. and — 183 ° C 

By J H Brinkworth, A B G.S, M Sc , DIC 
(Communicated by Prof H L Callendar, F R S —Received October 14,1924) 

Introduction .—In nearly all the previous determinations of the ratio of the 
specific heats of gases, from measurements of the pressures and temperatures 
before and after an adiabatic expansion, large expansion chambers of from 
50 to 130 litres capacity have been used Professor Callendar first suggested 
the use of smaller vessels, and m 1914, Mercer (‘ Proc Phys Soc,’ vol 26, 
p 155) made some measurements with several gases, but at room temperatures 
only, using volumes of about 300 and 2000 c c respectively He obtained 
values which indicated that small vessels could be used, and that, with proper 
corrections, a considerable degree of accuracy might be obtained The one 
other experimenter who has used a small expansion chamber, capacity about 
1 litre, is M C Shields (‘ Phys. Rev,’ 1917), who measured this ratio for air 
and for hydrogen at room temperature, about 18° C, and its value for hydrogen 
at — 190° C The chief advantage gained by the use of large expansion cham¬ 
bers is that no correction, or at the most, a very small one, has to be made for 
any systematic error due to the size of the containing vessels, but it is dear 
that, in the determinations of the ratio of the specific heats of gases at low 
temperatures, the use of small vessels becomes a practical necessity in order 
that uniform and steady temperature conditions may be obtained. 

Owing, however, to the presence of a systematic error depending upon the 
dimensions of the expansion chamber, the magnitude of which had not been 
definitely settled by experiment, the following work was undertaken with the 
object of investigating the method more fully, especially with regard to its 
applicability to the determination of this ratio at low temperatures 

The present experiments relate to air and hydrogen. Further experiments 
of a similar nature on other gases are in progress. Air was selected in the 
first instance on acoount of its convenience, and because the value of die ratio 
of the specific heats at ordinary temperatures is known with greater accuracy 
than for other gases The results obtained for air in the present experiments 
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with small vessels, down to 35 cc capacity, will, therefore, afford a fair 
criterion of the degree of accuracy attainable under such conditions. 

Hydrogen has been investigated because, m the first place, its physical 
properties, density, heat conductivity, &c,, are so very different from those 
of air that it might perhaps be assumed that, if the experimental conditions 
requisite m the cases of air and hydrogen are known, it should not be difficult 
to deal with any other gas, and secondly, because a knowledge of the tempera¬ 
ture variation of the specific heats of hydrogen is of very great importance 
in theoretical physics, and the experimental values at present available are feu 
m number and are Bomewhat discordant 

These investigations have been made in the Physical Laboratories of the 
Imperial College of Science, and I wish to do homage to Prof Callendar, the 
Director of those Laboratories, and to express to him my thanks for his advice 
and my great appreciation of the opportunity given me to develop this method 
of experiment 

General Outline of the Method. —The quantity actually measured w these 
experiments is the cooling effect in adiabatic expansion, that is to say, the 
ratio of the drop in temperature to the drop in pressure, when the gas in a 
vessel at a pressure slightly above atmospheric is allowed to expand rapidly 
to atmospheric pressure. The general principle of the method is the same 
as that of the old experiment of Clement and D6sormes, except that the drop 
of temperature is directly measured with a sensitive thermometer, as in the 
experiments of Lummer and Fringsheim (‘ Smithsonian Contributions to 
Knowledge,* 1898) and those of Callendar and Nicolson, m an engine cylinder 
(‘ Proc Inst C E / November, 1897) 

Assuming an adiabatic relation between pressure and temperature of the 
same type as for a perfect gas, namely 

= 0 tlp t n A, 

where 6 1( 0„ are the initial and final temperatures on the abeolute scale, and 
Pu Pt< tta corresponding pressures, we find for the index m, 

m = log (0 x /e,)/log (pjpi). 

But, in order to facilitate comparison with the work of other observers, the 
results have been expressed in terms of the apparent value of the ratio of the 
specific heats y, by the relation : 

Y — 1/(1 - m )> <» m—(y — 1)/y- 

The apparent value of y thus obtained requires certain small corrections to 

VOL. ovn —a 2 N 
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allow for deviations of the actual gases employed from the ideal state, in addi¬ 
tion to corrections for radiation and for the volume of the vessel or the time 
of expansion, depending on the conditions of each experiment 

The advantage of the direct measurement of the drop in temperature, aa 
compared with the indirect method of Cldment and D6sorm.es, is that the 
effect of the walls of the vessel is very greatly reduced. 

As compared with the method of deducing y from the velocity of sound, the 
advantages of directly measuring the drop of temperature with an electno 
thermometer are as follows An error of 1 per cent m the observed velocity 
gives an error of 2 per cent m the value of y, whereas an error of 1 per cent, 
in the drop of temperature gives an error of (y - 1) per cent in y or only 
0*4 per cent, for air 

With suitable apparatus a higher order of accuracy can be attained in the 
measurement of the temperature drop than m the measurement of the velocity 
of sound, except possibly in the case of air on a large scale With small 
quantities of gas at low temperatures the electric method is probably about ten 
times as accurate as the velocity method 

Arrangement of Apparatus —The gases were obtained from Ban's Oxygen 
Oo., m the usual gas cylinders. For the experimental measurements the gas 
was stored in large glass carboys N, N, together holding about 7 cubic feet, 
under the excess pressure of about 5 cm. of mercury The gas circuit from 
these reservoirs to the expansion vessel V is shown in the diagram (fig 1), 
where 0 is a tube, 1 metre long, containing stick potash, and P, P, P, P are 
2-litre flasks partly filled with phosphorus pentoxide Qua tube filled with 
glass-wool acting as a dust filter, and S another 2-litre flask which oould be 
surrounded by a low-temperature bath, when necessary, in order to cool the 
gas on its way to the expansion vessel. The latter was maintained at an 
approximately constant temperature in a suitable medium contained m a 
vacuum vessel. 

The difference between the initial and final pressures of the gas u read on tile 
oil manometer M, the final pressure being that of the atmosphere, whioh is 
obtained from the barometric reading. The temperatures before and immedi¬ 
ately after the expansion of the gas were measured electrically, by means of a 
compensated thermometer of platinum wire, 0*025 mm. in diameter; tins 
was put into the electrical circuit by contacts madem the arms A and B of a 
mercury key 

The Automatic Mercury Key .—An automatic key was employed, as it u 
important that the tune interval between the commencement of the expansion 
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and the closing of the galvanometer circuit for the measurement of 0, should'be 
reproducible with some consistency If the points a and 6 (fig 1) are joined and 



the gas in V is under pressure, the galvanometer circuit can be closed in the 
limb A for the measurement of the initial temperature 6 V This circuit must 
then be open until it is again closed, at some instant after the commencement of 
the expansion, for the observation of the final temperature 6* This second 
oontact was made in the limb B by the rising of the mercury level in this limb 
when the vessel V was opened to the atmosphere The time elapsing between 
the commencement of an expansion and the making of contact in B could be 
varied by adjustment of the mercury levels and the taps, shown m the figure of 
the key and was measured on a chronograph. The latter gave a traoe of 6 cm. 
on the record, corresponding to a tune interval of one second. Rj is an auxiliary 
circuit by which a small e.m f. can be introduced into the galvanometer circuit 
to compensate disturbing thermal effects. 

Method of Performing on Swperment {fig. 1)—At the commencement of an 

2 H 8 
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experiment taps 1, 2 and 3 were open and T connected V with the ml gauge. 
Contact was made in the three-way mercury switch between a and b, and the 
electrical circuit through the galvanometer was completed m the limb A of the 
automatic key The pressure p 1 on the gas in V was first adjusted to be from 
76 to 78 cm of oil m excess of atmospheric pressure, and test observations were 
made to determine the steady temperature of the gas 6 a and its constancy, the 
time indication of the automatic mercury key, the approximate balance point 
on the Callendar-Griffiths bridge corresponding to the lowest temperature 
reached by the gas, the absence of thermo-electromotive forces in the galvano¬ 
meter circuit and the value of the heating effect caused by the current in the 
thermometer wire The experimental manipulations and observations necessary 
for the evaluation of each individual measure of the ratio of the specific heats 
were then made in the following order Two readings of the approximate 
balance point on the bridge wire, differing by 1 mm , and the resulting deflections 
obtained on reversal of the current, corresponding to temperatures slightly 
above and sbghtly below the actual steady temperature 0j, were recorded 
The latter can be deduced by interpolation Contact at A, in the mercury 
key, was then broken by raising, through a friction grip, the wire dipping into 
the mercury in this arm, and the contact on the bridge was adjusted to a 
millimetre division as near as possible to the point corresponding to the lowest 
temperature 0 2 attained by the gas after expansion The readings in both 
limbs of the oil gauge were taken, tap 1 was closed, the large three-way tap, T, 
juiokly turned full open to the atmosphere, and the (more or less) sudden 
deflection of the galvanometer needle was noted It is convenient to call this 
the kick deflection 

Immediately after the observation of this kick, the battery circuit through 
the bndge was hroken at m, n, tap 2 was closed, the three-way tap T turned 
back to its initial position, and the pressure readings on the oil gauge were 
checked The galvanometer needle was then brought to rest by means of a 
subsidiary damping circuit and the contact on the bndge wire was lifted and 
depressed If there was no change m the position of the galvanometer needle 
resulting from this, it indicated the absence of thermo-electromotive forces m 
the circuit 1 if they existed, they could be neutralised by a suitable change in 
the balancing circuit R r Tap 3 was then closed and tap 1 opened, thus refilling 
the bulb During the heating up of the new supply of gas, observations were 
made of the atmospheric pressure and of the temperatures of the oil gauge and 
the barometer 

Tape 2 and 3 were then opened, the contact lowered into the arm A, and 
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the steady readings of the thermometer again observed Another experiment 
was now made in a similar manner, except that the position of the budge* 
wire contact, corresponding approximately to the temperature 0 2 » was altered 
by one or two millimetres m whichever direction was judged advisable from a 
consideration of the magnitude of the kick observed m the preceding experiment 
After some live to fifteen sets of observations had been made, the time interval 
between the commencement of the expansion and the closing of the galvano¬ 
meter circuit was agam noted To do this, the contact m the three-way switch 
between a and 6 was broken and a, c joined The point of the wire contact 
m A was made just to touch the surface of the mercury in this arm of the 
mercury key, the chronograph was set m motion, and an expansion made, 
as before, by turning the three-way tap A complete set of observations could 
be made in one to three hours* 

Details of Apparatus Employed 

The Barometer and (hi Gauge —The barometer used was of the standard 
Fortin type Its indications were read to 0 01 cm and the necessary tempera¬ 
ture corrections to 0° C weTe applied 

The oil gauge was that used by Swann m his measurements of the specific 
beats of air and of C0 2 The scale was engraved in millimetres o\er a length 
of 81 cms on both limbs of a glass U-tube , the scale was everywhere correct 
to within 0 002 cm Determinations of the density and of the temperature 
coefficient of expansion of the oil used gave the following relationship for 
the reduction of the pressuie measured in centimetres of oil at t° C, ic. 
to lengths Ho measured m centimetres of mercury at 0° C 
H 0 » h t (0 06400) [1 -0 000735 {t - 22) ] 

The indications on the gauge could easily be read to 0 01 cm , these readings 
being taken by the aid of low-power microscopes The oil was somewhat 
viscous, but sufficient time was always allowed for stationary levels to be 
attained, moreover, the use of large balancing reservoirs ensured that the 
change in the levels of the oil between successive experiments was small. 
It will be noticed that during the time taken to complete any set of observa¬ 
tions the barometric pressure remained constant to within a few tenths of a 
millimetre of mercury, thus showing that the atmospheric conditions were 
steady It is essential that all observations should be taken only under such 
conditions, for on windy days the oil surfaces in the gauge were never at rest 
and the irregular fluctuations m pressure were sometimes as big as 2 to 3 mm. 
of oil The pressure readings taken immediately before and after the expansion 
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were almost always identical, rarely differing by as much as 1 in 3000. 'When 
a difference existed, the mean value has been used in the calculations. 



The Expansum Vessels {fig 2)—These 
were of glass, each consisting of a bulb 
on the end of a straight tabs of 1 am. 
diameter, through which the thermometer 
was inserted The overall length of each 
vessel was the same, 37 cm, the side tube 
for the exit of the gas being 6 cm from 
the open end of the tube Each bulb 
was blown with the length of the 
cylindrical portion of the bnlb about 
1 5 times its diameter 

The internal volumes of the bulbs were 
697, 287 75, 34 5, 11 2 cc respectively, 
the reciprocals of the cube roots of these 
volumes being 0 1128, 0 1516, 0*2371, 
0 3072, and 0 447. 

The Galvanometer. —An astatic galvano¬ 
meter of the Paschen type with a long 
quartz-fibre suspension, was used It had 
a period of about 5 seconds and a 
resistance of 4 ohms Some care was 
taken in making it as astatic as possible. 
To do this, tiie needle was first deflected 
through 90° by a small current, then a 
large current was flushed through the 
two pans of field coils arranged in senes, 
the magnetic field in the coils surrounding 
the weaker magnet being strengthened by 
the insertion of an iron core Such suooees 
was obtained that it was not necessary 
to screen the instrument The scale was 


about 2 metres from the galvanometer 

The Platinum Thermometer Bridge .—The well-known form of bridge designed 
by Prof Oallendar was used, the bridge coils being out out by means of mercury 
keys. Two calibrations of the coils and badge were made, mid the corrections, 
which were small, agreed to within 0*005 cm. of bridge wire. 
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The Thermometer (fig. 2).—The main leads were of No 22 copper wire, 
to which lengths of 0*1 mm platinum wire were hard-soldered The main 
resistance consisted of a single loop of about 6 cm. of pure platinum wire 
0*025 mm in diameter The compensating leads were joined by another loop 
of about 2 cm of the same wire The value of 8 in the CaUendar redaction 
formula is 1*50 for this specimen of wire The fine wires were joined to the 
ends of the thicker platinum wires by a trace of gold solder The main leads 
were sheathed in glass tubes, which were fused around the thicker platinum 
wires, leaving about 2 cm of the latter exposed The sheathing tubes were 
firmly bound together and were fixed, at the end remote from the platinum 
wires, in a glass tube which just fitted into the stem-tube of the expansion 
vessel, the joint being made with plaster-of-Pans covered with wax. This 
glasB tube served as a guide, and other guides, consisting of small mica frames, 
were placed at intervals along the stem of the thermometer 

The gas-tight joint between the head of the thermometer and the bulb 
stem was made by a rubber tube fixed to this head, it slipped over the stem 
and was wound round with insulating tape and wired into position The 
free ends of the four leads from the thermometer and compensator were 
soldered to thick copper lugs, which were connected with the flexible leads 
to the bridge in a 4-hole mercury cup With this arrangement, the trans¬ 
ference of the thermometef from one bulb to another could be accomplished 
easily, and it was possible, when necessary, to alter the position of the ther¬ 
mometer wire m a bulb and to replace the thermometer in practically the same 
position. Zt was found to be important that the thermometer should be 
firmly fixed in the bulb As the result of the preliminary experiments it was 
decided to arrange the lower end of the loop 1 to 1*5 cm. above the bottom 
of the bulb in use. 

Before commencing any senes of expenments the loops were cleaned by 
heating in a spint flame, and they were slightly stretched so that each loop 
lay m one plane, but the two loops were m planes at right angles to each 
other The fundamental interval was then determined with the usual appa¬ 
ratus After several expansions the longest loop changed its outline, due to 
the slight shaking, but this did not affect the fundamental interval. If the 
wire became bent very much out of its onginal plane, or if it was touched 
during the transference from one vessel to another, then the wires were again 
cleaned and straightened, and the new constants determined In general, 
the fundamental interval was about 270 cm., and the resistance at 0° C 
about 720 cm. of bridge wire. 
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The current to the bridge was derived from accumulators, either 1, 2 or 
4 unite, m senes with suitable resistances according to the conditions of the 
experiment 

With such fine wires the effect of the bridge current m altering the resist¬ 
ance of the thermometer must lie measured and allowed for This heating 
effect in the thermometer wire was measured in the way suggested by Prof 
Callendar, and the vanation of the effect with change of temperature was 
determined It is the small difference, from 0 01 to 0 06 cm, of hndge wire, 
between the magnitudes of this heating effect at 6 X and 6 2 which affects the 
calculated values of y These differences were constantly redetermined, and 
very consistent values were obtained m experiments performed, on different 
days under similar conditions 

Estimation of the Lowest Temperature attained —In fig 3, the probable changes 
in temperature of the gas are plotted against the time Starting from an uutinl 



temperature 0„ the tap T is opened at tune a There is a rapid fall of 
temperature at first, becoming less rapid from 6 to o From c to e the tem¬ 
perature remains constant any cooling being balanced by heat received from 
outside At e the gas has begun to rue in temperature and this rise gets 
more rapid as tune passes The straight portion from c to e indicates the 
lowest temperature 6 t If the moment of contact u at a time between c 
and e, and the bridge wire setting corresponds to 6 t , the galvanometer needle 
will remain undeflected when contact is made at B. If the contact is main¬ 
tained as the gas rises in temperature a gradual deflection (say, to the right.) 
will take place If, with the same time conditions, the bridge setting corres¬ 
ponds to 6, a temperature between 6j and 6* there is an initial look to the 
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left due to the want of balance It is this initial lack which is measured. 
If the time of contact corresponds to b, and the bridge setting to a temperature 
reached after this instant, there is the possibility that, before the kick occurs 
to the left, there may be a small and almost instantaneous movement of the 
needle to the right The latter movement was only observed when the bridge 
wire setting was not far removed from the point of exact balance , if it existed 
the time of the key was increased to correspond to a value slightly greater 
than c* 

The expression 44 kick sensitiveness ” is used to indicate the number of 
scale divisions m a kick movement corresponding to 1 mm of bridge wire 
Its average value m an experiment can be deduced from a consideration of 
successive observations, such as are tabulated in columns 6 and c on pages 527 
and 531. This quantity increased as the temperature at which the experiment 
was performed was lowered, and also, roughly, in direct proportion to a linear 
measurement of the bulb (fig 4) The key times usually adopted (* e , a c in 



g Jr Air at 6° C 
C—Air at 78° C 

fig, 3) showed the same relationship The latter u dependant on the exten¬ 
sion of the pressure drop down the axis of the bulb, the former on the tune 
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interval corresponding to oe. When experiments were made with longer 
tunes than e, but not exceeding /, the kick sensitiveness was decreased, 
but the calculated values of y were only slightly reduced. This can be ex¬ 
plained by reference to fig 3. When the key tune corresponds to e there » 
a considerable interval of tune before the needle is moved to the right, and, 
therefore, the galvanometer Bpot has time to reaoh its maximum kick elonga¬ 
tion to the left. In some of the air experiments, if the time of making contact 
was trebled, the look sensitiveness was reduced by about one-half When 
necessary, a kick deflection could be estimated to a quarter division on a total 
deflection of 2 or 3 divisions, but, m general, to obtain the accuracy expected, 
it was only necessary to observe to the nearest scale division A check on the 
value of the kick sensitiveness used is obtained from a comparison of the mean 
values of y calculated from the results when the kick deflections are (a) small, 
(6) large. These means should agree 

Thermoelectric Effects m the Galvanometer Circuit —The current through the 
thermometer was kept constant m all the observations from which one mean 
value is deduced, the key contact at B being one to close the galvanometer 
circuit. The presence of thermoelectro-motive forces in this circuit is not a 
matter of especial consequence when it is possible, as it is in the measurement 
of the steady temperature, to reverse the direction of the current through the 
bridge But the value of the lowest temperature is deduced from a bridge 
reading whioh represents a point of balance only existing for a short interval 
of time during which reversal is not possible, hence, it is of great importance 
that the kick deflection should be free from errors due to a zero shift occurring 
during the tune of observation of this temperature. 

Such thermo-electric effects as existed, when contact through the galvano¬ 
meter circuit was made at B, were small and were reduced so aa to be negligible 
by the insertion of a balancing e m f in this circuit The arrangement employed 
(shown at B t , in fig 1) consisted of a circuit containing an accumulator, a 
reversing key, a resistance box and a piece of well-lagged manganm wire, 
potential leads from two points on the latter being led into the galvanometer 
circuit It is more especially in those cases when the movement of the needle 
during the kick elongation is slow that the whole effect of such a source of 
error will have tune to show itself, but the error then introduced » minimised 
by the fact that, under these conditions, the magnitude of the lock deflection 
per mm change in the reading of the bridge is large. Such uncompensated 
aero changes as existed were rarely more than ±2 divisions on the galvano¬ 
meter scale, and errors thus introduced would mean out, though, no doubt, 
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some part of the variations between individual results is due to their 
presence 

Initial Temperature Conditions and Seduction of Platinum Temperatures to 
True Temperatures .—The expansion bulb was surrounded by a suitable medium 
contained in a vacuum vessel Absolute constancy of the temperature of the 
medium is not essential, but any change occurring must be slow, as it is not 
desirable that the difference between the steady temperatures, measured before 
and after an expansion, should differ by 0*01° C In general, the differences 
observed were less than this For all temperatures above —78° C Callender’s 
(‘ Phil. Trans./ 1887) parabolic formula was used Initially the observations 
at —78° C were reduced in the same manner, and the correction curve given 
by Henning (‘ Ann der PhyBik/ vol 40, p 685, 1913) for his standard thermo¬ 
meter was utilized in reducing the platinum temperatures observed at —118° 
and —183° With these corrections the temperatures of solid COg, sub¬ 
liming from aloohol, was —78 49°, and that of old liquid air, —183*40° C 
Henning has shown that at —78° the Callendar formula gives results about 
0*08° too low while at —183° the divergence is over 2° (See also Travers and 
Gwyer, ‘ Roy Soc Proc./ vol 74, p 528, 1904) Henning has also shown 
that at —183° different platinum thermometers will vary by as much as 0 5° 
in their indications, but that the scales of these thermometers could be 
connected with that of his standard by making an additional correction 
calculated from a relation of the form — pt t ~c pt t (pt t — 100) 

The scale finally adopted for the calculations of temperatures at and below 
—78° was the Henning scale with this additional correction The tempera¬ 
ture of a considerable quantity of liquid air used m the experiments made at 
the end of November was —183 40° as deduced, using Henning’s standard 
values, and this temperature was constant to within 0 02° over a period of four 
hours on each of two successive days. In calculating the constant e, in the 
additional correction to be applied to Henning’s standard values, it has been 
assumed that this temperature should have been —182*95° 

The expansion bulb was surrounded by water, ice, and ice and salt respec¬ 
tively, in the experiments made at temperatures of about 17°, 0° and —21°. 
Lower temperatures were obtained by the use of (a) a mixture of solid CO t 
and alcohol; ( b) solid ether, and (c) liquid air These will be considered 
separately. 

(a) Solid CO| was mixed with aloohol to form a pasty mass. Over the 
pressure range of about 2 cm. due to variations in the barometno height, the 
temperatures oan be represented by —78*31 + 0*16 (p — 76). 
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(b) Liquid air was poured on to anhydrous ether and the solid crust which 
formed was rammed around the bulb The temperatures obtained were 
sufficiently constant, but addition of liquid air was necessary after every two 
or three observations The temperature, about —117 8°, is 0*2° lower than 
the value obtained by Holborn and Wien (‘ Wied Ann1896) It has been 
shown by Timmermans (‘ Bull Soc Chem Belg,’ 1911), and confirmed by 
Henning (‘ Ann d Phys.,’ 1914), that solid ether is dimorphous, and that the 
lower transition point is at a temperature of —123*6° C 
(o) The liquid air was obtained from commercial sources and was always 
fairly nch in oxygen The temperatures of the various samples were suffi¬ 
ciently constant for the purposes of the experiments A check on the accuracy 
with which the scale adopted applies to my thermometer is obtained from 
the value it gives for the temperature of solid CO £ , in alcohol, a value which 
differs from that obtained by Holborn (‘ Ann der Physik,’ vol 6, p 242,1901) 
by only 0*03° C 

The Effect of Observational Errors —The ratio of the specific heats is usually 
obtained either from measurements of the velocity of sound or from a knowledge 
of the pressure or temperature resulting from an adiabatic expansion 
In the first method, an error in the measurement of the velocity gives rise 
to an error tunce as great in the value of y. 

In the method adopted in these experiments—which, it is generally agreed, 
is the best of the expansion methods—we may write 

T- 1 = log = log (1 + AO/6,) 

V logpjpi log (1 + Ap/p*) 

-S % [>-*(*-£)} » 

In considering my experiments, make p a — 75 cm and Ap = 5 cm., 
and 

at room temperature 6 t = 280° and A0 — 6° 
at liquid air temperature 6 t — 88° and A6 = 2*1°. 

Substituting in (1), we find that 

Y ®s *P 

at both temperatures, to within 2} per cent., and this simple relation is 
sufficiently accurate if we wish only to consider to what extent errors in the 
quantities observed will affect the value of y obtained. As p t and 6 t can 
be observed to a high degree of accuracy, p a /9 # may be assumed correct. 
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Therefore 



The most difficult observation is the determination of the value of 6 t , but 
the biggest error mil be that in 0 X — 0j, t e , in A0. Equation (2) shows that 
the error in y is only about one-half of the observational error in A6 

Equation (3) shows that the percentage error dy/y increases with fliTnmuflnng 
values of 0 2 In these experiments p 2 could be measured to 1 in 7000, Ap 
to 1 m 4000 0 t , 0!, and A6 are, on an average, correct to 0 01 cm of bridge 

wire, t e, to 0 004° C Hence, even in the case of the experiments at hquid- 
air temperatures, A6 should not be in error by more than 1 part in 600, or 
y be wrong by more than 1 m 800 At room temperatures the error should 
be 2j-times smaller 

The indeterminable accidental errors—which, like the observational errors, 
disappear from a mean value—cause the differences between the mean and 
the individual values to be rather greater than was desired, but they are not 
greater than those found in the results of other observers The general 
concordance obtained indicates a probable accuracy of 1 part in 1000 in all 
the final values of y 

Preliminary Experiments —A large number of preliminary measurements, 
using air, were made throughout the year 1922, m order to determine the 
best experimental arrangements and how to minimize the possible errors 
These experiments can conveniently be summarized into three groups — 

(a) A fine wire compensated thermometer was used m a bulb of 130 c c 
capacity The mercury key was a simple U-tube connected into the gas 
circuit close to the exit from the bulb 

These results are shown graphically m fig 6, the linear relation giving an 
extrapolated value of y, corresponding to zero-pressure excess, of 1 401 
Though the results are not strictly comparable with those obtained by Shields, 
as the experimental conditions were not the same, yet they are, roughly, 
confirmatory of the fact that it is possible to obtain a fairly good estimate 
of the value of the ratio sought for, by using the method of extrapolation 
against the pressure excess, when a vessel of this small volume is employed 

(b) Before commencing the second group of experiments, the thermometer 
and expansion vessels used in these and m all the later experiments were 
constructed. Another mercury key, with an additional cross-arm, was used. 
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A fairly complete set of observations was made with the 300-c.c bulb, and 
the results, with some obtained with other bulbs, are shown in fig 6 
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merits referred to in group (a) the time of the key was about the same as the 
time of expansion of the gas, in this second series the key was placed near 
the tap T, and its time was fixed by the adjustment of the taps m the cross- 
arms The movement of the mercury column in the key was not quite uniform 
On opening the tap, T, the mercury surface in the arm, B, at first rose rapidly 
and then more slowly When the pressure excess was small, contact was made 
dunng the time interval corresponding to the first rapid rise, and therefore 
the conditions were very similar to those previously existing For the larger 
values of the pressure exoess the key time was shorter than in the preceding 
experiments, but if the key time was increased the apparent values of y 
became smaller It is obvious that this method of extrapolation can only 
be used when the timing conditions are suitable Both Moody and Shields 
allowed a definite time to elapse between the commencement of the sudden 
expansion and the closing of the circuit With the slower rates of expan¬ 
sion used m these experiments, apparently a linear relation is only obtained 
when the time increases with the excess pressure With larger vessels, when 
longer time intervals are allowable, the linear relation between y and A p 
will hold over a greater range 

As the values of y obtained with excess pressures of 3 to 5 cm of mercury, 
when plotted against the inverse cube roots of the volumes of the bulbs, he 
near straight fines which give extrapolated values close to that generally 
accepted, it was thought advisable to work with excess pressures of about 
4 5 to 5 cm of mercury, the maximum value measurable on the oil gauge, 
and to investigate the timing conditions As a result, the method detailed 
on page 518 was evolved. 

(c) The final form of mercury key was adopted, and rather greater consis¬ 
tency between the individual values and the mean was obtained by the intro¬ 
duction of the thermo-electromotive-force balancing circuit All the practical 
manipulations and Bettings were as in the final experiments and are described on 
page 514, but undned, unpunfied air was used The mean results with the five 
bulbs used are shown graphically on p 633mfig 8 (dotted fine), each mean being 
obtained from 20 to 30 separate determinations with one of the bulbs It 
was not expected that very good results would be obtained with the smallest 
bulb, capacity 11 c c. only, but the individual values agreed among themselves 
to ± 0*002 on the value of y—viz, 1 351 This value lies, rather more than 
1 per cent., below the line showing the linear relation between the results 
obtained with the larger vessels; the lowness of the result is probably due 
to the fact that the tune of the key could not be made sufficiently short. 
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It is of interest to note that this result is only about 4 per cent lower than 
the value obtained when using a volume of gas over ten-thousand times greater 
During the course of these experiments the vanation of the kick sensitiveness 
with the size of the bulb and its dependence on the time of the key were 
ascertained Experiments were made, in the largest bulb, with the thermometer 
loop at different distances above the bottom of the bulb Consistent results 
were obtained, as long as the wire was not more than one-quarter way up the 
bulb If higher than this the loop was bent out of the vertical plane and the 
results were discordant 

The Final Experiments, representing the results of this research, date from 
this time A few reduced observations arc given in order to show the 
steadiness of the experimental conditions and the accuracy with which results 
could be reproduced 


Air Final Experiments (Fig 8, p 533 ) 

Fundamental Interval, Freezing Point and Heating Effect Observations, 

in cm of Bridge Wire 


Date 

| Temp °C 

1 Cell 

2 Cells 

4 Cells 

April 19, 1923 

0 

731 34 

731 62 

732 68 

99 726 

1004 67 

1004 86 

1006 66 



FP 731 26 

FI 274 09 



Heating Effects (Subtractive) 


Bate 

Temp °C 

4 Colls 

2 Cells 

April 19 

0 

1 41 

0 37 

April 19 

100 

1 07 

0 26 

May 19 

- 78 

1 67 

0 42 

July 24 

- 118 

— 

0 60 

June 16 

1 o 

— 

0 36 

September 6 

! * 0 

1 42 

— 

September 6 

H>0 

1 09 



The value of the F.P. obtained on the latter day was 731 28. 

From these observations it will be seen that the correction to be applied on 
account of the vanation in the heating effect is only 0 02 cm m the case of the 
measurements at room temperatures, and it is negligible at —78° and —118° 
when 2 cells only were used. 
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Reduced, Observations 

Col umns (a) and (d) give the values of 6 X and 6 2 expressed in termB of cm. 
of bridge wire, after the application of the box coil and the heating effect 
corrections 

Column (b) gives the bridge wire setting for the observation of 0 a and (e) the 
resulting kick deflection. 


May 9th. 300 c c. Bulb t= 28 secs 


Pi 

Pi 

a 

b 

0 

d 

h 


7 

76 61 

80 564 

779 23 

17 0 

68 

765 09 

286 281 

290 384 

1 3877 


80 645 

779 23 

10 0 

2 

765 13 

286 205 

290 384 

1 3881 


80 625 

779 2J 

16 8 

28 

765 1G 

266 302 

290 384 

l 3896 


80 603 

779 24 

16 8 

16 

760 23 

286 331 

200 388 

1 3892 


80 480 

779 24 

16 9 

21 

766 30 

286 366 

290 388 

1 3800 


80 466 

770 24 

16 9 

11 

765 37 

286 381 

290 386 

1 3889 

75 69 

80 418 

779 24 

JO 05 

11 

765 42 

286 399 

290 388 

1 3887 


80 397 

779 26 

16 95 

1 

765 48 

285 421 

290 301 

1 3880 


80 378 

779 26 

17 0 

2 

766 53 

285 439 

290 391 

1 3890 


80 366 

779 26 

17 1 

8 

766 69 

286 462 

290 395 

1 3893 


80 338 

779 26 

17 06 

—4 

766 62 

286 472 

290 395 

1 3902 


80 320 

779*26 

17 2 

5 

765 71 

285 504 

1 

290 395 

I 3886 


Other values of (y — 1) obtained under similar conditions 
Apnl 26th— 3901, 3895, 3896, 3901, 3875, 3895, 3895, -3899, 3890, 
*3890 t— 35 secs 

May 12th— 3893, 3888, -3883, *3888 3885, 3897, 3894, 3890, *3896^ 
3891 t— 30 secs 


2 o 


VOL CVII.—A 







528 


J. H. Brinkworth. 


Summarised Results for Atr 


Date 

Vol 
c c 

Time, 

See* 

No of 
Obi 

Pi 

ora 

cm 

X 

Aba 

Mmb 

1928 

37 4 

700 

1 

8 

75 77 

80 551 

282 172 

287 074 

1 3916 

804 

700 

hSPI 

7 

75 98 

80 814 

288 326 

288 294 

1 3918 

866 

700 

■BETS 

8 

75 71 

80 606 

282 639 

287 467 

1 8916 

26 4 



10 

74 83 

79 628 

282 436 

287 399 

1 3894 

96 

Bw; 


12 

75 61 

80 456 

286 381 

290 388 

1 3889 

12 6 



10 

76 08 

79 909 

283 007 

287 998 

1 3890 

26 

75 


11 

76 63 

81 565 

283 647 

288 586 

l 3833 

26 

75 


6 

76 67 

81 604 

283 708 

288 668 

1 3834 

17 6 

76 

KB' ■ 

9 

76 31 

81 224 

282 183 

287 099 

1 3827 

27 6 

76 

0 23 

8 

76 46 

81 338 

286 077 

291 021 

1 3830 


36 

0 20 


76 24 

80 012 

282 371 

287 174 

1 3780 

til 

36 

0 20 

10 

78 16 

79 991 

282 414 

287 280 

1 3783 

206 

35 

0 30 

li 

76 17 

79 994 

282 489 

287 356 

1 3782 

21.0 

700 

0 62 

8 

75 82 

80 666 

191 400 

194 788 

1 8936 


700 

0 65 

5 

76 31 

61 152 

191 480 

194 846 

1 3966 

306 

700 

0 66 

5 

76 31 

81 066 

191 629 

194 828 

1 3962 


700 

ISiMiTw 

7 

76 31 

81 105 

191 608 

194 859 

1 3963 

21.6 



9 

75 77 

80 633 

191 420 

194 738 

1 3926 

28.6 


Ml.H 

11 

76 66 

81 333 

191 598 

194 874 

1 3921 

28 S 

300 

0 33 

mm- 

76 66 

81 669 

191 402 

194 860 

1 3931 

18 0 

76 

0 24 

SB 

75 94 

80 778 

191 464 

194 770 

1 3867 

305 

76 

0 22 

BIS 

76 29 

81 170 

191 621 

194 861 

1 3869 

386 

75 

0 24 

SB 

76 62 

81 501 

191 646 

194 872 

1 3861 

19 5 

35 

0 20 

Sfl 

75 91 

80 745 

191 481 

194 785 

1 3821 

28 6 

36 

mm 


76 59 

81 450 

191 666 

194 860 

1 3823 

247 

75 

f 1 


76 92 

80 798 

162 602 

166 200 

1 3927 

247 

36 



75 98 

80 878 

162 616 

155 189 

1 3860 

24 7 

36 

Kb 

6 

76 98 

80 872 

162 662 

156 231 

1 3858 


Hydrogen Experiments 

Preliminary Observations .—The whole apparatus was exhausted and then 
filled with hydrogen, these processes being repeated until a sample of gas taken 
from the circuit had a purity of about 99 per cent of hydrogen In the first 
experiments, using the 75 c.c. bulb, the bridge current was the same as in the 
previous experiments on air at room temperatures It was at once obvious that 
the time of expansion was very much smaller and that the kick sensitiveness 
was much reduced With times of 0 16,0 11 and 0 a 07 seconds, the values of 
y were about 1 35,1*37and 1*38 respectively The largest bulb was then used, 
with the same bridge current, the value 1*395 was obtained with a key time of 
0*2 seconds, the kick sensitiveness being only 2 divisions per mm., i e , about 
ten tunes smaller than in the case of the corresponding air experiments The 
sensitiveness was increased by putting 100 instead of 400 ohms in circuit with 
the 4 accumulators The value of y obtained was practically the same, but the 

























Heating effect. 


Ratio of Specific Heats using Small Volumes of Gas 529 

sensitivity was now 6*5 diva per mm. of bridge wire With suoh a large value 
for the heating effect, over 1 5° C. in the experiments at air temperatures, the 
variation in its values at 6 t and 0 S becomes of great importance; it amounts to 
abont 0*06 cm of bridge wire and gives an additive correction to the ratio of 
0-0023 

At lower temperatures, sufficient sensitiveness was obtained when using much 
smaller currents through the thermometer The correction for the change m 
the heating effect was 0 02 cm at —78° C, 0 01 cm at —118° C, and nothing 
at -183° C 

Punty of the Hydrogen —The magnitude of the heating effect varied greatly 
with the punty of the hydrogen and its measure was a useful guide to a knowledge 
of this punty As will be seen from fig 7 the heating effect changed from about 
19 cm of bridge wire, when the bulb contained air, to about 4 cm, when 
hydrogen of the maximum punty used filled the bulb The dependence of the 
heating effect on the punty was estimated in the following way The resistance 
of the thermometer was measured, using 1, 2 and 4 cells through 100 ohms. 
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when the bulb was filled with air The pressure in the bulb was then reduced 
to one half its initial value, 30 cm of mercury, and hydrogen, from the 
reservoir, was admitted to raise the pressure back to the original value, when 
similar resistance measurements were again made This procedure was 
repeated 

The curves (fig 7) are obtained by plotting the differences between the 
resistances with 2 and 1, and with 4 and 2 cells respectively, against a rough 
estimate of the air content The upper curves show that when the hydrogen 
is fairly pure, a difference of 1 mm on the bridge wire corresponds to about 
1 per cent change in the punty of the hydrogen The curves marked AA refer 
to observations made with the 300 c c bulb at 0° C , BB represent mean 
results obtained using the 700 c c and 75 c c bulbs at a temperature of about 
15° C 

I am indebted to Mr D Newitt, of the Department of Chemical Technology 
m the Imperial College, for some analyses of samples of hydrogen taken from 
the gas circuit on various occasions, chiefly when the low temperature measure¬ 
ments were in progress Tbe mean of six separate analyses gives 99 3 ± 
0 5 per cent of hydrogen, the impunty being air, as there was about four 
to six times as much nitrogen as oxygen present in the remainder. A small 
correction, amounting to 1 part in 1000 on the value of v at — 183° C, has 
been apphed to the final results 

Ftndl Experiments —These are summarised m the following tables The 
general nature of the temperature changes during the expansion of the gas 
was as m the air experiments (fig 3), but the time scale was reduced about 
five times 
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Hydrogen Final Experiments (fig. 9) 

Reduced Observations 


Pr 

Pi 

a 

b 

c 

d 



y 

November 29th, 1923 300 o o bulb 



t = 0 17 sec 


76 22 

60 346 

202 81 

16 5 

24 

106 10 

87 834 

90 002 

1 6872 


80 286 

202 81 

16 5 

11 

196 26 

87 867 

90 002 

1 6872 


80 233 

202 81 

16 6 

18 

196 32 

88 877 

90 002 

1 5882 


80 174 

202 81 

16 6 

3 

196 40 

88 903 

70 002 

1 5873 


80 123 

202 81 

16 8 

30 

196 46 

88 010 

00 002 

1 6894 


80 060 

202 81 

16 8 

22 

196 60 

88 030 

90 002 

1 5917 


80 017 

202 82 

16 9 

24 

196 69 

88 966 

90 006 

1 6924 


n 001 

202 82 

16 8 

- 2 

196 63 

88 070 

90 006 

1 5935 


70 907 

202 82 

16 9 

_ 2 

196 73 

88 012 

90 005 

1 5885 









1 6895 







t ~ 0 

15 ho* 


76 26 

80 264 

202 83 

16 6 

0 

196 37 

87 893 

90 009 

1 6880 


80 198 

202 83 

16 8 

37 

196 41 

87 906 

90 009 

1 6887 


80 140 

202 84 

16 7 

0 

106 62 

87 942 

90 012 

1 5881 


80 082 

202 86 

16 6 

4 

196 60 

87 968 

90 015 

1 5884 


80 028 

202 86 

17 0 

27 

196 67 

87 901 

90 015 

1 5873 


79 970 

202 86 

16 9 

0 

196 72 

88 008 

90 015 

1 5910 


79 916 

202 86 

17 0 

5 

196 79 

88 031 

90 015 

1 5906 









1 5890 


Deoember 6th, 1923 t - 0 17 snt 


79 496 

200 23 

14 0 

3 

103 84 

87 065 

80 157 

1 5905 

79 436 

200 27 

14 3 

29 

193 96 

87 106 

89 170 

1 6880 

79 371 

200 32 

14 3 

7 

194 08 

87 146 

89 186 

1 5899 

79 315 

200 36 

14 5 

21 

194 20 

87 184 

89 199 

1 6883 

79 262 

200 42 

14 6 

2 

194 31 

87 220 

80 219 

1 6907 
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Summarised Remits for Hydrogen. 


Date 

H 

m 

No 

of 

Obs* 

Pi 

cm 


□ 

Abs 

IImb 

1923 

17 9 

700 

0 09 

9 

75 33 

80 087 

285 129 

290 160 

1 3982 

19 9 

700 

0 10 

10 

75 73 

80 575 

284 082 

289 764 

1 3980 

12 9 

700 

0 22 

11 

75 69 

80 505 

284 800 

280 873 

1 3950 

27 9 

700 

0 15 

9 

76 88 

81 786 

284 034 

289 074 

1 3970 

10,11 

700 

0 12 

7 

76 60 

81 505 

282 327 

287 353 

1 3981 

3 10 


0 00 

8 

74 76 
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* With a key time 0 07, y — 1 383 

t Key tune too small for measurement Highest value obtained 
t With a key time 0 17, y « 1 574 
„ „ 0 2», 7 -1570 

Extrapolated Results —In figs. 8 and 9 the mean result obtained with each 
bulb is plotted against the reciprocal of a linear dimension of the bulb, *.e., 
the inverse cube root of the volume It is found that the results at any 
temperature thus treated lie on a straight line—this law had been assumed 
by Mercer—and the value given by the intersection of this line with that at 
infinite volume is taken as the value required 
As soon as the gas m the neighbourhood of the thermometer is cooled by 
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the adiabatic expansion an inflow of heat occurs from the walk of the vessel. 
This causes a rise of temperature in the gas which will vary inversely with the 
volume employed 0 8 will therefore be in excess of its true value, and y 
will be lower than the value corresponding to infinite volume by an amount 
depending on an inverse linear dimension of the vessel 
There is no difficulty in deducing the relation which represents the results 
of the experiments on air, because a linear law is so strictly applicable to the 
results obtained with all four vessels This is the caBe because the tune of the 
key could be made short enough, even m the experiments with the 35 c c bulb 
Hydrogen, on account of its much smaller density, expands very much 
>more rapidly, and it was not possible to make observations with a kmc 
interval sufficiently short in the experiments with the two smaller vessek at 
air temperatures The four experimental results, at about 16° C, he on a 
curve which, if extrapolated on the assumption that all the points should be 
equally umqhted, indicates a value for the ratio for hydrogen at this tempera¬ 
ture slightly higher than that obtained by Shields 

It was noticed how nearly the straight line through the mean results obtained 
with the two larger vessels passed through the value obtained by Lummer and 
Pringsheim, and also that this line waB approximately parallel to the other 
straight lines representing the results with air At a later date it was found, 
from the other experiments on hydrogen at lower temperatures, when, owing 
to the greater masses of gas m any bulb, more correct experimental conditions 
were obtainable with the smaller vessels, that similar nearly parallel lines 
were obtained 

Although the gases used had such very different physical properties and the 
temperatures of the experiments extended over so wide a range, the slopes 
of all these lines, each obtained from one set of experiments, agreed to within 
6 per cent As the magnitude of the correction to be applied to the results 
obtained with the 300 c c bulb amounts to only 0 01 on the value of y, the 
final values of y would not be affected by as much as 1 part m 2000 by the 
adoption of a constant slope for all the linear relationships experimentally 
found This result was wholly unexpected, it is undoubtedly due to the fact 
that, in attempting to observe the lowest temperature attained by the gas 
in the manner described previously, the time of the key is necessarily much 
shorter when using hydrogen than when air filk the bulb 
The RadvUwn Correction —The thermometer wire continually receives 
heat from the walls of the expansion vessel. The quantity of heat reoeived 
will depend on the nature of the surfaces and on the magnitudes of 6 and of 
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A 6 . The subsequent rise in temperature of the wire, on which the radiation 
correction depends, will be determined not only by the quantity of heat 
absorbed, which is practically independent of the nature of the gas, but also 
by the rate of loss of heat from the wire The latter will depend on the 
thermal conductivity of the surrounding gas 
The radiation corret tions will, therefore, be in the inverse ratio of the thermal 
conductivities of the gases, as was assumed by Mercer If the above explanation 
is correct, Partington’s adverse criticism of this method of estimating the 
correction is unjustifiable The radiation correction has been measured and 
applied to their results by all other observers, except by Shields She points 
out that it does not apply to values of y obtained by extrapolating against the 
pressure excess 

The method of determining the correction is to measure y, first with a bright 
platinum wire and then with the wire < oated with platinum black, all other 
experimental conditions being the same Then, assuming that the absorption 
of a black surfac e is 15 times as great as that of a polished surface, the correction 
can be calculated As the thermometer, after the air experiments, was used 
for work with hydrogen, an experiment to determine this correction has not 
been made, obviously, it < ould not safely be attempted m an atmosphere of 
hydrogen 

However, the smallness of the correction, and still more the concordance 
between the values for it which have been obtained bv others, justifies the 
assumption of an additive quantity 0 0021 to correct for this radiation error 
in air at room temperatures The values at low T er temperatures have been 
deduced by the application of Stefan’s law 

Theoretical Cotrectwn —Equation A, p 511, applies only to perfect gases which 
obey the law pv = HO The adiabatic law assumed in calculating the results is 
p m /0 = constant In the bmit, corresponding to results deduced for a vessel of 

infinite volume, m is written as ^— 7 -i The specific heat at constant pressure 

^ R0 

s pf of a gas which obeys the Callendar characteristic equation, — c 

(where b is the co-volume, and c the co-aggregation volume, which is a func¬ 
tion of the temperature of the form c =c o(“q) > w being dependent on the 
nature of the gas), can be calculated from the thermodynamical relation 

s p s. 0 (~\ The difference of the specific heats at constant pressure 
\dp/+ 

and constant volume can be calculated from s v — s v 0 


dg\ /<to\ 
18/* \<J8/»' 
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S * • 

y —— can thus be obtained in terms of y', the relationship being 

T . T ’(i+fr'-i>'jD- 

The numerical values adopted in calculating this correction are those given by 
Prof Callendar m his paper on the “ Thermodynanucal Correction of the Qas 
Thermometer ’ (* Phil Mag / January, 1903) 

The corrections are almost identical in magnitude with those deduced from 
the Berthelot characteristic equation used by Partington 


Summary 

Final Values for the Katins of the Specific Heats 
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LAP, L,u minor and Prmgahoim, ‘ Aim d Phy* ,* J898 
K , Xoch,‘ Ann d Pbys , 1908 
P, Partington, 'PRS,' 1021 
Sh , Shield*, ‘ Phy* Rev1P17 
♦LAP, experimental value l 4063 


Criticism of Previous Measurements of y 

Summaries of the work of the many observers will be found in various papers 
referred to below It will be sufficient if attention is restricted to results 
obtained by the method adopted in these experiments. This limits the dis¬ 
cussion to a consideration of the methods of extrapolation used by some 
observers and to the results of the experiments by Lummer and Fnngsheim, 
and by Partington 

Moody C Phys Rev / vol 34, p 275, 1912), and later Shields (* Phys, Rev,/ 
vol 10, p. 525, 1917) using thermocouples, extrapolate the observed values 
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of y against the pressure excess A p Over the range of pressures used by the 
latter observer, 7 to 35 ram of mercury only, a linear relation holds with 
considerable accuracy Moody, using larger pressure excesses and a vessel of 
60 litres capacity, found that the linear relation did not hold good for values 
of A p greater than 6 cm , the divergence of the observations from this linear 
law being m the same direction as that found by me (fig 6), but not so large 
as mine Both these experimenters made the key contact at some definite 
time after the commencement of the sudden expansion, but such contact was 
not made autonmticHlly 

In Moody s experiments this interval was either 2 or 3 seconds , in Shields’ 
work, with a 1-litre flask, the time was between 0 87 and 1 second m the air 
experiments, and from 0 62 to 0 83 second when hydrogen was used 

There t an 1 think, be no doubt that the reason for the low values of the 
ratio for hydrogen obtained by Shields is liecausc the time intervals were 
too long 

Both Lummer and Prmgsheim and I find that the time taken for the expansion 
is some five times smaller in the case of hydrogen than foT air possibly Shields 
would have obtained a higher value if the time intervals employed had 
been between 0 1 and 0 2 second Shields points out that this method of 
extrapolation corrects for error due to conduction along the leads of the 
thermo-junction as well as for the radiation effect, as these are proportional 
to A0, which is itself zero when Ap 0 

For the same reason any thermometnc lag effect is eliminated This method 
of extrapolation is objectionable chiefly because the observed values of y 
obtained from experiments with small values of Ap and A 6, on which observa¬ 
tional and accidental errors would produce big percentage errors, are just those 
of most importance in fixing the point of intersection (A p = 0), giving the final 
value of y 

Makower (‘ Phil Mag vol 5, p 226, 1903) used air m a 50-litre globe and 
a compensated thermometer of 0 025 mm diameter platinum wire From the 
observed measurements, he calculated the values of the adiabatic index m 
(see p 511) corresponding to different times of closing the circuit after the 
expansion, times w r hich vaned from 0 75 to 5 seconds He assumed this 
variation of m to be linear and extrapolated to find the value corresponding 
to zero time interval This method may, perhaps, be referred to in terms of 
fig, 3, as one in which observations are made at various points on the slowly 
upward-nsing part of the temperature-time curve, t.e , between e and f The 
values of m for times shorter than about 1 second are constant and give a value 
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of y = 1 396, but by assuming the linear extrapolation Makower deduces 
Y = 1 399 

It is difficult to see how such a method of extrapolation can possibly correct 
for any lag effect, but the close agreement of the extrapolated result with the 
probable value may be taken as a proof that any error due to lag effect in a 
wire of 0 026 mm diameter is very small, certainly not exceeding 0*001 on 
the value of y It is interesting to note that his results, for time intervals of 
one second and less, confirm the horizontal nature of the line c, e, in fig 3 
The experimental result 1 396 is of great value as an estimate of y which 
can indubitably be associated with my own experiments 

The method of extrapolation used by Mercer and myself is not open to the 
two objections raised above The observations are all made with a fairly 
large pressure excess, so that percentage errors in A p and A6 are minimised, 
moreover, as I have shown, there is a very accurate linear relation between 
the plotted quantities over a big range in the size of the vessel employed, and 
the whole variation m y over the observed straight portion of any line is 
only 1 per cent 

Again, the linear extrapolation gives a value of y corresponding not only 
to that obtainable with a vessel of infinite volume, but also to a long tune for 
the key This is clear if it be remembered that the key times had to be 
increased as the size of the bulb increased, in order to get near the point c 
(fig 3), and during this long interval lag effects would have had tuns /to 
disappear The method would not have been satisfactory if the thermometer 
had not been compensated 

Before commencing the hydrogen experiments, 1 had expected that the 
much greater thermal conductivity of this gas would be indicated by an 
increased slope in the lines representing the results That this is not the 
case shows that the correction applied depends on the size of the bulb and 
on the thermometer, but not, apparently, on the nature of the gas surrounding 
the latter The closeness with which Makower and Mercer's values agree 
with mine are confirmatory to this supposition 

Lummer and Pnngsheim and Partington have made measurements, using 
much finer wires m the thermometnc system Lummer and Pnngsheim used 
a fine bolometer strip in a globe of 90 litres capacity They showed that, in 
the case of air, the same results were obtained with an expansion time varying 
from 12 to 2 seoonds, and that in the latter case “ the galvanometer needle 
remained absolutely at rest for several seconds after the expansion/ There 
must, however, be some uncertainty in their results, owing to the fact that 
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the bolometer atrip was not compensated for conduction occurring from the 
thicker leads 

Probably Partington’s result y f = 1 4001 (‘ Roy Soc Proc / A, vol 100, 
p 27, 1921), obtained for air, using a 130-litre globe and a thermometer wire 
of diameter 0 001 mm , may be considered as entirely free from systematic 
error, unless any was introduced by the “ overshooting 99 of the gas owing to 
the rapidity of the expansion 

He made some preliminary observations, using thermometer wires 0 05, 
0 01 and 0 001 mm m diameter respectively, and found lag effects which 
increased with the diameters of the wires used these measurements being 
apparently made with no compensating leads If this were so, the “ lag ” 
effects, i e , the non-coincidence of the temperature of the wire with that of 
the gas immediately surrounding it, would be due to two causes, (a) the inertia 
of the wire itself, (6) conduction to the wire from the leads Both these 
effects tend to maintain the wire at a temperature above that of the gas If 
the two effects are operative, it does not seem justifiable to apply the full 
correction deduced from these preliminary observations to results obtained 
with compensated thermometne systems In some later experiments on air, 
when a 60-htre vessel was employed, with a wire of 0 01 mm diameter 
forming the compensated thermometer, Partington and Howe (‘ Roy Sue 
Proc A, vol 105, p 225,1924) obtained two values, 1 3928 and 1 3968, “there 
being some uncertainty to within 0 05" m the measurement of the final 
temperature m the second determination The correction applied was 
deduced from the “ lag ” observations quoted above, and the values of y' 
became 1 4004 and 1 4038 respectively 

Makower s experimental value, 1 396, is only 0 004 lower than the most 
probable value of y' f but Partington’s first result, to which he attaches most 
weight, is so much lower than this, although the thermometer wire used was 
2 5 times smaller m diameter, that it suggests some outstanding error m 
Partington’s later measurements In other experiments Partington found 
“overshooting** to occur when he used oxygen, but not when ho used nitrogen 
This seems so curious that, perhaps, it had better be considered as sub judtee 

Partington’s value y* = 1 4001 was obtained by the null method, the 
galvanometer being an Emtboven string galvanometer with a penod of about 
0-01 seconds The resistance of the thermometer wire was about 1000 ohms, 
and this was not affected by variations, within reasonable limits, of the bridge 
current, The temperature measurements were deduced by direct comparisons 
with an auxiliary thermometer, which was read to 0*01° C, and corrected for 
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emergent stem and scale errors Though the advantage accruing from the 
use of the fme wire bolometer and a dead-beat galvanometer, having a short 
period, are very great, there is a loss m sensitivity, as measured by the 
deflection of the filament corresponding to a temperature change in the 
thermometer wire An estimate of this sensitiveness can be made from the 
experimental data given The initial and Anal temperatures being fixed, 
A0 = 7 72°, a pressure excess of 115 10 mm of oil caused a deflection of 0*1 
The null experiment gives y‘= 1*3981 Neglecting the deflection, the 
preliminary experiment gives y' — 1 3965 The 0’1 division deflection 
(this is Btated as being the limit to which the scale deflection could be estimated), 
therefore, corresponds to a temperature difference of over 0 02° C., and the 
accuracy of an individual result is limited to about 0 0015 on the value of y' 
The sensitivity may be even less than this, as the value of y' deduced from the 
null experiment is 0 002 lower than the mean of all the results which vary from 
1 3978 to 1*4015 Confirmation of the essential correctness of this calculation 
is obtained from a statement by Partington (‘ Boy Soc Froc,’ A, vol. 105, 
p 238, 1924) that “ one-half a small scale division corresponds to about 0 10° 
temperature change,” though this statement refers to his more recent, but 
similar, experimental arrangements 

Xundt’s tube method of determining the velocity of sound in gases cannot 
be considered good, owing to the difficulty m measuring the length of the sound 
wave 

It is much better to measure the velocity of sound in small tubes by a direct 
method and to deduce the velocity in free gas This has been done recently 
by Dixon, Campbell and Parker (‘ Roy Soc PrOo,’ A, vol 100, p 1,1921) 
and by Dixon and Oreenwood (‘Roy Soc ProcA, vol 105, p 199, 1924) 
Their measurements were made on many different gases and vapours and 
extend over a wide range of high temperatures 
Great care was taken to eliminate errors inherent m the timing mechanism. 
The values obtained are probably more accurate than any previously recorded. 


Values of the Specific Heats, fig 10 

The speoifio heat at constant pressure, s p , and the molecular heat at constant 
volume Sv, can be deduced from the final values of y, but the error introduced 
on the value of each specific heat thus calculated is about three tunes larger 
than that existent on the value of y Nevertheless, a smooth curve drawn 
through my observations with Hydrogen at 90®, 155°, and 290° abe., gives 
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values at 252° and 273° which agree within one part m 250 with those deduced 
from the experimental measurements. 

The following values have been assumed in the calculations of s v and S* 

R the gas constant — 1 985 

Molecular Weight of Air =28*99 

Molecular Weight of Hydrogen = 2 016 
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Scheel and Heuse (‘ Ann der Physik,’ vol 37, p 79, 1912, and vol 40, 
p. 473, 1913) have measured the specific beats at constant pressure for air, 
hydrogen and other gases The flows, m grammes per second, were very 
small, so that a very long extrapolation is necessary m order to arrive at the 
value of s p corresponding to infinite flow, % e , zero heat loss If their experi¬ 
mental observations of CE/QdO are plotted against the corresponding values of 
1 /Q, it will be found that considerable latitude m the values of s p deduced is 
possible The experimental results with hydrogen at —78° C, can be represented 
by a huear relation, fitting the points quite as well as the curve adopted, which 
gives the value 3*21, which is m excellent agreement with that deduced from 
my measurement of y at this temperature With regard to Scheel and House’s 
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measurements on air and hydrogen at —183° C .values rather lower than those 
they give can be deduced For example, each of the three senes of experiments 
on air at this temperature, when extrapolated linearly, will give a value of 
8p in the neighbourhood of 0 246 

Begnault’s value for the specific heal of air undoubtedly requires correction 
for the variation in the specific heat of water In addition, if the correction 
suggested by Leduc (‘ Compt Rend 1898) is made, Regnault'B value is raised 
to 0*239 s , or if the experimental values be plotted against 1/Q, the value 
corresponding to infinite flow is about the same 

Eucken (‘ Sitz d Kon Preus Akad d Wiss1912 p 141) measured the 
molecular heat of hydrogen as a difference between the thermal capacities of 
a steel vessel when empty and when filled with hydrogen At temperatures 
above 190° A, the ratio, thermal capacity of the contained hydrogen/thermal 
capacity of vessel, was about but at lower temperatures the ratio increased 
The specific heat of steel alters very rapidly at low temperatures, and as 
the values of this quantity are somewhat uncertain, it is clear that some 
considerable error may be introduced on the small difference measured 
Eucken’s results, the first m which the rapid change in the molecular heat of 
hydrogen was experimentally verified, are remarkably consistent when one 
remembers the extreme difficulty of the measurements 

On the Variation of the Molecular Heat of Hydrogen with Temperature 

The values of 8 # , calculated from my experimental observations, are plotted 
against the corresponding absolute temperatures in fig. 10, and the continuous 
vanation in S„ is represented by the full curve The values obtained by Eucken 
(Joe nt ) and those deduced from the experiments by Scheel and Heuse (loo 
cU ) are also shown The three broken curves have been drawn from formulae 
proposed by Planck-Einstein (‘ Ann der Physik,’ vol 22, 1907), by Reiche 
(‘ Ann der Physik,' vol 58, p 657, 1919) and by Callendar (‘ Phil. Mag,’ 
vol 26, p 787, 1913) respectively Not one of these fits the experimental 
observations over the whole temperature range at all well, for each deviates 
by 2 per cent * or more from the full curve representing values which, by a 
very conservative estimate, are accurate to within one-half of 1 per cent 

It is not to be expected that a simple relation, involving one frequency only 
and however deduced, should represent the results over the whole temperature 

* The divergence when measured as a percentage of the rotational specific heat ia 
several times greater than tins. 
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range, but Callendar’s formula certainly agrees better than the simple Planck- 
Emstem relation whatever value of Bv is adopted m the latter expression 



Reiche has discussed the problem of the temperature variation of S fff basing 
his calculations on a rigid model of the molecule His curve V, which is plotted, 
is obtained by excluding, somewhat arbitrarily, certain quantum states It is 
in fair agreement with ray experimental curve below 160° and above 270°, 
but it also gives values which deviate by as much as 2 per cent, between these 
two temperatures, although so many initial assumptions have been made 
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The Interpretation of the Results of Buoherer’s Experiments 

on e/m. 

By Taos Lbwis, B Sc , Oarrod Thomas Fellow of the University College of 

Wales, Aberystwyth 

(Communicated by Prof G A Schott, F.R S —Received October 24,1924) 

1. Introduction —In the ‘ Physikalische Zeitschxift,’ 9 Jalirgang, No 22, 
pp 756-760, and again, m greater detail, in the * Annalen der Physik,’ 1909, 
vol 28, pp 513-536, Prof A H Bucherer gives an account of an experiment 
performed by him. with the object of ascertaining which of the various mass 
formula? attributed to the electron by theoretical physicists agrees best with 
experiment The method is briefly as follows a source of high speed electrons 
(a stick of radium fluonde) is fixed on the axis of a circular parallel plate con¬ 
denser, one of whose plates is connected to earth, and the other to a source of 
high potential so as to produce a sensibly uniform electric field in the region 
between Perpendicular to the electric field is applied a uniform magnetic 
field whose effect is to diminish, or increase, the mechanical force on the electron 
according as the direction of its velocity forms a left-handed or a right-handed 
system with those of the two fields 

Since the distance between the plates is very small compared with their 
radius, it follows that the velocity of projection of an election cannot have an 
arbitrary value if it is to escape from the condenser. Given the direction of 
projection of an electron, its velooity must lie between two definite limits which 
depend upon the relative intensities of the two fields, and also upon the distance 
between the plates of the condenser 

More explicitly expressed the velocity must be such that the mechanical 
foroe on the electron, due to the magnetic field, almost balances that due to the 
electric field, the maximum resultant mechanical force allowable for two given 
fields will depend upon the distance between the plates of the condenser. We 
cannot diminish this distance without limit, and at the same time maintain a 
high difference of potential between the plates In Bucherer’s experiment the 
distance between the plates was 0 025 cm 

Outside the condenser, the electrons are subject to the influence of the 
magnetic field only, and their paths will be helices. Coaxial with the con¬ 
denser is fixed a cylindrical photographic film of twice the radius, upon which 
the electrons are allowed to impinge, thus producing the usual photographic 
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effects, and enabling us to measure actual deviations which they have suffered 
owing to the presence of the magnetic field 

Photographs of the apparatus used are reproduced in the * Annalen der 
Physik *, also reproductions of two of the films are given The double curve 
was obtained by reversing the field (See fig, 3 (a), p. 589 ) 

If we take account of the so-called compensated rays only—those for which 
the mechanical force inside the condenser is aero—the velocity of projection, 
and the deflection on the film corresponding to a given direction of projection 
are easily calculated In this simple case the trace should have the same width 
at every point, and to a given section of the trace should correspond one, and 
only one, velocity In actual practice such ideal results cannot be obtained, 
non-compensated rays escape, causing a widening of the trace and displacement 
of the curve of maximum intensity The effect of these rays becomes more 
and more marked as we approach the points where the curves join the central 
trace attributed to y-rays In this paper we shall show how to construct the 
trace as it should be if the Lorentz formula holds for very high velocities, other 
circumstances being supposed ideal The experimental material necessary for 
constructing the trace is very scanty very little is known about the {1-ray 
spectrum of radium salts m the region of high velocities The highest velocity 
observed by Elba up to date is 0 83 times the velocity of light (See * Royal 
Society Proceedings,’ January and February, 1924 ) In the region explored he 
has identified but three strong lines, which correspond to velocities 0 64, 0 70 
and 0*75 times that of light, and for whose relative intensities he has given the 
values 25,30 and 40 respectively His estimates of the relative intensities of the 
other lines range from 1 to 10 

These strong lines of Ellis will not account for the deviation of the experi¬ 
mental trace from that calculated for the compensated rays (see fig. 3a), 
but the assumption of sufficiently strong rays in the region observed by Danysz 
enables us to do so This investigator (see ‘ Comptes Rendus/ 2, 1911) haB 
identified lines corresponding to velocities up to 0*99 times that of light, 
but it is very desirable that this region should be reinvestigated, and that finer 
estimates of the relative intensities of the iineB identified should be recorded. 
It i b hoped that this paper will serve to show the necessity of undertaking this 
task. We are forced to the conclusion that if the Lorentz formula is valid 
for all velocities, then, m order to account for the traces obtained by Bucherer, 
it u necessary to assume the existence of strong (3-rays of very high velocities 

2. Path of the Electron —The equations of motion of an electron moving in 
a steady and uniform electromagnetic field, with the electric and magnetic 

2 P 2 
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forces at right angles to one another, have been worked out by Prof Q A 
Schott in his book, ' Electromagnetic Radiation,’ p 301 Taking the origin 
on the axis of the condenser—the axis z along it, the axis of x parallel to the 
magnetic field , and that of y perpendicular to the first two, so as to form a 
right-handed system—the equations of motion are 

** = 0, y* — pz' — O, z" + py'— jpem* k(z + k) — 0, (1) 

where the dashes denote differentiation with respect to a new variable t 

defined by the equation <=1(1 — fi 2 ) -1 th, (2) 

Jo 

and p = eH/cm, sin X -= E/H, (3) 

while £ is a constant determined from the initial condition 

c (1 — p* 0 )~ J = p <nn A (z 0 + k) (4) 

(The suffix 0 will be used throughout to refer to the axis of the condenser, 
the suffix 1 to its edge, and the suffix 2 to the film ) 

Let us put 

« = o (1 — |S 2 ) _ * = (c a -f- w*) 4 , <j> — x cos A, A = y' 0 sec A — s 0 tan A, (5) 


where w denotes -y/x'* -f- y' 2 -| s' 2 , the velocity referred to t as time variable 
In Bucherer’s experiment E was less than H, so that X is real Hence the 
solutions of the equations (1) are 


x — x' 0 sec A <j> 

y — y' o sec A <f> + p' 1 sec 2 A {A (sinp^ — pf) -f z' 0 (1 — coBpj)} 
z — *o + p' 1 sec A {a' 0 smp^ - A (1 — cos p$)\ 


r ( 6 ) 


Outside the condenser there is no electric field, so sin X — 0, and A = y*,. 
Again, let i}» = t — T lf (7) 

then 

X — X t ae x\ <J) as <|| . ) 

y — yi = y'i+ ?<!*) +*'i(i — cosp<ii)} >■ (8) 

* --Ijssp" 1 {I’jBinpill- y'l(l — cosp<J/)} J 

The values of z' 0 and A are limited by the restriction \z — sb| < d for 
where d is the distance between the plates of the condenser , 

Now, let us put 

*'o = «o 008 *> y'o — v o *» (®) 

/ (4>) — p~ x sec* A (A (sin p<f> — p<j>) + (1 — cos j4)}, 

9 (<10 = P” 1 {y'j (»mp —P+) + *'i(l — oosjmJi)}, (10) 
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so that 

f (4) = sec* A {A (cos p<f> — 1) -f z' 0 sinp<f> } 

0'(4») —y'l (cosp - 1) + s', sin pij< 
/" (^) = p sec® A j —A sin ptf> -f 2'o coap4 j 


} 


(ID 


Then equations (6) become 


« = c 0 cosasec A <f» y = v 0 ainxBcc X <j> +f (<f>), 
and equations (8) become 


z = + P~* cos A /' (^), 

( 12 ) 


x = v 0 cos a (sec A + ^). 

y = v„ sm a (sec A 4i + +) +/i +/', cos At}» + g (4*) |- 

* = 2 o + P~ L {oo» ^ ( f\ + P~V"i sinp<J/) — y', (1 — cos 


x ~ t cos ft, y = r sm ft, 


(13) 

( 14 ) 


where r is -y/i* + y* Then eliminating (sec A + i(0 between the first two 
of equations (13) we get 

r sin (ft — a) = {/, -f/', cos A <ji + g (tJOJcos a (15) 

At the edge of the < ondenser tji — 0, and hence g (^) — 0, whilst r — a, 
the radius of the condenser Hence (15) gives 

a sm (ft, — a) =/, cos « (16) 

Now from (12) 

fi cos A -p\ (z — Zo) d<f>, 

Jo 


therefore j/, cos A| <p d 4 ~ v~ l pda ~ 0 01, with d — 0 025 cm., 
a — 4 cm , H — 127 55 e/m units, sm A = 0 5154 and {i — 0 6 

It follows that m writing 0, — a for its sine in (16), the relative error is very 
small ’ it is | (/, cos a/a)® ~ £ (tT l pd cos a) 8 ~ 10~ # 

3 Method of Approximation —The followmg method of successive approxi¬ 
mation is perhaps the most convenient for solving the equation 

y = a (ft, — a) =/i cos a, (17) 

where/, is now regarded as a function of 6,, for by (6), (12) and (14) 

= a e 0 “ l sec a cos A cos ft, (18) 

Let us define a sequence of values y Q , y v y 2 y» in the following 
manner — 

ft =/, (0) cos a, where/, (0) denotes that we have written a for 8„ in/„ 
Yi “/l (Yo) cos«, Yt =/i (ft) cob*, . . y„ =/, (y«_J cos « , n > 0 
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Then 

ly - y. I—I f/i (y) —A I cos« 

= l(y— y«-i)/' i (y) | cos a < 1 (y — y—i) |M <y M" +1 , 

where 0 <y<y, while M is the maximum modulus of \ f \ (y) | cos a in the 
interval concerned 

Hence the relative error m writing y n for y ib less than M * -1 K 

By (12) f i (y) ~p sec X (z } — z^) mdy = — v~ l p (z x — z 0 ) am Q x sec v , 
so the convergency ratio is tr 1 p (z x j 0 ) sin 0, < pd ~ 0*0026 

Again, at the film we have r — b, 0 = 0 2 , hence by (16) 

b sin (d i — a) = (/, + f\ cos A 4/2 + ifo) cos o (19) 

In the neighbourhood of 6, = X, where we require the deflection on the 
film, we may neglect cubes of 0 2 — a so that we have to solve an equation of 
the same type as (17), namely, the equation 

b (6 g — a) = (/j +f\ cos A ^s + gj cos a (20) 

The same method of solution is applicable to this equation as to (17) 

4. Compensated Rays —Prof A. H Buoherer had intended to eliminate, 
as far as possible, all rays other than the so-called compensated rays In 
this section wo shall discuss briefly the nature of the trace that would have been 
obtained had he entirely succeeded m his purpose 

Since (inside the condenser) there is no resultant mechanical force on the 
electrons composing these rays, their paths are straight lines This property 
of compensated rays gives rise to the two conditions 

s' 0 =0, A = (v 0 sin a — < 0 am A) sec A = 0 (21) 

Smce in this case w 0 - -- v 0 and *o = \/ c* -f v* 0 , the second equation gives 

(1 — (3 0 = « 0 /*o = sin A cosec a (22) 

From this formula we see that none of these rays can escape outside the 
angular region defined by « — X > a > X The two extremes correspond to 
velocities equal to that of light 

Again, since «' 0 and A both vanish for the compensated rays, we see from 
(10) that/(^) vanishes everywhere, hence/],/'j./"i are all aero, and we obtain 
from the third of equations (13), with 

y\ — v 0 sm «, « 0 = c sin A (sin*« — sm* A)“* 
s a — Zg ■* — p -1 ty, sm «(1 — cos pi|/,) = —Jpty,sin 
approximately for small values of 


(2S) 

( 24 ) 
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From (20) and (10) we obtain 

6(0* — a) = 9t cos x = p~ l o 0 am a coa a (sin 4*a) 

= — $ p\ am « ooe on|i* t (25) 

approximately Lastly, the first of equations (13) gives very nearly 

= 6 — a. (26) 

Neglecting higher powers of a — A, we get from equation (23) 

a — A = r 2 tan A/2t>* 0 , (27) 

which, combined with (25), gives us the equation 

b (0 2 — A) — % c*fi tan A/« 0 2 — sin A A (28) 

Again, eliminating v 0 and ty 2 between (24), (26) and (28), we obtain to a 
first approximation 

(z t — z n ) 2 = ^pr am A (b — a ) 4 {Jc*6 sec A 

- |p* cos A {b - o)*}~i b (6, - A) (29) 

On the unrolled film the abscissa is equal to b0 3 , hence the last equation 
shows that m the neighbourhood of 0 a — A, the curve due to compensated 
rays behaves like a parabola of latus rectum equal to 

J p 2 sm A (b — a)* {J cS> sec X — ip* cos X (b — a)*} 1 
The parabola cuts the central line at 0 8 — X perpendicularly, and is shown as 
curve CC in fig 36 at the end of the paper Bucherer’s experimental curve is 
different, it is shown in the inset, fig 3a, and appears to touch the central 
line at a point for which 6 a exceeds X considerably In the case of the curve 
measured this excess is as much as 6° In order to account for this discrepancy 
we must find out where the non-compensated rays strike the film 

5 Non-compensated Rays satisfying special conditions —We shall find it 
convenient to study the class of non-compensated rays characterised by the 
condition = 2 q They have a turning point inside the condenser which will 
be denoted by s m Let us write 

z m —*0=8. (80) 

Then S lies between the limits ± d, d being 0 025 cm The compensated 
rays belong to this class, and are given by 8 ~ 0 From (6) we see that the 
condition x t = z 0 gives 

*o = Atan Jp^i, (31) 

where the suffix 1 refers to the edge of the condenser as usual The taming 
point is determined by z'„ = A tan pj, so that 

VA* -j- — A = (r„ — *j) p cos A — bp cos A. 


(32) 
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Eliminating z' 0 between (31) and (32) we obtain, using (5), 

8p cos X (sec j — l)' 1 a A = v 0 sm a sec X — s Q tan X (33) 

Let <x be the value of oc belonging to a compensated ray which is projected 
with the same velocity as the ray considered, and therefore has the same values 
of v 0 , For this ray z' 0 , A ami 8 = 0, and sin a - (#oM>) R,n ^ Hence 
we get from (33) 

sin a == Bin a + fywo"' 1 cos 2 X (sec \ jxf> x — 1)~ 1 (34) 

Again, for this class of rays we see from the last two equations (6) that 
x\ — — z\ = — A tan \p$ Xl y\ = y' 0 = v 0 sm a , hence we obtain from (10) 

fi + 9 2 “ P 8in a ( Bm V ~~ P W + A p~ l sec 2 X 

{ sm p<f >j — p<f> } + 2 tan \ ptf> i (sm a \p*j> x — cos 2 X sm* \ p ^ 2 ) \ (35) 

For the high velocities which wc shall consider later On (|3> 0 75), it will 
be found that /, and </ 2 are given to a sufficient degree of act uracy for our 
purpose by taking the first approximations for them (see Section 3) m flit 
small second term , % e , by putting <j> x sec X = a/% = (6 — a)/v 0 Now m 

Bucherer’s experiment, b~ 2a f hence, neglecting higher powers of <f> x ami 
t|/ 8 , we obtain from (33) and (35) 

/i + 9t — V~ l v 0 sm «(sin p <J; 2 — p (J»,) — u8, (36) 

with ij> # = (6 — a)/v 0 = ajv 0 = sec k 

The first term on the right-hand side of (36) is the value of g 2 , le, the first 
approximation for g 2 when « = a We also notice that although 8 is small 
the last term may be the dominant one if the velocity is sufficiently high 

Again, we find by means of (8) and (31) 

= Atanip^sinpij/j —c 0 sina(l — cosjmJi,)}, (37) 

where and are to be calculated from the formulae 

= av~\ sec a cos 0 lt — (& cos fi, — a cos 0,) v~* Q sec a (38) 

Curves for different values of the parameter 8 are given at the end, fig 36 

6 Classification of Effective non-eompemated Rays —Not all the rays emitted 
by the radium stack reach the photographic film and are effective in producing 
the observed traoe, some strike against the condenser plates and are absorbed, 
and many of those which are reflected 41 more than once emerge from the con¬ 
denser at comparatively large angles with the plates and do not take part 

* When the energy exceeds 11 volts the reflection is negligible (Gehrt and Beeyer, 
1 Ann. der Phys,’ vol 86, p 995 (1911)). 
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in the production of the trace, but merely produce a general fogging More¬ 
over, very little is known of the circumstances attending absorption and 
reflection of high-speed electrons at metal surfaces , lienee we must perforce 
content ourselves with neglecting the effect of all pencils of rays, except those 
which escape from the condenser without striking the plates In order to find 
the curve of maximum intensity of photographic effect on the film due to rays 
with a given value of p, it will be convenient to classify the rays which escape 
according to tin* positions of their turning joints Since we shall be dealing 
with high velocities only (fi> 0 75), we may neglect the change in lateral 
deflection due to a change in z/ 0 (This will he justified later on ) Again, as 
far as the vertical motion of the electron inside the condenser is concerned, 
we shall treat its path as a parabola 

- - *o + !* r — W 2 (39) 

where r is the jadial distant e, p c' 0 /i 0 , « Ape os X/H 0 (40) 

k is connected with the parameter 8 in the following mannei —By (33) 
1 A sec X (»ecH/;<£| - 1) Now if we take for <f> j its first approxima¬ 
tion, a cos X/v 0 , and neglect powers higher than squares, we get as a first 
approximation foi 8 the* term Jp~ 1 Aa 2 cos X/y 2 — \aric — 2*, since a = 4 cm 
Later, it will be seen that this approximation jh justifiable, for we use * only 
for the purpose of calculating the intensity of photogiaphie effet t 
The turning point and ordmate at emergence are given by 

~ Z 0 f \P % * l , h i 0* 1 ) 

Let l denote the length of radium stick from which rays can escape when (z 
is given, and h the ordmate of the centre of gravity of this length relative to 
the mid-point, of the radium stick We shall first classify the pencils for which 
* < 0 , tv , those whu h are concave upwards The case k > 0 is treated m 
a similar waj 



Fra 1 —AB i ©presents the radium stick, Al) and BC the coudensei plates. 


(a) A length of radium stick with its upper end coinciding with A (see fig. la) 
gives rise to pencils of rays which have their turning points outside the condenser 
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(the rajs composing a pencil are emitted with the same value of v 0 and pg 
respectively) For these pencils l = z x -f $d, h =* J (d — l) with z 0 = jd 
In order that a ray may belong to this class, its initial inclination p must 
he between the limits p' and p", where p' makes z y — — \A when Sg = $d, 
the ray passmg through diagonally, and p' makes z x — z m , the ray having its 
turning point at the edge of the condenser Thus by (41) 

l == d + a (p — i#a), h — — Jo (p — £«»), p' = — a 1 (d — 4x»*), 

p" = xa (42) 

The groups of pencils will be found to possess a certain degree of symmetry 
with respect to the pencil for which z x — z 0 , therefore, it will be convenient 
to refer them all to this as standard by making the following simple trans¬ 
formations 

p — f + \xa, h = ■»)„ — (43) 

Then equations (42) become 

l — d-\-a£, *)o = ifexa 2 — £«£, £" = }xo (44) 

(6) There is another group of pencils symmetrically placed with respect to 
the first (see fig li>) The rays belonging to this class have their turning points 
in the region r < 0 For this class we obtain, after applying the transforma¬ 
tions (43) 

l = d~at, tjo=iW-K. i" = aH (46) 

Neither of these two classes exists when x satisfies the inequation 
*i — ®ol > d for p = 0, te, if --$*<**> d 

(c) Beginning with the upper end of the stick again (sec fig lc), we find that 
pencils can escape which have their turning points inside the condenser m 
the region < r < a For these we have, provided — Jxa* < d 

1 os d + $x~ 1 (£ + i*a)*, ijo = -is Kai ~ 1 (£ + i*®) 2 , ~ i*®» 

r-0, (46) 

but if — $xa 2 > d, then (bearing in mind that x < 0) 

f' = - V—2xd — ^xa. (47) 

(d) There is another class of pencils (fig. Id) which ib symmetrically placed 
with respect to (c), and has its turning point inside the condenser, but this time 
in the region 0 < r < Jo. When — £«a* < d we have 

+ + i*®)*, 7J,- **«•- w- i*- 1 «H-**»)*, 

S'-O, (48) 

and when — J*o*> d, §* = fxa + V — 2xd. (42) 
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7. Distribution of Photographic Effect on the Film —In order to compare 
Buoherer’s curves with the theoretical results it is necessary to be able to 
compute the photographic effect at any given point on the film* For this 
purpose we assume that the total effect can be obtained by the simple addition 
of the effects of the several rays which reach that point Hence it is necessary 
to determine the region of the film covered by rays belonging to each pencil 
emitted with a given common velocity, which is able to escape from the con¬ 
denser. For the photographic effect of the pencil depends upon three factors 

(1) the specific photographic effect of a single electron with a given velocity , 

(2) the number of such electrons emitted by radium , (3) the number of such 
electrons in the pencil and the distribution of their points of impact on the film 
Very little is known concerning the effect of the first two factors , investigations 
such as those of Danysz and Ellis, already referred to, on the (3-ray spectrum of 
radium and its derivatives, only give very general indications of the relative 
photographic effects of groups of p-rays of certain velocities under conditions 
only approximately similar to those of Bucherer’s experiments , but they 
do give us some idea of the combined effect of the first two factors The effect 
of the third factor is amenable to approximate calculation, as will be shown 
below 

Let t) 8 be the ordinate of the central line of any pencil at the film relative 
to that of the pencil of equal velocity for which z x - z 0 
From (6) and (8) we get 

z % = z 0 + p 1 sec X {z' 0 sin p<f> x A (1 cos p<f > x )} 

+ —y'i(l -*cos 

z\ — z' 0 008 — A sm p<f> lt 

y'i = y'o + sec A {z' 0 sin ^ — A (1 - cosp^)} 
Then, since vjo is the initial ordinate of the centre of gravity of a pencil relative 
to the one for which i x — « 0 > we obtain by (31), (40) and (43) 

vja = vj 0 -f- £N, (60) 

where we have put 

N = p~ l v 0 (sm pfa cos /»<]/, sec A + cos pfa sm p 4> t ) (61) 

and neglected the small changes m <f>i +* due to £, which is vary small, 
in no ease exceeding dja — 1/160 
Let ns plot the two curves 

(*)=*+& >} = G(f)5ij*-Jf (62) 

Then, from (44), we obtain m the region (a), —a~*d < $ < l*o 

F(f)«**B a +Jd + fN, G(f)-*«a*-id+£(N-«) (63) 
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For the present purpose we may use the first approximations for <f> L and <|/ 8 , 
and neglect cubes and higher powers, t e , we shall write sec X = a/% 
— a/% and N = 2a Then, when a = 4 cm , d = 0 025 cm, N = 8 cm 
For convenience of calculation, we shall suppose the units of the three variables 
7 ], and k to be multiplied 80 times, so that the numerical values of the variables 
become one-eightieth of tj, and k respectively Thus, the equations of the 
curveB m the new units are found from (53) to be for the region (a) 

(- J < £ < 2k) 

tj = F (£) = 1 K + 7] = G (f) = — 1 + k -f- (54) 

i 

In precisely the same way we find that the equations* of the two curveB in 
the new units for the othdr three regions are 

(6) (-2*<£ <A) 

tj = F(£) = l+« + 4f, tj = G (£) ■= — 1 -J- * + 8£ (5B) 

(c) (2* <£ <0) 

tj = P(£) = 1 + « + 8£, tj = G (£) --= -1 -* + 6£~i*-»£* (66) 

(i) (0 < £ < — 2k) 

^= s p(f) = l +< c \-i(, tj = G(£) = — 1 — * + 6£ — J* -1 £* (67) 

We notice that the curve tj =- F (5) has only one point whore the tangent is 
discontinuous, and this occurs for 5 — 0 The curve tj = G (5) is continuous 
in the whole region defined , but, whereas near the ends it ib straight, in the 
middle, where (2* < £ < — 2/e), it ts a parabola which touches the straight 
lines at the points ± 2* respectively The general character of the curves is 
shown in fig 2 below 

Pig. 2a represents the general case for which — J/ca 2 < d tj = F(5) is 
represented by the straight lines AB and BC which intersect at the point 
5 = 0, tj = 1+*, AB cuts the 5-axis at the point 5 — “l (1 + *) T) = G (5) 
is represented by the straight line AE, the segment ED of the parabola, and 
the straight line DC The co-ordinates of the points A, E, D, and C are 
respectively 5 -- - - tj ~ — 3 + * , 5=2*. tj = — 1 -f 9* , 5 = — 2*, 
t] — — 1 — 16* , and 5 — J» H — 3 4 K The parabola outs the g-axis at 
the point 5—6# — V34* 2 — 2k, and the Tj-axis at the point tj = — 1 — *. 

As pointed out m the last section, groups (a) and (6) do not exist when 
— * > J Then, the curve tj = G (5) consists of the parabola only (See 
fig 26 ) Agam, when — * = 1 the points A, B, C coalesce at 0 This means 
that no rays escape for that value of «. When we are dealing with the com¬ 
pensated rays, when * = 0, the points E and D coalesce at 7 (£ = 0, 
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t) = — 1 + *), ho that the curve ij = G (!;) is composed of two straight lines, 
which together with AB and BC form a parallelogram 


£ 


' (a) k - | 


Now, let us consider all the rays escaping with a given velocity v 0 and at 
a given inclination a to the x-axis As shown m the last section, every ray 
belongs to a pencil, which m its turn belongs to one of the four classes (a), 
(6), (c), (d) The area of the normal cross-section of a pencil at all poults 
along its length is the same, and is equal to 2fp, where p is the radius of the 
radium stick, which we assume to have a circular cross-scction The pencil 
strikes the film obliquely, but the angle which the normal to the film makes 
with that of the cross-section of the pencil is very small in all cases, whilst the 
chang e m this angle due to the small changes m £ with which we are concerned 
is very small indeed, and may be entirely neglected for the present purpose, 
namely, that of finding the combined photographic effect of all the pencils 
Let us draw a straight lme P' P" parallel to the ij-axis cutting the curves 
>j =■ F (5) and rj * G (5) in P' and P* respectively (see % 2) This straight 
line represents the length and position on the film of the pencil which has the 
corresponding value of £, or z' 0 , relative to the lengths and positions of the 
other penoils with the same values of v 0 and *. The pencils are deflected 
laterally, and each through a slightly different angle The expression for 
this lateral deflection is given by (20) and (10) 


7 
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b (O a —*) = (A + /'i cos A 4*8 + fft) cob a 

— p” 1 [sec* A{A (sis pfa —pfa) + * o(1 — coep^j)} 

+ Bec ^ {•A- (cosp^j — 1) + e'gSinp^,} 

+ y'i(sinp<J> a — ?W + *'i(l - cos jwJ/ j)] COS K 

Allowing only «' 0 to vary, and neglecting variations in fa and ip t , we get 

68 (0 a - - *) = p 1 (8z' 0 (1 - cos p^) sec* A + 8y' x (sin ptj/ a — p4»,) 

+ 8 z' 0 pip a sec A sin pfa + $z\ (1 — cos pi|# t )} cos «, 

winch, by using (6), reduced to 

68 (0 a *) = 8r' 0 p' 1 {(1 - cos p^,) sec* A + sec A sin (smpt^t — p«W 

-f- p^ a 860 A sin + cos pfa (1 cospijij)} cos« (68) 

In order to get a rough estimate for the value of 68 (0 a — a) we shall 
put sec A = <J/ a — ajv 0 and neglect powers higher than squares Then 
68 (O a — ot) = 2j»t ,-2 0 a* cos a8z' a But we have seen that 8 z' 0 cannot exceed 
« # d/a Hence for {3 > 0 76, a — 0 026 cm , a = 4 cm and pje = 1/16, 
68 ( 0 2 - «) < J /80 cm But the diameter of the radium stick, and hence 
the breadth of a pencil, is 0 06 cm , so for all practical purposes we can 
neglect the lateral deflection of any pencil relative to that of the standard 
ray given by z x = z 0 , and treat all the pencils as overlapping on the film 

If we draw a straight hue Q'Q" parallel to the g-axis, cutting the curves 
7 ] = F (5) and 7 ) — G (£) in Q' and Q" respectively, it is easy to see that the 
length Q' Q" gives the measure of the intensity of photographic effect for 
the corresponding value of tj due to all the rays with which we are now con¬ 
cerned As stated above, the assumption involved is if a pencil of rays 
falling on the film produces a photographic effect whose intensity is measured 
by w x per unit area, and another pencil produces an effect n a per unit area, 
then the combined effect of both falling upon the same area is given by 
(»i + »a) P® r uiut area 

For a»0, the intensity is constant along BF, and its measure is 
BB' * n J 

When ic is such that DD' > BO, t.e., when — * > J, the point ij =■ « +1 
is one of maximum intensity. 

For any given value of vj, the intensity is given by n =» — 5' + €" where 
%' and £" are respectively roots of the equations 

F(f)-7)»0, G(*)-i*»0. (W) 
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For the four regions defined with # < 0 we get from (64), (56), (66) and (57) 
(«)!(-§ <f<2«), £' = *(?)-I-*), r = i(*7+l-0 (60) 

(6)(-2«c<f <*), «' = *(i|-l-«), r=i(ij + l-*c) (61) 

(c) (2<c <£ <0), £' = _ 1 - K ), £" = 6k + VTk (17k - 1 - ,,) (62) 

(d) (0 <£ <-2 k), £' = l(i)~l— k), r - Ok + (17k - 1-,) (63) 

8 Explanation of Curves and Tables —In Section 4 we have obtained an 
expression, (29), giving the deflection for the traoe of the compensated rays 
m the immediate neighbourhood of the central line, or axis of abscissa of the 
film This central line lies along the middle of the trace of the undeflected 
y rays in fig 36 The curve CC' is the centre line of the trace of the 
compensated rays, which we saw is nearly a parabola of latus rectum 

Jp* sin X (6 — a)* (£c% sec X — jp 2 cos X (6 — a)*} -1 (see Section 4) 

The total width of this trace is 0 075 c m (see Section 7 and fig 2a) if we take 
account of all the rays for which A = 0, and z' 0 jv 0 varies between the limits 
± dja (-- 1/160) However, as explained in the last section, the intensity is 
constant only for the middle third of the width, whilst at each of the extreme 
ends it tapers to a vanishing point, as is clearly seen from fig 2a (Of course, 
the relative lateral deflection due to z' 0 is neglected) 

Again, in Section 4 we have obtained expressions, (36) and (37), giving 
the lateral and vertical deflections of our standard non-compensated rays 
(those for which z 1 = z 0 ) in terms of the parameter 8, which depends upon 
the velocity and direction of projection of the electrons constituting the 
standard ray. 

We have drawn curves for given values of 8, and given values of 
P (5 Vq/Sq — « 0 /Vc*"+"v 5 o)> with «! == 2o The effect of the rays for which £ 
varies between the limits ± d/a is to modify the trace due to the standard 
non-compensated rays (for a given value of 8) in the same way as the trace 
of the compensated rays is modified by the rays for which A = 0, and 
— d/a < g. < d/a (see Section 7 and fig. 2). These rays serve to broaden the 
traoe, and whereas the intensity of photographic effect along the middle strip, 
width (d — 8), is fairly constant for a given value of 6 a — X, it diminishes 
to zero at the edges. The total width of a trace is the difference of the 
ordinates of A and G, fig 2. When — * < J, the width is 6, or in the 
usual units, 0 075 cm , when — «> J, the width of the trace is a 
function of «, namely, 24 (* + V — *) in the new units. 
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The curves 8 = constant are drawn for values 0, ± i ± J, i J (in the new 
units) as full lines in fig 36 Of course, 8=0 gives the curve CC' 

The intensity of the traces given by 8 = i f (k = ± |) ib about 0*75 of 
that for which 8 = 0 (see fig 2), and their width is about 0 95 of that for 
which 8=0 The curves drawn represent the middles of the traces for the 
given values of 8 The curves (3 = constant are drawn for values increasing 
by 0*04 from 0 78 to 0 98 at> broken lines in fig 36 
I have measured the plate for which E/H = Bin X = 0 5154 (Bee Plate 15, 
Table VIII, ‘ Annalen der Fhysik,’ 1909, vol 28) at both ends. Prof A H 
Bucherer, of Bonn University, placed what was left of his original plates at 
my disposal, and gave me the benefit of his personal assistance and advice. 
My best thanks are due to him for his kindness, without which this part of 
my paper could not have been written 
The calculated values of the ordinate and abscissa L, measured from the 
point =* X, for compensated rays and non-compensated rays with the given 
values of (3 and 8 for which the curves in fig 36 have been drawn, are given 
in Table I The measurements made on the two ends of Bucherer’s curves 
(E/H = 0 5154) are also given in the table for comparison, and the points 
corresponding to them are marked m fig 36 by crosses and circles res¬ 
pectively These measurements were taken at the outside of the trace for 
the sake of accuracy, whilst the ordinates z a refer to the middle of the traces, 
as already explained All the measurements are given m centimetres, but 
for the sake of greater clearness the ordinates in fig 3 are given on a scale 
five times as great as that of the abscissas 
If we assume the actual trace to be 0 075 cm wide, we see that it coincides 
very nearly with the region where the theoretical curves are most dense 
(the full black dots represent, approximately, the inner edge of the 
experimental trace) The general character of the trace seems to be very 
much the same as that which one would expect from theoretical deductions, 
assuming that electrons are emitted with velocities as great as 0*94 (or 0*98) 
times the velocity of light These velocities are much greater than those of 
the most intense rays observed by Elks, but well within the limits of those 
observed by Danysz 

At the same time the experimental material is too scanty to allow of our * 
drawing absolutely certain conclusions as to the agreement or otherwise of 
the Lorentz mass formula with the experimental results for values of p exceed¬ 
ing 0 80, which was the extreme limit reached by Neumann in his repetition 
of Bucherer’s original measurements, when only the maximum deflection was 
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used Nevertheless, the measure of agreement obtained m the present 
investigation is sufficient to show the desirability, from the point of view 
of the Theory of Relativity, of further experiments by Bucherer’s method, 
and of a more extensive and detailed investigation of the [3-ray spectrum of 
radium 

Table I. 


Compensated 
rays (9 0) 


Observed 

L X s 2 

luQz, 

-0 298 

0 168 

-0 180 

0 157 

0 1S6 

0 208 

0 180 

0 208 

0 636 

0 240 

0 438 

0 235 

0 770 

0 284 

0 773 

0 283 

0 053 

0 316 

1 035 

0 323 

1 386 

0 362 

1 430 

0 356 

1 726 

0 408 

1 820 

0 432 

1 075 

0 437 

2 140 

0 400 

2 520 

0 527 

2 410 

0 510 

2 826 

0 569 

2 610 

0 640 

Mean of five 

Mean ol six 

readings 

readings 




1 170 
0 082 
0 803 
0 630 
0 463 
0 298 
0 135 
-0 010 
-0 226 
-0 442 
-0 833 



Probable error tn observed measurements less than one m the second figure after the 
decimal point 

In conclusion, I wish to express my heartiest thanks to Frol 0 A. Schott, 
F R 8, Head of the Mathematics Department in the University College of 
Wales, Aberystwyth, for suggesting this problem, and for his assistance and 
advice while the work was m progress. 
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The Variation with Temperature of the Intensity of Reflection 
of X-Rays from Quartz and its Bearing on the Crystal 
Structure 

By Reginald Edmund Gibbs 

(Communic a tod by Sir William Bragg, F R S —Received Nov 18, 1924 ) 

Since the appearance of Sir William Bragg's first work on the structure of 
quartz (these * Proceedings,’ A, vol 89, p 596 (1914)) this mineral has been 
the subject of many investigations It has lent itself very well to study by 
the older crystallographic methods, by which, from symmetry considerations, 
it has been placed in the trapezohedral class of the trigonal system, t e , it 
exhibits trigonal symmetry about one (c) axis and digonal symmetry about 
three others, lying symmetrically in a plane perpendicular to the first and 
intersecting in it Two enantiomorphous forms were found to exist 

Investigation by the X-ray spectrometer method enabled Bragg to give 
the dimensions of the .unit triangular prismatic cell as a — 4 89 AU and 
c — 5 375 A U, whilst density considerations clearly indicated that three 
molecules were associated with such a unit cell. It was also shown that the 
three molecules were associated with the unit cell in such a way that planes 
of equal weight occurred at o, c/3, 2c/3, c, etc, along the vertical c axis 
These conclusions determined the “ space group ” or “ molecular arrange¬ 
ment ” of the crystal, which in the notation of Sohonflies is D, 4 The arrange¬ 
ment of the atoms in the molecule, however, 
remains to be determined by the consideration of 
X-ray reflection intensities, and of any physical 0 
and chemical properties which may prove useful s 
There are, in fact, still four unknown parameters, £ 
vis, the “ radius ” of the silicon spiral and the 4 
position of the oxygen atom relative to the silicon o 
The merits of the solutions suggested by * 

Huggins (' Phys Rev.,’ April, 1922, p 363), ° 

MoKeehan (' Phys Rev,’ May, 1923, p 503), and 0 
Sosman (' J1 Franklin Inst,’ vol 194, No 6 
(1922)) will be considered later 
Planes which are perpendicular to the c axis can be represented as in the 
diagram herewith, in which the full lines SS represent silicon-bearing planes at a 

2 Q 2 
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common separation of e/3 The oxygen planes contain the same number of 
atoms each as the silicon planes, and are necessarily equidistant above and 
below the latter, at a distance d, which may be considered as one of the four 
unknown parameters This is not determined by a knowledge of the space 
group and must be found by fresh considerations The relative intensities 
of the various orders of X-ray reflections from the basal plane of quarts— 
which is, of course, parallel to SS—depend entirely on d alone of the four 
parameters, and may be taken as giving some indication of its value The 
values for the first, second, and third orders of that plane are given by Bragg 
as 38 40 24, and the writer's observations are in agreement with these 
They are all very weak reflections, the first order being less than one-tenth of 
that given by the first order of, say, the 100 or the 2T 2 planes Now, when 
it is clear that the atom centres which are associated with any plane all lie 
in that plane, the usual ratios of intensities are about 100 20 7 There is, 
therefore, a very strong presumption that the oxygen planes do not coincide 
with the silicon planes , in other words, that d is not zero If this is the case, 
the structures proposed by Huggins and McKeehan cannot be correct, for both 
these writers put d — 0 

It can be calculated that the experimental relation between intensities is 
very closely accounted for if d is made equal to about 0 63 A U. or one-third 
of c/3, and their weakness is readily accounted for by the fact that the 
reflections from the silicon and oxygen planes are not in the same phase 
As a very small change in d materially alters the calculated values of the 
intensity ratios, the slight changes in the relative positions of the silicon and 
oxygen atoms which may be expected to occur as the temperature is raised, 
especially because at about 575° C quartz passes over to a second structural 
form, ought to show in the intensities of the basal plane reflections It was 
partly for the purpose of testing this expectation, as well as in order to obtain 
any further information that might help to explain the transformation at 575, 
that the experiments now described were undertaken. It will be seen that 
the expectation is fully realised, and that d must alter by a certain small 
amount in order to account for the large intensity changes which are found 
to occur 

The present arrangement of apparatus was very similar to that used originally 
by Bragg, and later by Backhurst A Coohdge tube with a molybdenum 
target was employed, end its filament and primary coil currents adjusted so 
as to give as steady a source of rays as possible, whilst care was taken to run 
the tube for some tone before starting a set of observations, in order to get 
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it in a steady state Moreover, the electroscope was used m a comparatively 
insensitive state, and its high-tension battery maintained at a steady voltage 
by a potentiometer slide, all m the hope of maintaining constancy Under 
the above conditions the results can be satisfactorily reproduced The furnace 
was made to a design fairly similar to that used by Backhurst and temperatures 
up to about 800° C were employed Several hundred readings were taken, 
the measurements extending over a considerable period, a fair proportion of 
which was required in maintaining the conditions constant and results 
comparable from time to time Tune did not allow of temporarily cooling 
the furnace to its initial temperature to get a check reading at an intermediate 
stage, and the whole range of temperature, both up and down, had to be dealt 
with progressively Occasionally, however, readings were taken Blightly ont 
of order, owing to the furnace assuming a temperature other than the one 
required, but at all times the readings fitted well enough on an experimental 
curve 

Most points on the curves represent 1 an average of two, three, four or even 
many more, up to 14, separate sets of readings, as concordant between them¬ 
selves as could be hoped for The temperature was in each case measured 
by a thermo-couple placed m a transparent silica tube just above the crystal 
Owing to the existence of the rather large windows just near the position 
where the temperature had to be measured, a small vertical movement of 
the couple relative to the crystal made a large difference to the temperature 
reading To overcome this, inside the furnace and surrounding the crystal, 
except for the two windows, a thick copper cylinder was placed This helped 
to equalise the temperature, and, finally, a difference of about 20° C at the most 
was left, to allow for this the crystal was afterwards removed, and the 
temperature measured consecutively at the usual thermometer position, and 
then at the crystal position, and the necessary correction could be applied to 
each temperature reading This accounts for the fact that the maximum 
does not always appear to occur exactly at the transition temperature 
The measurements were made on the first and second orders of the planes 
111, 110, 2TT, employing the Ka line of molybdenum, and m any graph all 
observations taken during one complete experiment are indicated by the same 
sign. The results expressed m graphical form are as follows — 

1 Variation with temperature of intensity of first-order reflection from the 
111 plane 

2 . Ditto after rapid cooling 

S. Ditto after subsequent stow cooling 
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4. Variation with temperature of intensity of a second-order reflection from 
the 111 plane. 

5 Vanation with temperature of the ratio of the intensities of the eecond 

order reflection to the first-order reflection from the 111 plane of 
quartz 

6 Alteration of position of oxygen planes relative to silicon planes sufficient 

to explain the result exhibited in graph 5. 

7. Vanation with temperature of intensity of first-order reflection from the 
, 110 plane 

8 . Ditto. 

9. Ditto for second-order reflection 

10 Ditto after rapid cooling 

11 Vanation with temperature of intensity of first-order reflection from 

the 2TT plane 

12. Ditto 

13 Ditto 

14 Ditto for second-order reflection. 

As was expected beforehand, the most interesting and useful results are 
afforded by the graphs referring to the 111 plane, however it will be noticed 
that the llo gave anomalous results also, although in that case the variation 
was not so large It must be remembered, however, that until more is known 
of the mechanism of reflection and the method of measuring its intensity, 
the actual shape of the curves are suggestive and not necessarily final. The 
ordinates were obtained by adopting the following procedure, viz., the peak 
position was found by the usual method on the spectrometer, then using a small 
crystal, all the slits were opened wide and the peak integrated uniformly over 
its full width, next the orystal was turned through l°away from its peak setting 
and the ionisation chamber through 2°, when the same process was repeated; the 
latter reading subtracted from the former gave a measure of the peak intensity. 
The position of the peak maximum had to be continually redetermined as it 
altered with temperature The intensity at room temperature was then counted 
as the standard and those at other temperatures expressed as a percentage of it. 

It will be observed that it is possible for the oxygen atoms to move along the 
o axis in a manner capable of accounting for the first or rising portion of graph 
6, but that the second section of this graph is not explicable by the same 
process, for here the difficulty is to explain the corresponding fall m the actual 
intensities of both the first and second order simultaneously, and, further, the 
vanation of their relative numencal values. An idea of the power of the method 
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is given when it is stated that the whole of the 150 per cent increase can be 
explained by a movement of the oxygen layers relative to those of silicon of only 
0 025 A TJ In order to appreciate the importance of these increases it will be 
useful to recall the results obtained by Backhurst (these ‘ Proceedings/ vol 102 
(1922)) It will be remembered that the usual result of raising the temperature 
of a crystal is that the intensity of reflection slowly decreases almost linearly, as 
is illustrated by such substances as graphite and ruby For the diamond the 
decrease was negligible, but for other substances it was of the order of a 16 per 
cent decrease for a rise of temperature of about 500° C 

The variations in the a state, though large, can be reasonably explained, but 
those m the (1 state are more difficult to understand Further, if the crystal 
takes up a true hexagonal structure at the transition point, then it is not clear 
why, after passing this point, there should be any abnormal intensity changes as 
m graphs 11, 12, and 13 None of the variations recorded for the other planes 
investigated can be correlated with the variation of any single parameter, 
hence their theoretical explanation must be left over until the structural changes 
have been more closely examined These questions are, however, receiving 
further attention 

The properties of quartz have been so widely studied that it seemed advisable 
to recall some of the more important results and compare them as far as possible 
with the data obtained by means of X-rays Crystallographers have demon¬ 
strated that at 575° C quartz undergoes a transition from the low or a to the 
high or p modification, m which a number of its physical properties, or rather 
tiie laws which these obey, suffer a severe change Perhaps the most important 
change accompanying this transition is the increase in the symmetry of the 
orystal, for whereas low quartz is trigonal, high quartz displays hexagonal 
symmetry m its Laue photograph (Rinne, 4 Die Knstalle als Vorbilder/ pp 62, 
142 (1922)), and m its etch figures (Fnedel, 4 Bull Soc Fran? Mm ’ (1902), vol 
25, p 112), belonging probably to the hexagonal trapezohedral class 24 This 
increase in symmetry is supported by the disappearance of any piezoelectric 
effect at 575° C (A Pemer, 4 Soc Suisse de Physique/ Berne, 1916 , 1 Arch 
Sci. Phys Nat' (4), t 41, p 493), and by the fact that at the transition point 
the elasticity surface for quartz becomes one of revolution (A Pemer et R. de 
Mandrot, 4 Elasticity et Symfitne du Quartz aux Temperatures 41ev£es ’— 
Umv de Lausanne, 1924) 

Sodden changes have been shown to occur in the refractive index (Rurne, 
p. 143), and the primary interfacial angle 100. Ill (7 E Wnght), whilst 
Le Chatelier (‘ Compt Rend / vol 108, p 1046 (1889)) found a change of law 
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for the coefficient of expansion, in faot a reversal of sign at 576° C, and accom¬ 
panying it also a sudden expansion at that temperature along both axes 
Again, Randall’s results (‘ Phys Rev vol 20 (1905)) on the coefficient of 
expansion of quartz, indicate such a rapid rise in its value towards 500° C, 
that the curve connecting it with the temperature might finally possess a vertical 
tangent Perrier and Wolfers (‘ Arch Scip 372 (1920)) found that not only 
did the law for specific heats change on passing through the transition point, 
but that there was also a latent heat of transformation The existence of this 
latent heat can, of course, be inferred also from Perrier and Mandxot’s observa¬ 
tion of the difference existing between the adiabatic and isothermal constants 
near 576° C 

Before concluding, it is advisable to record some investigations on the electrical 
properties of quartz Its conductivity was the subject of an investigation by 
Curie m 1889 (‘ Annales de Chimie et de Phys ,* 6 S , vol 18, p 203) Amongst 
other things, his results indicated an extremely large increase of conductivity 
with temperature for a direction parallel to the c axis, while for a direction 
perpendicular to it the conductivity was very much smaller and decreased with 
rise of temperature Despite the interest attached to an increase of two 
million times in the conductivity for a temperature change of about 300° C too 
much faith cannot be based on this value without its repetition to-day under 
more exacting conditions, owing to the uncertainty introduced by the surface 
effects of absorbed gases, moisture, etc , which must be exceedingly difficult to 
avoid Recent measurements made by S W Richardson at room temperature 
indioate the importance of allowing for polarization, etc, and the great 
precautions necessary to get consistent results 

In a general way some of the properties mentioned seem to follow a gradual 
and continuous change up to 675° C, while at that temperature a comparatively 
discontinuous transition to a new state occurs, after which another steady law 
is followed The present X-ray results indicate somewhat similar changes 
It was uncertain, of course, whether after heating and cooling the crystal 
was w the same state as at the beginning, for, according to hidings (‘ Rook 
Minerals ’), the downward inversion is accompanied by intricate internal 
twinning and optical differences However, the X-ray intensity measurements 
seemed quite similar time after tune for the same crystal Further, it has been 
stated by Bosnian that the a->- {1 transition point inversion shows definite 
hysteresis phenomena according as the temperature is ruing or falling, if 
such is the case, then the temperature range must be a fairly small one, for 
X-tay measurements taken both while the temperature u rising and falling 
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fit within experimental error on the same curve Perrier and Mandrot found 
also that according to elasticity measurements there was complete reversibility, 
t e , no effect of any type analogous to thermal hysteresis 

It is significant that on two occasions, when the crystal was cooled rather 
rapidly from its high temperature, that in taking a further Bet of readings 
(graphs 2 and 10) with rising temperature, a completely different curve was 
obtained, whilst having passed through the inversion temperature once more 
and cooled down again, this time slowly, a third experiment reproduced more 
nearly the original curves (graphs 3 and 9) Such a phenomenon must surely 
be analogous to the hardening and tempering of steel, m which the quick 
cooling causes it to remain m the state which it assumed at the higher 
temperature, whilst subsequent slow cooling enables it to return to its normal 
equilibrium state From the accompanying graphs it would appear as though 
something of the nature of a spring action came into play, owing to the 
existence of which the atoms at first move gradually, then at an ever-increasing 
rate, until at the transition point a new configuration was assumed almost 
iliscontinuously From the X-ray results it is difficult to decide whether or 
not the transition is discontinuous, although in general the slope on the a 
side of the transition point does seem more gradual than on the p side; but 
even so, the second gradient has a finite value This is true also of Pemer’s 
elasticity measurements 

Probably, whatever change is really occurring, it is one that passes through 
a position of thermally unstable equilibrium If the “ spring ” was weak or 
the motion sluggish, a slow lowering of temperature would probably enable the 
system to reverse almost exactly its previous transition, whilst a rapid lowering 
might “ lock ” it m some stage of its configuration at high temperatures, from 
which it could be released only by raising the temperature slowly up to or 
towards its inversion-point value 


Summary. 

Whilst the space group to whioh quartz belongs is known, the positions of 
the atoms in the molecule remain undetermined It is shown that the oxygen 
atoms cannot he in the same basal planes as do the silicon, but must interleave 
them at a distance d Of all the four unknown parameters the variation of d 
alone will affect the intensity of reflection from the basal plane 
The variation of the intensity of reflection with temperature from about 
0° C to 800° C has been recorded for several planes, and very marked reflection 
intensity changes shown to occur for all the planes at the transition point 



570 W. E. Curtis. 

From the results for the 111 plane the values of d have been calculated for 
various temperatures 

The X-ray results are compared with a number of physical properties of 
quartz and the type of change ocoumng at the transition is discussed 

The above research was earned out during 1923 in the Physics Department 
of University College, London, at the suggestion of Sir William Bragg, for 
whose interest, encouragement, and constant assistance I return my warmest 
thanks I desire also to take this opportunity of expressing my sincere thanks 
to Prof. A W Porter tor his continued kindness and advroe In conclusion, 
I desire to acknowledge my indebtedness to the Scientific and Industrial 
Research Department, whose grant enabled this research to be pursued 


The Fulcher Hydrogen Bands. 

By W E Curtis, D Sc, ARCS, Reader in Physics m the University 
of London, King’s College 

(Communicated by Prof 0. W Richardson, F R 8 —Received Nov. 29, 1924 ) 

I The Fiddler Triplets 

It is now some twelve years since Fulcher" 1 discovered the two triplet and four 
singlet senes which are now commonly associated with his name, but until 
quite lately our theoretical knowledge was too limited to furnish any explana¬ 
tion of these regularities It is now possible, however, to attempt tills, and a 
beginning has been made by Kiuti,f and, quite recently, by H S. Allen $ 

Kiuti obtained a new series from an arc in hydrogen at nearly atmospheric 
pressure. This appeared to be of “ Q ” type, t e, a senes originating at a head 
(instead of running to and from a head as P and R types do) and consisted of 
single lines The head fell about in the middle of the gap between the first 
(or red) and second (or green) senes of Fulcher triplets, and Kiuti concluded that 
the latter were respectively the P and R branches associated with the new Q 
series Attractive though this interpretation may be, it is nevertheless very 
difficult to accept, for the following reasons *— 

* ' A*trophy* Joum,’ vol 37, p 80 (1918) 
t' Proc. Phy* Hath. Soo,’ Japan, vol. 6 , p 9 (1928). 

} ‘ Roy. Soc. Proc,,* A, vol. 106, p. 09 (1924). 
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(1) The Q eexies is a singlet series, whilst the Fulcher series axe of triplet 
character. Now whether a band consists of singlets, doublets ox other groups, 
the character of each branch has always been found to be the same. 

(2) The Q series is much strengthened at high pressure and the Fulcher 
lines at low pressure This again ib contrary to experience, no case being 
known in which the relative intensities of associated branches can be modified 
experimentally. 

(3) The second differences of the Q senes are of the opposite sign (—13*6) 
from those of the supposed P (+10 4) and R (-f 14*4) This means that the 
Q branch is degraded towards the red and the P and R towards the violet, but in 
all other bands these heads are turned m the same direction Kiuti recognises 
th» difficulty, but points out that m the case of the helium band at JL6400A 
there ib a similar discrepancy between the P and Q series But further study 
of this spectrum has shown that these two senes may not really be associated 
with one another, the three which indubitably are, namely P', Q and R, are 
all degraded in the same direction, just as in other bands 

In view of these difficulties the association of Kiuti’s Q senes with the 
Fulcher lines seems very unlikely Further, his conclusion that the Fulcher 
red and green senes are associated P and R branches, must be called in question 
Allen has shown (loc cit) that the molecular moments of inertia involved are 
very different in the two cases, and that therefore “ there does not appear to 
be sufficient evidence to support his (Kiuti’s) supposition that these are related 
senes, originating from the same molecular Bystem ” 

2 The Extension of the Fulcher Triplets 

The most Btnking contribution made by Allen is the discovery of a number 
of lines which may be regarded as extending the tnplets into quadruplets and 
quintuplets.* That is to say, the tnplets may be regarded as the first three 
members of senes of which the extra lines form the succeeding members, and 
these senes may be expressed by a parabolic formula in just the same way as 
corresponding members of successive tnplets. The number of new lines added 
to each triplet vanes from one to three, and they are mainly of low intensity 
Since their existence is of great significance in connection with the interpretation 
of the tnplets, it is necessary to examine their credentials very carefully, the 
more so as the spectrum is rich m hues and spunous senes not difficult to dis¬ 
cover. An examination of the intensities of the new lines does not at fimt glance 

* But the association of these linos with the triplets appears to have been first recog¬ 
nised by Fuloher himself. See * Phys Revvol 21, p 375 (1928), 
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inspire confidence in their genuineness, but this criterion is not entirely reliable, 
on account of the possible existence of blends , further, the Fulcher lines them¬ 
selves, although unquestionably a senes, have a somewhat abnormal intensity 
distribution, and so also have the new senes recently discovered by Richardson 
and Tanaka * The decision must therefore rest with the numencal relationships 
between the wave-numbers, and the most convenient way of studying these 
is by examination of the first and second differences and the regulanties exhibited 
by them Table I gives the wave-numbers, together with the intensities {in 
brackets) and horizontal and vertical first differences (m italics) To avoid 
confusion the second differences liave been collected below 

If we confine our attention to the first band for the moment, it ib seen that 
the vertical second differences tend to decrease upwards and to the left, and 
the horizontal ones decrease to the right and are more or less constant vertically. 
A striking feature in the latter case is the constancy of the second column from 
the left, except for the value 11 88, which depends on a doubtful line This 
suggests that the other columns might also he constant if errois of observation 
could be eliminated The values marked with an asterisk show pronounced 
deviations from the general tendency, but it is found that these can he removed 
by adjusting the wave-number of the lme 16315 64 If a correction of -f- 0*52 
is applied to this the second differences assume the values given in brackets 
below the original ones, and these will be seen to fit very satisfactorily m both 
Bets of differences As such displacements of lines from their expected positions 
are not at all uncommon in band spectra, we might conclude that we are 
dealing here with a “ perturbation,” and for purposes of calculation employ 
the corrected value of the wave-number, 16316 16 After this conclusion 
had been reached an opportunity occurred of examining a plate taken by 
Prof Merton and now in Prof Richardson’s possession, and it was found that 
the line in question showed an anomalous “ helium effect ” as compared with 
the other two memben of the triplet Its intensity, too, is somewhat greater 
than it should be, and, finally, it was found that Fulcher had already (loe ett , 
1923) recorded that this lme “is apparently double, the band bne being 
X 6127*20 ” (t e , v — 16316 18), although the reason for this conclusion is 
not stated 

Turning now to Fulcher’s second band, the particulars of which are also 
included m Table I, it is seen that the data in this case are somewhat meagre, 
but by analogy with the first band the asterisked values are dearly irregular, 
and, as before, they can be brought into line by adjusting the single wave- 
* * Roy. Soo. Proo.,’ A, voL 106, p. 663 (1924) 
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Table I (continued )—Second differences of wave-numbers. 

Firat Band (excluding S 4 to S T ) 

Vertical Second Differences. Horizontal Second Differences 




10 06 


6 66 


11 88 

10 49 

10 63 

5 81 

0 46 

6 46 

e os 

b 77 


11 21 

10 83 

10 46 

6 18 

6 41 

6 62 

7 02* 
(7 10) 
6 00* 

7 66 

12 07 

11 20 

10 03 

10 43 

fi 40 

0 73 

7 02 

7 26 

11 00 

11 21 

10 24* 

11 47* 




(7 13) 




(10 76) 

(10 43) 





11 84 

11 26 

10 77 

10 42 


Second Band 

Vertical Second Differences. Horizontal Second Differences 





10 01 

10 63 

12 63 

12 17 

9 27 

9 67 

11 13 

13 90 

14 11 

9 15 

9 28 

9 96* 
(9 60) 
0 42* 

10 39 

14 06 

14 63 

9 91 

10 13 

10 53 

13 67* 

16 38* 



(10 32) 


(14 02) 

(14 48) 





14 02 

14 81 


The extra lines, and differences involving them, are those above the dotted line in each case 

number 18424*88 The correction required is about +0 45 cm which 
leads to the second differences m brackets and an adopted wave-number 
18425 28 This line was found by Kiutrf to have an exceptionally large Stark 
effect (p-component + 5*3A and s-component +4 3A in a field of 87 
kv./cm), and this may have something to do with the perturbation fonnd, 
which corresponds in magnitude and direction to a field of about 2£ kv /cm 
The removal of these irregularities greatly facilitates the verification of the 
extra lines, and, m fact, all the subsequent calculations A careful study of 
the sets of differences has led to the following conclusions — 

First Band —15919 56 should not be included 
16464*48 is doubtful 
15707*46 is probably about 0 3 too low 
Remainder genuine 

Second band —17541*46 should not be included 
18704*51 
18641*58 

17917*88 is doubtful. 

18304*93 „ 

Remainder genuine 

t 'Japanese Joura Phy*.,’ voL 1, p. M (IMS). 
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These conclusions, derived purely from the differences, may be summarised 
m the statement that the Fulcher triplets have been extended into quintuplets 
in the case of the first band and into quadruplets in the case of the second 
All the well-established lines and none of the doubtful ones are included in this 
scheme, and there are no gaps in it A sounder basis for calculation has thus 
been established 

3 Relation between Triplet* and other Senes %n the First Band 

In addition to the triplets already discussed, Fulcher discovered m the red 
region four other series, which he designated S 4 to S 7 They appear to be 
related to the triplets, since the horizontal first and second differences are 
closely similar, and Allen has found that if the triplets S x to S, are treated 
as half-quantum senes and the Benes S 4 to S 7 as whole-quantum senes, the 
values of the constants in the formula* representing the senes are practically 
the same for all seven senes For a whole-quantum senes of P type the 
formula is 

P (») = v 0 - C fl (2m - 1) - <(J, - C,) m 2 , (1) 

and for a half-quantum Bcries* 

P'M-v 0 + i(C fl -a)^(C tf d CJm + fC.-C,) (2) 

Here the Initial moment of inertia of the molecule is kj8-n?cC a and the final 
hj8er?cQ ei c being the velocity of light and v 0 a frequency characteristic of the 
whole band, which originates in the changes in the electronic and nuclear 
configurations When a Q series exists it converges approximately to v 0 , 
winch can therefore be determined When this value is substituted m (1) 
and (2) it is at once apparent whether the senes is of P or F type In this 
oase there is no Q senes, ho that we have no certain means of distinguishing 
between whole and half-quantum series, and all that may legitimately be 
concluded from Allen’s calculations is that, if one of the two sets is of P type 
the other is probably of P' type There is, however, a entenon available 
which may help to indicate the correct numeration Analysis of the helium 
band spectrumf has shown that the line P (1) does not occur, while the line 
P' (1) usually does. This may, perhaps, be made clearer by reference to 
fig 1 below, where two such senes are shown in their true relative positions 
and the rotational quantum changes are also inchoated 

* i e, one m wtuoh the rotation states are defined by (m + }) instead of m This 
modification is frequently useful in correlating branches of a band 

t Ourtis. * Roy Soc. ProcA, vol 101, p, 38 (1822); vol. 103, p 315 (1828). 

vox,, ovn —a. 2 * 
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It will be seen that the first line of the P' senes has a higher wave-number 
than the first line of the P senes Applying this to the Fulcher bands one 


P(4) 

P(3) 

P(2)_ P(l) 

S 4 


1*2 ()-* 1 


p' 

(2) P'(l) 


k " ijh 

►2* 


Fro 1 —Showing relative positions of whole- sod half-quantum senes. 

would expect that the S 4 to 8, group, commencing at vv 16678 to 16731, 
might be P' senes, and the S x to S 8 group, commencing at 16574 to 16611, 
P senes It is true that the cntenon is not decisive, since v 0 has not the same 
value for all the Benes, but it is at least suggestive, and this alternative to 
Allen’s representation was accordingly tried Table II gives the results of the 
calculations, Allen’s being reproduced for comparison The numeration of 
the lines has been modified to suit the new view, » e, the quintet commencing 
at 16611 has been called P (2) and the group commencing at 16730 has been 
taken as P' (1) 

If, now, the differences between successive values of C 0 are examined, it will 
be observed that they are in every case less in the new arrangement than in the 
old The same applies to C, and to the differences between the mean C a and 
C, in the two sets The alterations are small but so perfectly consistent that 
they are probably significant, and we shall, therefore, adopt the revised classi¬ 
fication in preference to Allen’s It ought, perhaps, to be made clear that the 
new values of C a and C, are obtained merely by transformation of the old values 
to suit the new numeration and are thus strictly comparable with the latter 
But the question is not a vital one so far as the conclusions reached in subsequent 
sections are concerned 

The triplet senes in Fulcher’s two bands resemble one another so closely, 
except for a difference of scale, that one would expect to find in the second 
band senes corresponding to in the first. That is to say, if the series 
Si-t m the second band are of whole-quantum type, a set of related half¬ 
quantum Benes might possibly be found in the same region A careful search 
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Table II —Constants for tbe senes Sj to 87 of the First Band. 


Berios 

Allan 


Turtle 


Half quantum tvpe 

Whole quantum type 



tv 


<V 

s, 

150 HI 

150 70 

133 18 

148 05 


+0 04 

+ 0 37 

1-0 60 

+0 54 

N 

150 83 

151 33 

154 08 

148 59 


t-0 17 

4-0 34 

f 0 30 

+0 32 

S. 

157 20 

HI 67 

154 44 

148 91 

Mo All 

\m n 

151 25 

154 00 

148 52 


Whole quantum t\pe 

Half quantum type 


<\ V 

(\ 

(V 

s. 

156 81 

150 99 

is* m 

118 00 


-0 79 

-0 42 

0 01 

- 0 24 

s, 

150 02 

150 57 

153 30 

147 85 


+2 28 

+1 <w 

+ 1 90 

+ 1 32 

8, 

158 30 

152 21 

J55 20 

149 17 


-0 17 

0 19 

-0 31 

-0 05 

Sr 

If>7 83 

152 02 

154 93 

140 12 

Mean 

157 24 

131 45 

154 35 

118 50 

S 4 , -- s,, 

-f 0 50 

+0 20 

to 15 

+0 04 


for lines having the appropriate intervals was accordingly made, but without 
result The data available for prediction purposes are bo definite that one can 
be pretty sure that such series do not exist, unless they should happen to be 
affected by considerable perturbations, which might render their detection 
difficult 

4 Interpretation of the Vertical Senes 

The discovery of the extra lines is of the first importance in connection with 
the interpretation of the triplets, for it implies that the new vertical senes 
thus formed must originate from a system of related stationary states The 
question is, what is the relation between them l It is not likely, for several 
reasons, that they are successive rotation states For one thing, the horizontal 
seaes have already been explained in this way and furnish a reasonable value 

2 » 2 





578 


W. E. Curtis. 


of the moment of inertia of the molecule But apart from this, the intensity 
distribution suggests a Q type, and a Q branch does not occur alone (* e, 
without P and R) On the other hand, if they are assumed to be R branches, 
the moment of inertia would have to be of the euga order as that of the helium 
molecule, which is very unlikely Neither can tliey correspond to successive 
electronic orbits, for they are much too close together The only remaining 
alternative, so far as is known at present, is to attribute them to successive 
states of vibration of the nuclei within the molecule, and it is now proposed to 
examine this view in some detail 

Kratzer* has investigated the question theoretically and has made several 
very successful applications of his results, as, for example, to the well-known 
cyanogen bands m the blue and near ultra-violet f He finds that for a diatomic 
molecule the vibrational energy can be expressed, to a first approximation, m 
the form 

W B = nhv, (1 — nx), 

where n is the vibrational quantum number, v, the frequency of vibration of the 
nuclei, and xa, small constant dependent on the law of force and equal to zero 
if the vibrations are simple harmonic Thus, the frequency radiated in con¬ 
sequence of a change in the vibration state given by n' -*■» will be 

v„ + mV, (1 — »V) — mv, (1 — nx), 

te, v, + (»' — n) v', -f n(v', — v,) — (»'V, a! - n*nv,x) (3) 

The quantities v, and x may be affected by the change of electron configuration 
which occurs simultaneously with the vibrational change, so initial values 
v', and x' are assumed for them The four terms on the right will usually 
be in descending order of magnitude v e , the frequency characteristic of the 
electron transition alone, is much larger than v, (e g , for GN v, = 26,000 and 
v, = 2,100), and the two together determine the looation of a group of bandB 
(e g , ON 4216, 4197, 4161, 4168, 4153) The third term is mainly responsible 
for the position of the band in the group, and if there were no further term the 
constituent bands would be equally spaced in wave-number The fourth tom, 
however, involves the square of n and thus gives a parabolic distribution. 

So far the rotational state of the molecule has been disregarded, actually, 
however, a rotational change is in general superposed on the other two, and 
the frequency due to this alone will be of the form 

B (to — 1)* — bi m*. t e, B — 2B m •+• (B — 6) m* 

* ' Zeitnohr f Phys vol 3, p 289 (1920) 
t ‘ Phv« Zeitsohr,’ vol. 22, p M2 (1921) 
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in the case of a P senes The constants B and b are the some as Allen's C a 
and U* respectively, and are introduced here for the sake of preserving Kratzer s 
notation throughout Before forming the expression for the total frequency 
radiated allowance must be made for a certain interdependence between the 
rotation and vibration states * The moment of inertia, and hence the 
rotational energy, is dependent upon the state of vibration, since this affects 
the mean separation of the nuclei, and the vibrational energy is dependent 
upon the state of rotation (owing to centrifugal force) Kratzerf has shown 
that both effects can be taken into account by replacing B anil b in the 
above formula by B (1 - j*V) and 6 (1 — wot), respei tively, a and a' being 
small and constant to a first approximation 

The complete expression for the radiated frequency thus becomes, for a 
rotation change (m -- 1) -r m and a vibration change n* -r », 

P (»() — V, -1 (ft' — ft) v'« -+ « (v', — V,) — (n'V.i/ „\s) 

+ B (1 - m'«') — 2B (1 — n'a') to (B (i -- «'a') — b (I - «a)) m l (I) 

It is not possible to evaluate all these quantities from data derived from 
only one group of bands, but it is possible to test whether such an expression 
is of the correct form for the representation of the senes, and to determine 
some of the constants 

In the first place, the possible values of vl — » are limited by the corre¬ 
spondence principle to those which are represented m the harmonic components 
of the vibration If this were simple harmonic we should expect only the values 
± 1 to occur If it were nearly Bunple harmonic we should expect the group 
of bands given by »' -- w = ± 1 to be more intense than any other 
Evidence that the vibration in this case does approximate to simple 
harmonic will be produced later We therefore begin by mwiiming that 
»' — » “ ± 1 

The similarity between the two triplet bands obviously suggests that they 
might represent the two vibrational transitions ± 1, but this unfortunately 
does not appear admissible It would require that the values of B (I — nV), 
or Allen’s C a , should not differ greatly in the two cases, since «' can be shown 
to be small The difference is actually some 40 per cent, and the same 
discrepancy is encountered when the coefficients of to 2 , C„ — C„ are 
considered. The previous conclusion is thus confirmed, that the bands 

• See Sommorfold, * Atomic Structure and Spectral Lines,’ p 422. 
t ‘ Zertsohr f. Phys.,’ vol. 3, p. 239 (1920). 
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originate from different molecules and must therefore be considered 
separately * 

The abandonment of the above hypothesis leaves us with no means of 
determining which of the transitions « ± 1 n is concerned in the emission 
of the bands Let us provisionally assume that it is n + 1 n , as a matter 
of fact the conclusions which follow would not be fundamentally altered by 
assuming n — 1 n instead Then the formula becomes 

P (m) = v e -j v' K (1 — s!) + n (v', - v, — 2v',x') - a 2 (v V — v^a) 

| B (1 — a') — Bwa' — 2 B (1 — n + 1 a') m 
+ [B {1 — (fi r 1) a'J *— b ^ 1 — n<x}] m 2 (5) 

We should get a horizontal series by giving m successive integral values 
(beginning at 2), n remaining constant A vertical senes should result from 
a similar progression of n, m lemauung constant We have already assigned 
values to m for all the lines, and may feel reasonably confident of their 
correctness The proper values for n are m some doubt, but analogy with other 
bands leads us to expect that the lowest values will be associated with the 
strongest lines That is to say, the lines S 3 should anse from the transition 
1 0 , S 2 from 2-^1 and so on With those assumptions we are in a 

position to compare the theoretical and observed results 
It u first necessary to represent the series by formulas. As Allen only gives 
formulas for and not for the extra lines, and as he does not state how 
the formulas were obtained, fresh formulas were calculated These were 
derived m each case from the first three lines, assumed to be P (2), P (3) and 
F (4) Experience has shown that tins is preferable, apart from the question 
of labour, to calculating least-square formulae, since after the first few lines 
terms in higher powers of m than the second begin to have an effect, and the 
quadratic formula ceases to fit In any case the essential thing for the present 
purpose is to use precisely the same procedure for all the senes The results 
are summarised in Table III below, which gives the values of the constants 
in equation ( 1 ) above. 


* Takahashi (‘ Japanese' Joorn. Phys , vol. 2, p. 95 (1923)) oomeB to the opposite 
conclusion. Hie uses a different formula, which he has derived theoretically, but which 
does not appear to he so well vended by comparison with observation as Kratser’s In 
any case there are discrepancies between his observed and calculated values which seem 
to me to render lus deductions far from convincing. 
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Table III.—Constanta for Quintuplets of First Band. 


Henes 

c, 

C 

C, - r 

*0 

K, 

1 153 41 

148 20 

+5 21 

17050 82 

». 

15) lb 

147 94 

5 22 

17035 03 


152 84 

147 

5 22 

17011 80 


152 34 

147 11 

5 23 

16280 42 

,S (-J) 

! 151 Ofl 

140 64 

5 32 

10042 35 


Comparison of equations (1) and (0) shows that B (1 — w + la') and 
6(1 — «a) are to be identified with C a and (J„ respectively, so that with the 
numeration assumed the following equations result — 


k 


A 


B (1 - a') - 15*1 41 
B (1 - 2a') --- 153 10 
B (1 - 3a').— 152 81 
B (1 - 4a') - 152 34 
B (1 - 6a') » 151 96 


— 0 25 

— 0 32 

- 0 50 

- 0 38 


A 


6 — 148 20 

6 (l--a) -117 94 
6 (J - 2a) - - 147 62 
5(1 - 3a)- 147 11 
6 (1 - 4a) = 146 64 


0 20 
0 26 
0 61 
0 47 


The first differences are seen to be approximately constant, as required by 
the theory, the agreement being extraordinarily good, considering that each 
number is derived from three lines, each of which may easily be in error by 
0*03 unit, apart from possible apparent displacements due to blending with 
other lines The mean values of the constants os determined by the method 
of least squares are— 

B - 153 80 h - H8 29 

a' — 0 00212 a 1) 00206 


The values of a are approximately equal and very small m comparison with 
those met with in other bands (e g , for CN, 0 044, 0 036, 0*136) * For pure 
harmonic vibrations a would assume a small negative value, we therefore 
oonolude, as has been assumed above, that the nuclear vibration deviates but 
little from the simple harmonic type 

It may also be shown that the horizontal second differences should be 
approximately constant vertically, this is actually the case, as has been 
remarked earlier in this paper. The vertical second differences should also be 

* Kratser, < Phyg Zeitochrvol 82, p. 664 (1921) 
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constant horizontally, but m both bands they show a tendency to increase 
to the right This is not a vital discrepancy, however, in view of the fact 
that neither set of senes can be accurately represented by quadratic formula, 
such as have been used in the approximate theoretical expressions quoted, 
so that a small systematic deviation of calculated from observed values is 
to be anticipated 

A further comparison of equations (1) and (5) establishes the identity 
v o = v r + v ', (1 — -c') + »(v\ - v, - 2v' Jt x') — n a (v^r' — v«x) 

I- B (1 - JT+1 a') 

That is to say, the values of v 0 for the senes 8g, S 2 , etc , should be expressible 
by a quadratic formula m n, so that their second differences should be constant. 
The values and differences are as follows — 


Assumed n 

v o 

A, 

A a 

0 

17050-82 

- 15 79 


1 

17035 03 

- 23 23 

- 7*44 

2 

17011 80 

- 31 38 

- 8*16 

3 

16980 42 

-38 07 

~ 6 69 

4 

16942-35 




In view of the long extrapolation (aboftt 450 cm _1 ) involved in the determina¬ 
tion of v 0 this is far from unsatisfactory The second difference is here negative, 
whereaB it is positive m the case of the cyanogen bands, but there does not 
appear to be any reason against this, since there is no theoretical indication 
of the relative magnitudes of xv and x'v' It is obviously impossible to 
evaluate the five unknown constants v ( , v„ v'„ x and x' ( since although five 
values of v 0 are available they are represented by a quadratic formula and are 
thus equivalent to only three 

The second band may be treated m the same way and gives similar results, 
which are less conclusive, however, since there are only sixteen lines available 
instead of thirty. The calculated values of the constants are given in Table IV 
Disregarding 2^, with which there appears to be something wrong, the most 
probable values are found to be 

Bb 221 05 213*73 

«'« + 0*00075 « * + 0 00115 

It may be remarked that the above conclusions would only be modified in 
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numerical details, t e , their general purport would be unaffected, if the vibra¬ 
tion change had been assumed to be (n - l)-rn, instead of (»-f- l) n 


Table IV —Constants for Quadruplets of Second Band 


Bones 

o, 

a 

c. 

a. 

230 87 

213 7) 

7 

2, 

220 77 

213 53 

7 


220 54 

213 22 

7 

*0 

210 13 

212 04 

7 


- C 

*0 

A* 

A a 

*10 

10485 48 

-21 51 


24 

19408 07 

32 39 

-10 88 

72 

10431 58 

45 10 

12 71 

00 

10780 48 




5 Molecular Momenta of Inertia derived from the Fulcher Tupleia 

On the basis of the foregoing assumptions it is now possible to < al< ulate tin 
moments of inertia with greater accuracy than hitherto The values given below 
refer to the non-rotating vibrationless state 

Initial M of 1 Final M of 1 

First Band 1 794 X TO -41 1 8(i 2 X J0~ 41 gm on 2 

Second Band 1 249 „ 1 292 „ „ 

It is worth noting thai the ratios of the two initial and the two final n 
of inertia are very nearly the same, being 1 437 and 1*441 respectively. If 
this is not purely accidental, it presumably means that the two molecules are 
essentially similar m strut turc, the difference between them being chiefly one 
of scale The increase ui the moment of inertia as a result of the electron 
transition is at first sight surprising, as one tends to picture the whole molecule 
contracting when the electron falls into an inner orbit But the effect cannot 
be predicted in this way, depending, as it does, on the oomplex interactions 
between electrons and nuclei, and in point of fact it appears that “ expansion ” 
of the molecule is quite common, as we infer from the numerous bands which 
are degraded towards the violet * 

6 The Distribution of Intensity in the Bands 

Up to the present we have considered solely the wave-numbers of the hues 
These give information as to the energies of the stationary states The intensi¬ 
ties, on the other hand, depend upon the probabilities of occurrence of the 
states and of transitions from one to another. On account of the rather trouble- 
* For this means that C„ — C, is positive, »e, C„ > C,, »e, 1„ < I, 
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some nature of the measurements few exact data as to intensities in series have 
as yet been obtained, but in general these vary quite regularly. In line series 
they decrease steadily m the direction of the limit of the senes. In band 
senes they at first increase with the rotation quantum number, reach a 
maximum, and then fall off slowly The vanation of intensity with vibration 
quantum number does not appear to have been investigated, but inspection 
of the cyanogen bands suggests that the intensity decreases as the energy of 
vibration increases At any rate there is no point of inflexion m the graph 
connecting intensity and vibration quantum number The intensity distribu¬ 
tion m the Fulcher bands presents some curious features, as will bo apparent 
from Table V which gives the intensities as recorded by Merton and Barratt,f 
together with the rotation and vibration transitions as assumed above 


Table V —Intensities of Lines in Fulcher Bands 
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The horizontal distribution seems fairly normal, except for the one marked 41 , 
this is one of the two “ perturbed ” lines, and ia almost certainly a blend But 
the vertical distribution is peculiar, in that the rows designated 2 - 4-1 are 
both consistently weaker than their neighbours on either side In the case 
of the first band thiB is, m fact, much more marked than the tabulated intensi¬ 
ties would suggest—that is to say, the middle members of the Fulcher triplets 
are very considerably weaker than the outer ones It is difficult to acoount 
for this on the interpretation put forward, but would seem to be no lees difficult 
on any alternative one 

Another point relating to intensities deserves to be briefly mentioned 


t ‘ Phil Tram A, vol 222, p 309 (1922) 
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Kimura and Nakamura * concluded that the S 1 senes of the first band is of the 
enhanced type and S a , S 5 , 8 fl , S 7 are of the arc type If this view wore accejited 
the former would originate from an ionised and the latter from a neutral 
molecule, thus prohibiting the inclusion of H 1 and S 3 in the same senes as has 
been done here The numerical relationships indicate quite clearly, however, 
that the S A , S 2 and S 3 senes must originate from the same molecule The 
explanation is probablv that a more powerful electrical excitation throws 
more molecules into the states having greater vibrational energy, thus 
strengthening S A (» — 3 n — 2 ) relative to S 3 (n = 1 -> n = 0 ) The 
enhancement of a lino by increasing the energy of excitation does not 
necessarily imply ionisation of the earner The suggested explanation thus 
incidentally gives some support to the numeration assumed m regard to the 
vibration states Further evidence is obtainable from a study of the behaviour 
of the lines under the influence of the condensed discharge, as recorded by 
Merton and Barratt There seems to be an uimnstakeable tendency for the 
senes associated above* with higher vibration quantum numbers to be relatively 
strengthened by the condensed discharge This observation is a sort of 
generalisation of Kimura and Nakamura’s result At the same time one may 
note that the second band Haems to be enhanced, relatively to the first, by 
stronger excitation 

7 General Remark* 

The conclusions reached raise several questions of interest In the fust 
place, if the Fulcher bands are P branches we might expect to find Q and K 
branches associated with them The data obtained may be extrapolated in 
order to predict these, but no such senes have been identified 111 the expected 
positions, although an exhaustive search lias yet to be made It seems, how¬ 
ever, that solitary branches do occasionally occur, then* being several instances 
in the helium band spectnim Again, whichever vibration change is assumed 
for these bands the reverse one must also occur, and should give rise to a set 
of closely similar bands But wo have no means of predicting the location 
of the latter, since the value of v* is unknown It might even be associated 
with a different electron transition The frequency of the nuclear vibration 
in the hydrogen molecule has been calculated by Kemble and Van Vleckf 
from specific heat data, but refers to the normal molecule In all probability 
both molecular states with which we have been dealing here arc “ excited ” 

* * Japanese Journ Phys ,* vol 1, p, 85 (1823) Similar observations have been made 
by Qehroke and Lau (‘Preuas Akad Wiss Berlin Ber vol 32, p 458 (1822)) 

f 1 Phys Rev vol 21, p 653 (1023) 
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states, the emission resulting w the formation of the normal molecule is 
probably of much shorter wave-length (perhaps in the Lyman region). 

Attention has been drawn to the fact that the moments of inertia derived 
from the two triplet bands have the same ratio, 1 44, for both final and initial 
states It is remarkable that the vertical second differences are in very 
nearly the same ratio, namely, 1*42 (mean of 8 pairs of corresponding values) 
The vertical second difference has the theoretical value — 2 (v'„ *' — v*a), bo 
that there is no obvious interpretation of this relation Another cunouB 
feature of the vertical senes is that they can be represented with fair accuracy, 
as Takahashi (loo ctt) has shown, by formulae of the type A — B (» + ^)* 
The significance, if any, of this is also obscure 

The interpretation of the Fulcher bands which has been offered here implies 
a very striking difference in structure from that of all other known bands 
In the latter the contribution of the rotational term to the frequency radiated 
is small compared with that due to the vibrational term, so that (to use the 
same nomenclature as above) the spacing of the horizontal senes is much 
smaller than that of the vertical senes The exact opposite is the case here, 
and the appearance of the band system is in consequence entirely changed 
The difference is readily explicable if we take into consideration.— 

(1) The small moment of intertia of the molecule, resulting in a large 
horizontal spacing, and 

(2) the approximation of the nuclear vibration to simple harmonic 

character, which contracts the vertical spacing 

In conclusion, acknowledgment may be made to the invaluable tables of 
wave-lengths, etc, due to Merton and Barratt, since without such compre¬ 
hensive and accurate data it would have been useless to undertake an 
investigation such as this 

8 Summary 

Thu Fuloher lines and Allen’s additions to them have been examined with a 
view to finding a theoretical interpretation of them The wave-numbers of 
two of the strongest lrnes are shown to require correction by about 0*5cm. -1 . 
The differences are then sufficiently regular to provide a ontenon for the genuine¬ 
ness of the extra lines, which are in the mam confirmed. Discarding all doubtful 
lines, the Fuloher triplets then become quintuplets and the second set quad¬ 
ruplets The arrangement of these is shown to be consistent with the view 
that they originate from combinations of simultaneously occurring rotation 
and vibration changes. The relevant quantum numbers cannot be detenmned 
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with certainty, but their most probable values are indicated New and, it 
is believed, more accurate values of the molecular moments of inertia concerned 
are obtained These, however, probably refer to an “ excited ” molecule. 

It appears that the nucle&T vibrations within the hydrogen molecule are very 
nearly simple harmonic, which would account, in conjunction with the Bmall 
moment of inertia, for the unique structure of the system as compared with 
other band systems 

Although it docs not seem possible that the two sets of Fulcher triplets 
can originate from the same molecule it is concluded that the two molecules 
concerned must be essentially similar in structure, as there is a remarkably 
dose correspondence between all the constants in the two cases 

The existence of other senes related to these is to be expected, and the data 
obtained give indications which may facilitate the search for such new senes 


On the Determination of the Directions of the Forces m Wireless 
Waves at the Earth’s Surface 
By R L Smith-Rose, Ph D, M S< , and R H Barfield, M Sc 

(Communicated, by permission of the Radio Research Boaid, by Sir Henry 
Jackson, F R 8 —Received November 26 1924) 

1 Introduction 

There are two outstanding problems relating to the propagation of wireless 
waves over the earth's surface which at present remain unsolved, vis — 
What is the agency which causes the waves to follow the curvature of the 
earth, thus rendenng long-distance communication possible 7 And what is 
the cause of the large and rapid vanations of the intensity and apparent 
direction of the waves, very commonly observed at the receiving station 
and oonfined almost entirely to the hours of darkness 7 

Both phenomena cau be explained to some extent by the well-known Heavi- 
nde-layer theory, with the modifications proposed bv Eccles, but it is generally 
admitted that further experimental evidence of the existence of the layer ib 
needed If the theory is correct and is sufficient, it follows that, a receiver 
experiencing either of the above phenomena, part of the energy must be arriv¬ 
ing m a downward direction (* e., inclined to the horizontal), and that during 
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the occurrence of directional variations, this downcoming wave must have an 
horizontally polarised component (t e, with its electno force horizontal). It 
has, therefore, been generally recognised for some time that a conclusive 
experimental demonstration of the presence or absence of such waves, by suit¬ 
able quantitative measurements in three dimensions, would aid considerably 
in proving or disproving the Heaviside-layer theory. 

Several workers have carried out investigations on these lines The most 
successful of these was T L. Eokersley (1), who obtained results which appear 
to indicate definitely the presence of an abnormally polarised downcoming 
wave, and to show that the intensity of this wave was proportional to the 
magnitude of the directional error Although it is extremely difficult to find 
any fault either m the experimental methods adopted or in the analysis based 
on the results, these conclusions are of such importance that they have natur¬ 
ally been submitted to some criticism, and it is highly desirable to cany out 
confirmatory experiments 

Other work of this nature has been earned out by Austin (2), who attempted 
to measure the direction of the eleotnc field of an amving wave by means 
of a large “ Hertzian Bod ” aerial, by Erskine-Murray and Robinson (3), who 
employed a combination of Hertzian rod and a frame coil mounted on three 
axes for determining the direction of propagation of electro-magnetic waves; 
by Bellini (4), who made observations on the inclination of the magnetic force 
to the horizontal during the occurrence of directional variations by means of 
a frame coil rotating about both vertical and horizontal axes; and by Sir Henry 
Jackson (5), who also used a frame coil with much the same object. As far as 
can be gathered from the published information, however, it appears that 
these experiments were accompanied by either instrumental or local errors 
which prevented the establishment of any definite facts relevant to the general 
problem of the propagation of waves. 

The present investigation consists m following up the line of attack opened 
up by the above workers, in an attempt to obtain more conclusive results. 
The experimental methods employed are much the same in principle, bat a 
large amount of detailed research has been earned out on the apparatus to 
improve its accuracy. Thu paper desenbes the first part of the investigation 
only, for the experiments are still in progress (September, 1924). 

2 Boundary Conditions imposed at Barth's Surface. 

A preliminary consideration of the problem in hand drew attention to the 
necessity of taking into account the boundary conditions imposed on the 
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forces of an electromagnetic wave at a receiver situated on the ground, %e 
effectively at the surface of separation between a non-conducting and a con¬ 
ducting medium With a perfectly conducting earth, these conditions would 
imply that at the surface (assumed horizontal) the resultant electric force (E) 
most always be vertical and the resultant magnetic force (H) always hon 
zontal, whatever might be the inclination of the wave or waves arriving at 
the receiver. In other words, a wave incident at any angle at the surface of 
separation will give rise to a reflected wave, the two interfering in Buch a way 
as to tend to eliminate the horizontal component of the electric force and the 
vertical component of the magnetic force 

It was, therefore, clear at the outset of the experiments, that if the earth 
at the receiver were of sufficiently high conductivity it would be useless to 
attempt to detect down-coming waves by directional measurements at the 
surface, sinoe the resultant fields produced at the surface of the earth would 
be indistinguishable from those of a horizontally propagated wave For this 
reason a knowledge of the value of this conductivity was considered to be 
necessary as a preliminary to the experiments 

Information on the conductivity of various soda is also to be found m tabular 
form m various text-books (eg., Fleming (6)) These values appear to have 
been obtained for the most part from the works of Brylmski (7), Lowy (8), 
Schmidt (9), and TJller (10) 

In most of these cases the conductivity measurements were made m the 
laboratory on artificially treated specimens of sod, and in very few cases were 
they carried out at radio frequencies In view of the heterogeneous nature of 
the surface and sub-soil at any ordinary site, and its varying moisture-content, 
it was not considered that this information was sufficiently reliable and exact 
for the purpose required For example, the values given for moist earth — 
the nearest description to the conditions at Slough for the greater part of the 
year—vary from 1Q T to 10* electrostatic units,* limits which are somewhat 
wide for making satisfactory deductions as to the suitability of the site for 
the proposed experiments. 

Considerable doubt also existed as to what effect, if any, a non-conducting 
subsoil such as dry sand or rook would have, when, as is usual on level ground 
in this country, it is covered by either water or sod of sufficient thickness for 
the maintenance of ordinary vegetation In these circumstances, therefore, it 
was decided to determine the conductivity experimentally, employing wireless 
waves of ordinary commercial frequencies 

* To convert to electromagnetic units, divide by r* (-*9 X 10*° approx.) 
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3 Determination of Conductivity of Ground at Slough. 

The method adopted was to measure the angle of inclination to the vertical, 
or “ forward ” tilt, of waves received from various transmitters situated only 
a tew miles away, it being assumed that suoh waves are vertically polarised* 
and propagated horizontally over the earth’s surface This was effected by 
rotating a straight Hertzian-rod-type receiver about a horizontal axis, placed 
perpendicular to the direction of travel of the waves, until the signals were 
reduced to a minimum The angle ((3 0 ) then made by the rod with the hori¬ 
zontal is the angle of inclination of the electric field to the vertical. By a 
simple modification of Zenncok’s formula for the ratio of the horizontal to the 
vertical component of the electric field of such a wave, of frequency “ n,” the 
conductivity (a) in electrostatic units is given by the expression 


4 tan 2 pg 


( 1 ) 


to a close degree of approximation, when is reasonably small and a is large 
compared with n, both of which conditions were found to be valid in the 
experiments under consideration 

The Hertzian rod used at Slough consisted of a copper wire, 30 feet long, 
stretched on a hght wooden beam m the manner of a bowstring, the centre of 
this beam being carried on a horizontal axis mounted at the top of a wooden 
tnpod 20 feet high Leads from the oentre of the rod were taken to an 
amplifying receiver, contained in a soreened box mounted on a centre turntable, 
which, with the horizontal axis supporting the rod, was capable of complete 
rotation about a vertical axis. By this means the rod-aerial could be rotated 
in any required vertical plane The success and accuracy of the instrument are 
largely due to the efficiency of the screening of all the apparatus and leads 
except the wire forming the aerial, and in the present arrangement this is so 
satisfactory that, when using a nine-valve amplifying receiver, the direct pick-up 
of signal from any transmitting station is negligible 

In making an observation the horizontal axis of rotation of the rod is set at 
right angles to the direction of the transmitting station, and the rod is rotated 
m its own vertical plane until the received signal is reduced to a minimum. The 
angle then made by the rod with the horizontal is the angle of inclination ((3,) 
of the electrio field with the vertical The minima are usually not quite sharp, 
owing to the fact (shown theoretically by Zenneck) that the electric force is 


* The term “ vertically polarised ” implies that the electrio force la contained in the 
vertical plane of propagation 
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ellipticftlly polarised m the plane of propagation of the wave. In each position 
the observation is repeated, after reversal of the leads between rod and receiver, 
and the procedure is then repeated with the horizontal axis turned through 
180° This process eliminates the error which would otherwise be caused if any 
residual direct pick-up of signal were still present, and also that due to any 
incorrect settmg of the scale The maximum error of the individual observa¬ 
tions made is considered to be about a degree, although the mean of a number 
of readings is probably of a higher order of accuracy 
A senes of measurements was made on wave-lengths varying from 450 metres 
to 6 9 km , and the values of (Jq, together with the conductivity values (a) 
calculated therefrom, are given in Table I 


Table I—Values of Forward Inclination of Electric Force measured at Slough 
for Calculation of Conductivity of Earth 


Transmitting 

Station 


Nor t holt 

Ongar 

Teddmgton 

Teddmgton 

Teddmgton 

Toddmgton 


Pittance 

(miles) 

Wave length 
(km ) 

Frequency 
(kc per sec ) 

Angle So 

(<l®g) 

Conductivity 

r(KSU) 

9 0 

6 00 

43 5 

0 7 


36 0 

3 80 

79 0 

0 7 


11 r> 

2 SO 

116 0 

0 6 


U 6 





a r> 





11 A 



HgDH 


Mean valuo of 

conductivity 

0 7 A 10* 


* Indicates spark transmission , all others continuous wave 


In the first three cases in the above table it is seen that the quantity measured 
(Po) is of the same order of magnitude as the limits of accuracy of the apparatus, 
and it was therefore not considered justifiable to use these results for the 
calculation of conductivity 

From these observations it will be seen that the mean value of the effective 
conductivity of the ground at Slough for wireless-wave propagation was found 
to be about 0*7 X 1(P electrostatic units This mean value obtained un¬ 
doubtedly represents a much closer approximation to the actual value than 
oould be obtained from the previously existing information referred to above 


4. Boundary Conditions at Slough. 

Having gamed the necessary knowledge of the conductivity of the ground 
at the site proposed for the experiments, it was now possible to examine 
the boundary conditions and calculate exactly what would be the direction of 
vot. cvn -—a. 2 8 
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the resultant fields produced by a down-coming wave, if it existed It will 
first be assumed for simplicity that a single wave only is arriving at the 
receiver, travelling in a downward direction with an angle of incidence, 0 , 
to the normal Referring to the resultant electric and magnetic forces E and 
H, due to the combination of the down-coming incident wave and the up-going 
reflected wave *— 

Let |i be the inclination of E to the vertical m the plane of propagation 
of the wave 

, a be the inclination of E to the vertical m the plane at nght angles 
to the plane of propagation 
„ 8 be the inclination of H to the horizontal plane 

Then it can be shown from the electromagnetic equations for reflection at 
a conducting surface that, 

(a) for a vertical polarised wave (u,Eiu plane of incidence and, therefore, 
a- 8 - 0 ), 

— P-l < 2 > 

and hence from (1) 

(3) 

sui u 

(b) for a horizontally polarised wave (t e, E is perpendicular to plane of 
incidence, and, therefore, * -- J n, [i — 0), 

tan 8 = £ \/ - X sin 0 (4) 

v <7 

— tan p 0 X sin 0 (6) 

These formula are approximations which are substantially true if af» is 
large compared with K (the dielectric constant of the earth). Both the electric 
field in case (a) and the magnetic field m ( 6 ) are slightly elliptical in form, and 
the angles given by equations (2) and (4) give the directions of the major axes 
of these ellipses. 

Dealing first with equation (5) it is seen that the value of the angle 0 increases 
with the angle of incidence and is greatest for grazing incidence (0 = 90°) 
when we have, &■.. = {3,. 

Now the experiments already described have shown that at Slough the 
angle £, and henoe vanes from a small amount with long waves to 
about 2-5° at 460 metres, and by extrapolating to a wave-length of 100 metres, 
the value of fi, and L.. beoomes 4*6°. If equation (3) is now referred to 
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it will be seen that tan (3 is inversely proportional to sin 0 Now, for all 
practical conditions 0 is probably never less than 45°, and the wiayiwinm value 
of p therefore becomes p,n RX = ^/2 (3 0 , and is therefore only 1*4 times the 
value of $mu above Since, as has already been shown, (3 0 does not exceed 
3° at Slough on commercial wave-lengths, would be very difficult to 
distinguish from pg with the apparatus used up to the present 

A prediction of the values of the angles in the case when two or more 
waves are arriving simultaneously at different angles of incidence is naturally 
quite impossible unless the relative amplitudes and phaseB of the individual 
waves are known A little consideration shows, however, that the tendency 
will generally be for the inclination to be less than those obtained for single 
waves The exceptions to this occur when the conditions are Buck that the 
field due to the down-commg wave and that due to the direct wave are nearly 
opposite in phase, in which case they will almost neutralise each other, and the 
resultant field will therefore probably be too small to detect Furthermore, 
although in the case of a single abnormally-polarised incident wave, we have 
a — 90°, the resultant electric force at the surface is very small in magnitude 
if ajn is large, owing to the almost complete interference between the incident 
and reflected waves If, therefore, a direct normally polarised wave of any 
appreciable magnitude is present, the resultant electric force is inclined side¬ 
ways at an angle a, which can be shown to be not greater than 8 

This brief analysis, therefore, leads to the conclusion that whatever may be 
the causes of the phenomena of long-distance transmission and directional 
errors as observed at Slough, they oould not be expected to give rise to 
resultant fields at the receiver which differ m direction sufficiently to be 
distinguished with the apparatus available from those of the direct, horizontally 
propagated wave For further progress it therefore seemed necessary either, 

(а) to improve the accuracy of the apparatus or use another method to 
enable inclinations of the desired magnitude to be detected, 

(б) to carry out the experiments on short wave-lengths of 100 metres or 

less, or 

(e) to find an alternative site at which the ground is of much lower con¬ 
ductivity than at Slough 

The latter course was chosen as the first step, since from the published 
information on the resistance of the earth (already referred to) it appeared to 
be quite possible to find a site at which the conductivity would be as low as 
10 *, on which the values of $ and 8 might be expected to exceed 15°, and 
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therefore might be conveniently measurable It was therefore decided to 
measure the conductivity of a number of other kinds of soil in different 
parts of England, in an attempt to find a more suitable site 

5 Measurements of Conductivity of Different Sods in Southern England. 

For this purpose a portable Hertzian-rod receiver was constructed, very 
similar in design to that installed at Slough, as described in Section 3 above, 
but on a smaller scale The straight wire forming the aenal was only 15 feet 
long, and the height of the supporting tnpod only 5 feet Owing to the 
reduction in size of the aenal Bystem, the relative magnitude of the energy 
directly picked up by the tuning circuits, amplifiers, subsidiary apparatus 
and connecting leads, was increased By careful detailed attention to the 
screening of the apparatus, however, this difficulty was overcome, and the 
apparatus was found to be quite as accurate as the larger instrument, the 
instrumental error was certainly less than 1°, and the mean of several readings, 
as usually taken, probably being correct to about 0 5° 

With this apparatus experiments were earned out on some ten different 
Bites, on subsoils of as varied a nature as could be found m the south of England 
—viz, clay, sand, chalk, granite, and serpentine rock At several of the 
sites the measurements were repeated on a second occasion, in an attempt 
to detect possible variations, due to change in season or other causes The 
results of these measurements, earned out from May to September, 1924, 
are summarised in Table II 

This table shows that the effective conductivity of the ground at these 
vanous sites lies between 0 14 x 10 s and 4 7 x 10 s , and the state of the surface 
of the ground does not appreciably modify this value. Omitting, in the first 
plaoe, the results obtained in Cornwall, it is seen that the conductivities are 
of the same order as that at Slough, which gives an average representative 
value for the vanous sites selected well away from the coast. The actual 
value of a at Slough, given in Table II, is somewhat higher than that obtained 
in the earlier measurements, given m Table I 

This discrepancy was discovered later to be due to the foot that the inclina¬ 
tion of the electric force to the vertical varied in different parte of the field, 
aa shown by the portable apparatus, and is evidently due to some local cause 
(such as the masses of trees in the vicinity) which has been previously shown 
to give rue to errors in apparent bearings of oertain transmitting stations. 
Thu variation u not, however, large enough to affect any of tile conclusions 
which have been drawn. 



Results of Measurements on Forward Inclination of Electric Force (Angle at vanoua Places with Portable 

Bod Receiver. 
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For comparison purposes, it is interesting to note that the previously 
published values of the conductivities range from 10* to 10* or leas for specimens 
of moist and dry earth, sand, or clay The more uniform values obtained m 
the present measurements are pronably due to the fact that for wireless-wave 
propagation the effective conductivity is not solely determined by the condition 
at the immediate surface In England, even in the hottest summer weather, it 
is doubtful if the soil ever becomes thoroughly dry to a depth of more than a 
few feet, and it is the moist soil below which will m this case determine the 
forward inclination of the wave-front. Also, as Hack (11) has previously 
shown, the presence of a layer of ground water at a depth of a fraction of a 
wave-length m a poorly conducting soil will almost entirely annul the forward 
tilt of the wave-front which would otherwise be set up at the surface 

Referring now to the measurements made in Cornwall, as recorded at the 
end of Table II, it is seen that in the first of these, at the Lizard, the conduc¬ 
tivity obtained is similar to that at Slough This is undoubtedly explained 
by the fact that the highly insulating serpentine-rock subsoil was mostly 
covered by a layer of one or two feet of surface soil with a moderate moisture- 
content, only at intervals over the surface was the rock projecting through 
the upper soil As the coast is approaohed the depth of the soil layer decreases, 
and within a quarter of a mile of the edge of the cliffs the measurements show 
an appreciable drop m the conductivity values For these latter measurements 
it was extremely difficult to find suitable sites, and the discrepancies occurring 
in. the values of (J„ measured on the different wave-lengths are considered to 
be due to the uneven rock surface, the consequently varying depth of surface 
soil, the stratification of the rocks, and the trapping of nun-water m pools 
on the rock surface below the soil In any case, the sites of these measurements 
would not be suitable for the proposed experiments on reception of down¬ 
coming waves, since for the study of wave-reflection problems a uniform 
surface of dimensions greater than a wave-length is necessary, and these 
particular sites were less than a wave-length from cliffs of two or three hundred 
feet in height It is possible that at a more satisfactory ate further ™Und 
lower conductivity values would be obtained after a hot, dry summer, long 
enough to dry out the soil down to the rock surface, but the conductivity at 
such a place would, naturally, be subject to a large seasonal variation. 

It is, therefore, to be concluded from these experiments that, although at 
some of the places investigated the conductivity is slightly lower titan that at 
Slough, the difference is not sufficiently great to justify the transfer of any of 
the experimental work The difference in the maximum possible intimations 
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of the electric and magnetic forces as obtained from the theory already given 
is, in fact, almost inappreciable at all the sites investigated 

(While not strictly relevant to the problem m hand, it is interesting to record 
here that during these measurements justification was obtained for the 
assumption that the inclination of the wave-front was related to the normal to 
the ground surface at the receiver, whereas the angles measured on the apparatus 
were related to the true vertical At most places a suitable horizontal site 
could be obtained, but it was sometimes necessary to work on slightly sloping 
ground and make the necessary corrections for the direction and magnitude of 
the slope (usually less than 1°) On one occasion, however, a site was inten¬ 
tionally selected on the side of a hill sloping at about 16°, but after correcting 
for this, it was found that the values of (3,, agreed with those measured on a 
level site m the same neighbourhood) 

6 Confirmatory Experiments at Slough 

In view of the conclusion arrived at m the last section, it is of sufficient 
interest to record the result of a senes of measurements of the directions of the 
electnc and magnetic forces made at Slough, mainly with the object of con¬ 
firming experimentally the deductions made from the boundary conditions 
considered in Section 4 

(o) Method of Measurement —The direction of the electric held was measured 
by means of the larger Hertzian-rod apparatus described m Section 3 That 
of the magnetic field was measured by means of a frame coil capable of rotation 
about both vertical and horizontal axes With its plane vortical the coil is 
rotated about the vertical axis to the position of minimum signal, and the 
ordinary wireless bearing observed The plane of the coil in this position is 
then parallel to the horizontal component of the magnetic field of the arriving 
wave The cod is now turned through 90° about its vertical axis to the 
maximum signal position, and then rotated about its horizontal axis until a 
seoond position of minimum signal is obtained, when the angle made by the 
plane of the coil with the horizontal is observed This reading gives the elevation 
of the resultant magnetic field due to the arriving wave, and the direction of 
the field is the line of intersection of the planes of the coil when in the two 
minimum positions above determined In the complete measurements the 
observations are always repeated after reversing the connections of the frame 
ooil, and the whole operation is then repeated after rotating the coil through? 
180° about a vertical axis. The mean readings so obtained are practically 
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free from any scale errors, and also from the effects of any residual direct pick-up 
on the leads and coupling coils of the receiver 
The auxiliary apparatus used with this frame coil is the same as that employed 
with the Hertzian-rod receiver In addition to the screening of the tuning 
circuits and amplifiers m a metal box, the operator and whole of the apparatus 
are contained m a wooden hut, which is well insulated from earth and entirely 
surrounded by a wire screen comprising open untuned loops This type of 
screen has been shown previously (12) to eliminate antenna effect on the frame- 
coil system The accuracy of the observations obtainable with this apparatus 
was considered to be about the same as that of the Hertzian rod instrument, 
(6) Discussion of liesults —Table III gives a summary of the results of a 
series of systematic measurements of the directions of the electric and magnetic 
fields as observed simultaneously at Slough, over a period of seven months, on 
various wave-lengths In this table, a, (4, (4 q and 8 are the same quantities 
defined in Section 4, p 592, and y is the angle between the observed direction of 
the horizontal component of the magnetic field and its normal direction, 
t.e., y 18 the error in the observed wireless bearing 

Table III—Summary of Results of Simultaneous Directional Measurements 


of Electric and Magnetic Fields at Slough 
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Many of the observations summarised above were purposely made on stations 
and at periods which experience bad shown to be most likely to produce varia¬ 
tions my(ie , directional errors or night effect) and it will be seen that variations 
as large as 23° were obtained Yet the results show that on these occasions 
there were no corresponding variations m the values of a, p, and 8 In fact 
throughout the whole senes of observations and over the entire range of wave¬ 
lengths the values of a and 8 do not depart from zero by more than 1 3°, a 
value which is mapprenablv greater than the limit ot accuracy of the apparatus 
for the individual readings It was frequently noticed during the observations 
on the frame coil apparatus, that the minimum obtained with the coil vertical 
was blurred, a common oti urrence at night-time on wireless direction-finders 
On all occasions, however, the minimum with cod in the horizontal position was 
sharp and well-defined, thus indicating that the magnetic field w r asof elliptical 
form in a horizontal plane only 

Again referring to Table III, many ot the stations are sufficiently distant for 
the phenomena ot long-distance transmission to enter, and according to the 
Heaviside-layer theory most of the energy would be coming dowmwards from 
the layer Yet m no case do the values of |3 differ by an appreciable amount 
from the theoretical valutx of % as recorded in the last column of the table , 
these values of p 0 having been calculated from the conductivity of the ground 
at Slough as found expenmentollv These experiments are thus seen to support 
the conclusions drawn from the theoretical considerations in. Section 4, and 
cannot, therefore, be considered as evidence for or against the existence of 
down-coming waves, as required by the Heaviside-layer theory 


7 Summary 

This paper describes the commencement of a theoretical and experimental 
investigation into the determination of the directions of forces m electro¬ 
magnetic waves, particularly with a view to elucidating many problems con¬ 
nected with the propagation of wireless waves over the earth’s surface So 
far as it has gone the investigation has drawn attention to the fact that the 
success of experiments to detect down-coming waves by directional measure¬ 
ments depends to a large extent upon the conductivity of the ground on which 
the experiments are carried out, for the boundary conditions imposed by this 
conductivity are such that the resultant fields at the surface tend to have tho 
same direction in space whatever the polarisation and inclination of the com¬ 
ponent waves In the case of a perfectly conducting earth, for example, the 
vol cvn,— a 2 T 



600 It L. Smith-Rose and R. H. Barfield* 

electric force will always he vertical and the magnetic force horizontal at the 
earth’s surface 

It is concluded from the measurements made that the ground at Slough has 
an effective conductivity of about 10* (in absolute electrostatic units), and using 
this value to determine the boundary conditions it is found that on commercial 
wave-lengths the resultant fields of down-coming waves, incident at any likely 
angle (i e , greater than 45 deg to the vertical), will not be inclined sufficiently 
at the surface to distinguish them from horizontally propagated waves 

In a search for a site for low conductivity on which experiments might be 
carried out with more success, an extension of the measurements was made to 
various parts of Southern England, which showed that all typical soils possessed 
conductivities of the same order as at Slough, varying between the limits of 
0 6 x 10* and 4 7 x 10* Only m the extreme cases of very rocky and 
broken surfaces was a conductivity as low as 0 14 x 10* experienced, and in 
these cases the very limited extent of suitable ground rendered the site impractic¬ 
able for its required purpose It is therefore concluded that in England, at any 
rate, there is no more favourable site than Slough, as regards the earth’s con¬ 
ductivity, at which to continue the general investigation 

Finally, a summary is given of the results of the measurements at Slough of 
the directions of the electric and magnetic fields m arriving waves, over a period 
of seven months, by day and night, and over various distances , these results 
being in support of the above conclusions as to the imjioHSibility of detecting 
inclined fields at Slough, even during the occurrence of directional errors and 
long-distance reception at night 

The best methods of continuing the investigation m the light of these con¬ 
clusions are mentioned in Section 4 It appears that in order to obtain positive 
results with this directional method of attacking the propagation problem, it will 
be necessarv to either— 

(1) Improve the accuracy of the apparatus and then repeat the experiments 
on the same site , or 

(2) Repeat the experiments with the existing apparatus, hut on ground of 
lower conductivity, or 

(3) Repeat the experiments on the same site and with the same apparatus, 
but on a shorter wave-length 

All these are possible lines of advance though all liave their difficulties, and on 
Ihc whole a combination of them is probably the best course to take 

It appears that in order to find a site of sufficiently low conductivity for the 
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purpose, it would be necessary to go to some part of the world which is much 
dner than England By choosing some locality with a very limited rainfall it 
should be possible to find a site where the surface water is sufficiently low down 
not to affect the electromagnetic fields at the surface On such a Bite it should 
be possible to obtain conclusive results with apparatuH of the existing design. 

This work was carried out for the Radio Research Board under the Depart¬ 
ment of Scientific and Industnal Research, and we are indebted to the 
Committee on Directional Wireless for their helpful criticism The authors 
also wish to acknowledge the assistance rendered by Mr M (i Bennet, M Sc , 
in the early part of the experiments 
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Regularities in the Secondary Spectrum of Hydrogen . 

By 0 W Richardson, Yarrow Research Professor of the Royal Society, and 
T Tanaka, Professor in the College of Nugata, Japan 

(Received January 24, 1925 ) 


§ 1 This paper deals with the continuation of our endeavour to arrange the 
lines of this spectrum in series by starting from a study of the lines which are 
selectively changed in intensity m electron discharges m hydrogen at a low 
pressure as compared with discharges in a Geissler tube of the type which is 
most usual m spectroscopic observations The previous work has been 
described in two papers* which we shall assume to be available in dealing with 
what follows 


§2 A Second P } Q, R Combination —We commence by considering the 
following lines which can be arranged as P, Q, and R series with the enumeration 
shown 


Table I —Series No 202 P (w) 


m { 

i 

ProjiertieN 

Wave No 

(1) (2) 

2 

(3) 

(4) (6) 
O 

<«> 
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' z 



20284 02 
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6 

i i 

1 

1 

1 j 

1 

1 

i ! 

i 

' 

; 

i 

1 
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Tnt 

E2 ((») 
( 10 ) 
(3) 

(V) 


int Diff 2 nd lhff 


8 a A 

\ 331 IKK 

< > 23 40 - 0 14 

> 353 Vto( 

( \ 23 77 + 0 14 

378 8 tK 


mean a -=- 23 63 



Senes No 110 Q (m) 

h 21039 751 II 
21016 13 
20966 87r II 
20803 301 
20793 77I»« II 


in <n x 
ax' 

23 62v 

26 64 4* 0 96 

hi (i)/ 

49 26^ 

24 11 

-0 69 

<i>? 

73 37<Q 

24 36 

-0 34 

iii 

97 73^ 

A *= 

24 70 



* “ The Striking and Breaking Potentials for Electron Xfcsohaigee in Hydrogen,” * Roy 
Soc Proe.,* A, vol 106, p 640 (1924), and “ On a P, Q, and R Combination in the Many- 
Lined Spectrum of Hydrogen,” tbtd , p 663 (1924) 
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Table I —■contmued 
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I, II, III Denote weakened in 1st, 2nd and 3rd type discharges respectively 
m Denotes much weakened, 
f Denotes unresolved doublets (M and B) 

£2 and £3 Denote enhanced in 2nd and 3rd type discharges respectively 
O Denotes not weakened, possibly enhanced, in 3rd type 

TIjp tf-.t of the combination principle on theso lines is 
P(2) + R(1) = Q(2) +-Q(l) + 0 15 
P(3) 1- R(2) — Q(3) + Q(2) — 0-75 
P(4) + R(3) = Q(4) + Q(l)-0 51 
P(5)-f R(4) = Q(5) H Q (4) -h 0 71 

The agieement m the second and fourth combinations is not as good as it 
should be if the lines were straightforward The ambiguity here may well 
be almost entirely due to the two lines P (3) and Q (5). The intensities of each 
of these lines is higher than it should be in comparison with the other lines of 
the relevant series The apparent width of P(3) on Prof Merton’s plate is 
3 * 58 and that of Q (5) 2 29 in wave-numbers, and it seems that these lines might 
conceal fainter constituents The lines with intensity {q) are not given in 
Merton and Barrett's tables These are faint lines which we have observed on 
Prof Merton's plate and winch have been measured by one of us (T T) Their 
intensities are classified in descending magnitude as (1), (0), (p), (q), (r) — (1) 
and (0), having, so far as possible, the same meaning as in Merton and Bamtt’s 
tables It is just possible, although unlikely, that 19550 07 (q) = P(5)* is not 
a real line, as there is a strong line 19551 91 (5) very close to it, which makes 
the plate a little difficult to interpret just at that position Most of the error 

* On account of ladle of resolution it is almost impossible to estimate the intensity of this 
line, which might be appreciably higher than the value stated 
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m the thud combination may be due to R (3), which Merton and Barra tt note as 
an unresolved doublet. 

By suitable combination8 of 

P(w) = v 0 + F(m—])—/(*«), m — 1 -> m. (1) 

Q (m) = v 0 + F (m) —f(tn), m m. (2) 

R(m) — v 0 + F(m + 1) — f(m), (3) 

we deduce the successive differences m the initial and final term numbers P (») 
and / (m) given m the following table — 


Table II 


F <m + 1) — F (m) 

| R («) — Q (m) 

Q(ro + 1) - P(»n + 1) 
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i 

Q(«)-P{»+1) j 

Mean 2nd Ihff 

/<8)-/(D 

424 26 

424 13 

424 20, 1 

/<3)-/(2) 

731 36 

732 11 

, «Hm 0*1 

731 73 6 , 

/(*)-/ (3) 

1037 43 

1037 04 

| iW 7*1 

1037 66, 

OAfi in 

/<S)-/(4) 

1344 14 

1348 43 

ilW IV 

1348 78, 1 

1 


The values of F (m) are obviously characterised by very nearly constant 
second differences. Most, if not all, of tbe deviation in the fourth value m the 
fifth oohunn can be accounted for if we suppose there is an error in Q (5) such 
as would account for the error in the fourth test of die combination principle 
We accordingly assume that the initial values of the F’s are represented by— 

F (m) - B (m - P)» (4) 

B is half the constant second difference, and its mean (disregarding the fourth 
discrepant value) is 140 9116. Combining this value of B with the value 
400 58 # of F (2) — F (1), which is the most accurate first difference, we find 
P as -f 0 078576 From these we re-calculate the following table of values of 
the F’s and their differences:— 
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Table IIT 


m i 

1 

F(m) 

calculated 

F( W ) 

computed 

F (» + 1) — F (■*) 
calculated 

F(»+I)-F(e») 

found 

1 

0 

0 87 




1 

119 64 

no «4 

400 58, 

400 68, 

2 

690 22, 

680 22, 

682 41 

682 47 s 

3 

1202 63. 

1202 70 

964 28 

964 31, 

4 

2166 86. 

2167 01, 

1246 06. 

1246 06, 


3412 92 

3418 07 

1627 88 

1630 09 

r> 

4940 80 

4943 10 




The agreement is satisfactory except m the term involving F (6), as was to be 
expected from Table II 

As regards the fa the best procedure is not so clearly indicated It seems 
likely that the second differences really dimmish with increasing m, but it u not 
certain, owing to the small number of terms and the large errors in the tests of 
the combination principle, so that we shall assume, provisionally at any rate, 
that we can treat the second differences here also as in reality constant Taking 
the mean, this gives 6= 153*263, whence from / (2) —/(l) = 424*20,, 
p = 4 0 11609 These numbers give the following table of values — 


Table IV 


in 

/<*») 

calculated 

/(*») 

computed 

/(m + l)-/(m) 
calculated 

/(•»+1)-/(*») 
found 

0 

1 

| 2 11 
i 119 74, 

119 74, 

424 20, 

424 20, 

2 

643 96 

648*96 

730 73 

731 78, 

3 

1274 68 

1276 66, 

1037 26 

1037 68, 

4 

2311 94 

2313 37 

1343 78, 

1348 78, 

5 

3666 72, 

3667 16, 




The errors in /(3) — /(2) he beyond what is permitted by the observational 
data, so that the results are not adequately represented by— 

f(m) = b(m — p)*. (5) 

The disagreement could be got nd of by using 

/ (m) as 6 "o* — p)“. (6) 

but this introduces what seem at this stage to be other difficulties, and as the 
same result could be obtained by almost any formula which introdnoed another 
disposable oonstant, we do not propose to press this point. The fact is, the 
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material offered by this combination is inadequate to form a satisfactory 
judgment on this question 

As the formula used arc not very satisfactory m the case of the final states, we 
shall only rely on them to determine the value of the two terms F (1) and / (1), 
the higher terms being'obtamed from these in combination with the successive 
values of F (m + 1) - F (m) and / (m + 1) — / ( m ) got from the line measure* 
moits. In this way we obtain the “ computed ” values given in the thud 
col umns of Tables III and IV. From these values by means of the equations— 

v„= P (m) — F (m — 1) +/(w) — Q (m) — F (m) -+ f{m) 

= R (m) — F (m + 1) +/0») (7) 

we can deduce 14 values of v 0 These have extreme values of 21039 18 and. 
21040*21, with a mean value of 21039 82 s , to which most of them are very close 
On the interpretation taken, the value of v 0 is almost coincident with Q (1) 
(= 21039*75) for this combination 

From the value of B we find for the moment of inertia of the emitting molecule 
in the initial state J t = 1 9614 X 10~ a gm cm 2 , and for the moment of inertia 
in the final state the value of b gives J 2 — 1*8028 x 10 -11 gm cm* Thesexalues 
are similar to those which have beon deduced from Fulcher's bands Allen, 41 
for example, with an assumed enumeration which seems not improbable, finds 
that all the seven senes of Fulcher’s firsthand lead to almost identical values of 
the constants C a and Ce respectively, the corresponding moments of inertia 
being Jj =-1*761 x 10-“ and J 2 = 1 *827 X 10~ 41 gm. cm* It seems reason* 
able to suppose that the present senes arise by transitions of the same molecule 
aa in Fulcher’s bands, presumably H e , but between different excited states 

The distribution of intensity among the different lines in the R series is in 
agreement with these low values of the moments of inertia and is, in fact, similar 
to that found m Fulcher’s bands, the strongest line being at one end of the series, 
and the strength falling away gradually towards the other end The same 
would be true of the lines of the P senes, except for the line P (3), which is a 
wide line of abnormally high intensity which probably covers np the real line 
belonging to the present senes This assumption has been made already m 
order to account for the error in the second test of the combination principle 
The intensities in the Q senes appear to be abnormal generally, but they are 
all weak lines, and their intensities are clearly very susceptible to changes in 
the phynoal conditions. Q (5) appears definitely too strong. This line bas 
considerable apparent width, and it is probably responsible for the error m 

• • Roy. Soo Proc.,’ A, voi. 106, p 77 (19M) 
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the fourth test of the combination principle and in the value of F (6) in 
Tables II and III This line also deviates from all the other Q lines m being 
enhanced by helium. The intensities of the lines of 110 Q (m) show a very 
remarkable variability on Prof Merton’s two plates. On one plate we 
estimate their intensities as Q (1) — (2 —), Q(2) — (2 — ), Q (3) — (1), 
Q (4) = (1) and Q (5) — (2 4-), and, on the other plate, as Q (1) = (0), 
Q (2) -- (2), Q (3) (1), Q (4) = (1) and Q (6) = (1 -) On this plate their 

intensity distribution ir evidently similar to that m the first type discharge. 

The line Q (2) is a low pressure line, whereas all the other four Q lines are 
weakened in the 1 st type discharge and are high pressure bue« It is interesting 
to observe that there is a similar abnormality in the B senes All except R(l) 
are enhanced by helium, and of these the two which have been tested for it show 
the Zeeman effect R (2), R (3) and R (4) are weakened in the 1st and 2nd type 
discharge*', and R(2) and R(4) are high pressure lines On the other hand, R(l) 
is a low pressure line and definitely does not show the ZeemAn effect Thus, 
both Q (2) and R (1) appear to involve a common state to which low pressure is 
favourable They both involve the same initial state F (2) P (3) also possesses 
the initial state F (2), and should therefore show a similar abnormality We 
have already seen reasons for believing that the real P (3) is covered up by a 
much stronger line , so that it is not surprising thet this further abnormality 
is not apparent 

We have looked for lines which might involve the zero quantum states F (0) 
and/(0) These art* P (1), Q (0) and R(0) Calculating P(l)froni P(l) = 
Vo + F (0) — f (1) we find P (1) calculated — 20920 96 There is a faint hne. 
intensity (p), at 20917*92 = P (1) calc — 3 03 Q (0) calculated = v 0 — F (0) 
+ f (0) = 21041 06 r , There is a faint line, intensity (p), at 21044 08 = 
Q (0)calc - 3 01 6 R(0)calculated = v 0 -} F(l) -/(0) = 21157 35 Merton 
and Barratt give a line 21158 96 (1), , +, . , , , , . This is 

eqnal to Q (0) calculated + 161 It is cunous that the first two perturbations 
are equal to twioe the second If these lines were assigned to P (1), Q (0) and 
R(0), they would not satisfy the combination principle P(l) + R(0) — Q(l) + 
Q (0), so that it is probable that the relation between these perturbations is 
a coincidence 

If we are dealing here with genuine bands whioh really satisfy the combination 
principle, the foregoing results have a quite general importance, because they 
show that the half quantum or other simple fractional numbers which enter 
into the formula for many band spectra have no very fundamental significance. 
In the present case the constants P and p do not have ample fractional values. 
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but are quite complicated proper fractions It may be that these constants 
have a tendency to approximate round the values 0 , J, J, f, or 1 , as seems 
indicated by the behaviour of many band spectra, but the present series cannot 
be expressed by equations such as (5) or ( 6 ) if we are limited to such simple 
fractional values of the constants 

There are two lines not yet mentioned which may prove to be associated with 
this group, viz * 20853*80(3) and 20526*72(7) Their wave numbers are 
intermediate between those of P(l), if it existed, and P( 2 ), and of P( 2 ) and P(3) 
respectively Together with the line 21158*96 ( 1 ), which we have already 
referred to as being close to the position for B ( 0 ), they practically coincide with 
the continuation of the B senes into negative values of m In conjunction 
with B ( 1 ) they can also be arranged as the following senes — 


Table V—No 102 



If this were a genuine series with 21440 41 as the leading line, it would mean 
that this lme which we have assigned to B ( 1 ) would have to be taken out of the 
foregoing combination This would make it much less convincing If we 
take 21440*41 out of both 101 and 102, we can treat the remaining lines as B' and 
P' senes respectively, with 21440*41 (5) as the leading line of a new Q senes 
This senes, which we may denote by Q'„ would have aB its second lme (m = 2) 
21417*40(1) ,+ + *•*••. , , , and as its thud line (m = Z) 

21370 99 intensity (p). These have the successive first differences 23*01 and 
46*41 and the second difference 23 40 These give one combination 

F ( 2 ) + B' ( 1 ) = Q, ( 2 ) + Qi (1) - 0*62, 
but the next combination fails. On the whole, the association wc have assumed 
above seems much more probable than this If we take 20603*80(3) and 
20526*72 ( 7 ) to be two lines constituting a fragment of a F serins associated 
with the series we have treated «e P, Q and B, there is a faint line 21466*60 
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which m combination with 20526*72 (?) yields 20526*72 + 21456*80 ** 
P\(3) + R' (2) = Q (3) + Q (2) + 0 32 An argument might be made here 
that the combinations are between P or R' and P' and R, as Curtis finds in the 
helnim bands, but the matter is too uncertain to warrant further discussion 
without better evidence 

§ 3 Sertes which may be connected with those preceding —The following sets of 
lines can be arrranged as Q and R senes with a common v 0 . but there does not 
appear to be an associated P serieB 


Table VI —Series No 59 Q (m) 


Properties 


(1) (if) ('*) | (4) (fl) I (b) ’ (7) 


Wave No 1st Diff 2nd Diff 




8 

8 — A 

I 11 

111 20640 59 

(2k 

i 



> 37 36 > 


X* 

20503 23 


> 26 76 

X* 

20439 11 

> 64 12 < 

> 87 80 < 

y S3 88-0 38 


20351 31 

(OK 

^ 24 44 + 0*38 



>112 24 ' 

t 

20239 07 

(2 V 




mean A 

-24 Ott 


I 

i 

i f 

1 7. 

I X i 


Senes No 66 It (m) 

20809 92 (0) N 
21002 27 (0)< 


X* 

X* 


>19236 

>164 76 
21167 02 (6K 

>139 72 
21306 74 (2)/ 

>114 10 
21420 84 (ir 


27 60 

25 03 + 0 29 

26 62 - 0 30 

25 33 


x* Denote* weakened tei 2nd and 3rd type, bat not In 1st type discharge 

t Jienotes unresolved doublet (M and B) 

i, N> III Denote weakened in 1st, 2nd and 8rd type 


If we take out the lmee for which «i = 1, which may not belong to the eenea, 
the second differences for the others are very dose to those in the preceding 
section The relation between these and the preceding Q and R senes may be 
shown in another way, by subtracting corresponding terms of corresponding 
sense, when we obtain a set of numbers with almost constant differences 
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This is shown by the following table, if we again except the case m - 1 , to 
be particularly true of the Q senes 


Table VII 


»!-♦ j 

1 

2 


1 


4 

b 

[ 

aQ (»») 


i 

i 

i 




i 


1 


110Q (m) ~ 

OOQ(m) 

! 

\ too 

1 

lfl 

512 

90 

527 

70 

542 

19 , 70 

aQ (m + 1) 

— aQ (w) 


13 

74 

14 

80 

1 14 

i 

43 

14 

51 

AQ(m + 2)- 

- 2&Q(m + 

1) + aQ(»<) 

4 1 

12 

- 0 

43 

1 

0 

i 

08 

i 

| 


aR (m) *- 







i 


1 

1 

101R (m) - 

60R (m) 


(ISO 

49 

695 

90 

1 703 

91 

813 

17 1 02 

aR (m -f- 1) 

“ aR (m) 


, « 

47 

07 

9> 

1 09 

20 

j 71 

85 

AR (ih -f 2) * 

- 2aR (m -f 

1) f aR(w) 

1 +2 

48 

U 

31 

4-1 

59 

1 



In the case of AH (to), the first differences are not constant but lui'ease if 
we take out the exceptional case m — 1 , in a linear way with m 
If 59 and 5b are associated Q and H senes, and if, as before u < v-wime 
F (to) — B (to — P) s and / (to) — b (ni — p) 2 we have 

R (to) — Q (m) — V (m f 1) — F (in) — B (2 w — P ^ l) (8) 

R (m - 1) - Q (m) -=f(m) -/(»« - 1) = b (2 - l) (9) 

The values of these quantities are shown in the following table 


Table VIII 

m A m — R(w) - Q (m) = F (m + 1 ) - F (w) = B (2 i 7^P - l) 


m-* 

1 

2 3* 

4 I 

5 

mA fn 

269 33 

499 04 

727 9i 

968 43 ! 

118L 77 

m + iAf W+ 1 di4, n 

229 71 

228 87 

227*52 

226 34 


Next difference 

- 0 84 

- 1 35 

i 


I 


=== ® (wi " 

- 1) -Q(m 

0 

-/(TO— 1): 

— 6(2 to — 

PjD_ 


1 

2 

1 * 

1 

4 i 

1 

S 

L._ 

m- |A m 

1 

306*09 

668 16 

815 71 

1067 67 

m^w + i #»- l^si 


266 47 

268 86 

251*96 


Next difference 


- 3 92 

- 0 62 

1 
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If equations ( 6 ) and (9) were exact, the differences of successive As should 
he constant In the case of m A*, this difference shows a small linear progression 
which might be given a number of interpretations The value of 2 A a — 2 A 2 
is irregular This is due to the irregularity of B (1) which is here combined 
with E (2), Q (3) and Q ( 2 ) The value of a A a — x A x which involves the differ¬ 
ence of the two irregular lines Q ( 1 ) and E (1) in combination with Q (2) and 
E( 2 ) shows no irregularity This suggests that Q ( 1 ) and E (1) may be abnormal 
lines affected by an equal displacement and is the only real justification for 
keeping these lines in the senes 

From the values in Table VIII we deduce B = 114 06 b — 126 13, P *= 0 30754 
and p 0 26 734 From these we can calculate one value of F (w) and / (w) 
respectively, and from the values of the differences of these functions m 
Table VIII we can then prof eed to calculate a table of the functions themselves 
From these values we can calculate v 0 Using v 0 -= Q ( 2 ) +/( 2 ) — F(2) we 
obtain v w = 20555 79 and from v 0 = E ( 2 ) +/( 2 ) — F (3) we obtain by two 
different methods of calculating v 0 = 20555 75 and v 0 & 20556 19 respectively 

The \alues of B and b above correspond with B — 140 9 and b = 153 2 
from the combination considered in the preceding section and with B ~ 154 
and 6 148 from the first Fulcher bands If they are a real senes their source 

must therefore have an appreciably higher moment of inertia than that of the 
source of the Fulcher bands The maximum intensity of the lines which is at 
m ™ 2 far the Q series and m = 3 for the E series is not unreasonable for such 
a value of the moment of inertia 

§ 4 Possible senes having similar constants to Fulcher’s bands —We shall 
next deal with some possible senes which have similar constants to 
Fulcher's bands In the cases now under consideration we have only one 
branch at our disposal, so that it is not possible fully to determine the constants 
The constant second differences determine the values of Ca — Ce*, but the 
values of Ca or Ce individually and of v 0 depend on the assigned enumeration 
and on whether the senes are whole or fractional quantum number senes 
The formul© given below are merely illustrative and intended to give some 
idea of the magnitudes of Ca, Ce and v 0 In some cases they happen to have 
been calculated as half quantum senes, but there is no sufficient justification for 
assuming that they are such , the assumed enumeration, on the other hand, 
has been taken as on the whole the most probable one. The following three 
sets of five lines have fairly constant second differences, and, whilst the properties 


*0/.H.S Allen, fee. o* 
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and intensity sequences are not perfect, there is some evidence of coherence in 
each set •— 

Table IX —Senes No. 3 P. 


m 


Properties. 

Ware No lit lMff 2nd DUt 


<d 

(2) 

(3) 

(4) 

(8) 

(«) 

(7) 

S * — A 

1 

+ 


+ 

+ 

z 



16774 72 (8) v 

i 








>898 58v 

2 

+ f 





i 


I UD 16476 14 (*)\ n ~ > 14 86 -f 0 02 

3 

+ + 

1 






Im Ilm Him 16192 48 (6)/*"° 14 74 - 0 10 

>208 98^ 

4 








16923 44 (0)C > 14 93 + 0*09 

>254 (Nr 

5 

+ + 


— 





1 15669 39 (4)' 









A14 84 


4" 


+ + 


Series No 10 P. 


21841 16 (0). 

>413 67 v 

I II III 21427 S0 P)< >47 16 + 0 03 

>460 72< 

I II III 20066 87 (1)<^ \ 46 88 - 0 24 

I H III 20400 27 (I)/ J> 47 33 + 0 21 

10004 >4 (oy^ 


M7 12 


Series No. 11 R. 


+ + ( 
-+i 
+! 
++ 


o 


+ 


++ 


i n 

i 

I E 


>395 w. 


lOfiM'tt (8)^ 

19880*86 m? > 40 42 

in 80417 85 (2K > 39 86 

>476 85c 

nm n (1 »C „> » 


Im Ilm Him 81967 16 (3) 




is Us HI Denote wantoned, Im, Urns Him denote mnoh weakened in 1st, 9nd and 8rd type 
disobliges respectively 

D, Denotes not weakened in 3rd type discharge 

E, This line is the tame as 110Q (4) above. The evidence ae to duplicity is not olearj on 
one plate it is strong er , on ilia other weaker, than 4786 04 (8). It is rather wide, ao that a line 
of intensity equal to or lesa than p oonld be oonoealed by it, if of ordinary aharpnasa and having 
v in the region 80898 88-80894*01. 

As regards 11 R the second differences are very bad, but this may be doe 
entirely to 20893*60, which has already been assigned to No. 110Q(4) and 
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is unlikely to be No 11 P (4) as well. If 20893 50 oonceals a line about 20893 90 
the second differences become quite reasonable It will be noticed that the 
effect of the relative weakening is to make these lines have a distribution of 
intensity in the 1st type discharge which makes them look more like series than 
in the ordinary Geissler tube discharge 

No 3 P can be represented as 

P' (m) ■=17086 27 j- 1 853 - (Ca f Qe)m + 7 410 m*, m -= 1, 2, 3 4, 5 
where Co = 164 11, Ce - 156 70, Oo - Ce = 7 41 and v 0 = 17086 27 
Similarly 

No 10 P as P' (m) = 22213-56 - 5-89 - 342 92m - 23 56m* m =- 1,2 3,4,5, 
where Co = 159 68, Ce = 183 24, Co - Ce -= - 23 56 and v 0 = 22213 56 
and No 11 R as 

R' (m) -= 19224 30 f 5 066 -f 335-31m + 20-22m* m = 1, 2, 3, 4, 5, 6, 
where Co = 177-76, Ce = 157 54, Ca - Ce = 20 22 and v 0 = 19224 30 
As we have pointed out above, there are other alternatives The values of 
Co and Ce got by Allen from Fulcher’s bands range between 158 and 142 for the 
first band, and 221 and 170 for the second. 

If the four following lines are a senes it has a v 0 close to the values of v 0 for 
Fulcher’s second band, but the values of Co and Ce are similar to those m 
Fulcher’s first band. 


Table X—Senes No 27 P(m). 


Properties 


<D 

++ 

+ + 

+ 


Wave No 


1st Diff 2nd JJiff 


(8) 

(8) 

<*) 
+ + 

W 

(«) 

(’) 

I II 

D 

19207 46 



+ + 




I II 

D 

19018 39 



+ | 


1 ! 

J 

| 



18767 43 


+ + 

1 


1 

1 , 

1 1 

1 

1 



18513 72 


4 — A 


\279 07, 

(8 C 

<*3 


°\ 

A 18 11 0 43 

> 17 25 + 0 43 
7K 


A17 58 


it type discharge 

II Weakened in 2nd type discharge 
in 3rd ty 


D. Not weakened 


type 


These lines can be represented by 

P' (m) =. v 0 Cd/4 — (C« -f Ce) m + Cd m*. m = 1, 2, 3, 4, 

when 

19592-12, Cd - Ca - Ce » 8 91, Ca * 157-36 and Ce -148 45 
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The two second differences are far from equal, but the general appearance of the 
properties suggests that these lines are related 
The following set of lines is very remarkable 

Table XI —Senes No. 20 Q (m) 


Propertied 


Wave No 


1st Diff 2nd Diff 


1 

(1) 

j (2) 

(3) 

(4) 

(3) 

(6) j 

<•>) 



2 






1 

i 1 

I 

11 

3 





1 



I 

n 

4 








I 

ii 

5 




1 0 




I 

ii 

0 

1 

I 



I 


1 

' 8 

1 


7 

1 

i 

i 

i 

1 

i 


1 



S 

I 



23033 60 ( 4 ) 


5 — A 


\ 10 ft5v 

/ \ 11 Oll . l 

\ 


II III 24001 88 


m 24111 

24182 02 (Oj 



77 (2)/ 

> 00 71 

63 («)< / 

y 71 37 ' 


Al2 10 


I Denotes weakened in let type duabarge 

II Weakened in 2nd type discharge 

III Weakened in 3rd type discharge 

The second differences vary between the wide limits of 10 69 and 13*69, 
but the venation is entirely systematic, as may be seen from a plot of S against 
m {fig 1) All these lines except 23933*69 (m as 1) are weakened in the fimt 



tyjre discharge, and the four stronger lines, tn—'2, 3, 4, 5, are weakened in the 
second and third type discharges also In fact, they form consecutive members 
of our list of hnes weakened in the respective discharges Otherwise, these lines 
have no particular character, the table of properties given by Merton and 
Barratt being practically empty. We do not consider the fact that the Stark 
effect happens to have been observed for two of these lines as a criterion of 
importance m this connection. The alternation in intensity of successive 
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lines similar to that in 28 Q and in some of Fulcher’* bands may also be 
noted 

The following five lines can be arranged as a P senee with the same v a as 
No JO Q (m) — 

Table XII —Series No 26 P (*n) 


m 


1 

2 

3 

4 
A 


Properties 


Wave No 1st Diff 2nd Diff 


(1) 1 U) * (3) 

t ’ 


++i 



(4) 


(5) 


j 

(«) ; (?) j 


++1 
h + 
+ 


o 


/ j 

Z I 


I 


I 

' 8 


23048 77 (0). 
23202 88 (0): 
22708 05 


11m Him 22343 92 (2); 


^>445 89 

'V 34 

(2) >424 13^ 


Tim 


21930 93 (2) 


^>412 


8 3 - A 

11 06 + 0 17 

10 70 - 0 27 

11 14 + 0 09 


A10 97 


_ J_ 1 _t_ l ___„ 

1 Denotes weakened m 1st typo dux barge 
11m, JTIm Much weakened m 2nd and 3rd type 


If (J 0 ) and (26) are connected Q and P senes they give the following table 


Table XIII 


I 1 («i) F(>« - 1) 


Q (m) - T* (»«) T>iff | f(m + 1) -/(>») 


Q(m)-P(»4 1) Diff 


1 ! FU)-F(O) 

I 

J | F<i)~F(l) 

.1 1 P (3) - F (2) 

4 K (4) - F (A) 

1 

1 F (S) - F (4) 


284 02 
741 7B 
1108 03 
1057 00 
2110 84 


^>450 84 
y450 87 
N450 S3 
^>461 88 


i 


I 


I 


/« —/(l) 
/<3>-/( 2) 
/(4) /(3> 

/<*>-/< 4 ) 


730 81 v 

>45 
1176 59< 

\4.4it 

1622 76^ 


2070 


76' 

>48 

95/ 


78 

17 

1 M 


These would lead to, approximately, B = 228 4, 6 = 223, v 0 = 23930 It 
is far from certain that No 26 P (w) is connected with No 20 Q (m) m the way 
suggested. It might be an B senes with v 0 m the neighbourhood of 21600, but 
if it is a series at all it must have values of Ca and Ge similar to some of those 
in Fulcher’s second band, with the difference Ca — Ce similar to those in 
Fulcher’s first band 

The following hues which, like 20 Q (m), have no properties, may be connected 
with the two last sets 
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Table XIV -Senes No. 60 R (m) 


m 

Properties 

Wave No lrt Dtff Sad Diff 

1 

l 

3 

4 

5 

(i) 

(2) 

j I 

(3) 

j 

(4) 

! 

i 

(6) 

j 

(«) 

1 

I 

i 1 

(?) 

1 

i 

1 

1 

it 3 - A 

* 20314 80 (0). 

>326 31 

20641 11 (2k i 12 03 

>314 28 ' - 

1 II TII 20953 39 (2)< . 10 63 - 0 04 

1 >303 7.' k 

II III 21259 14 (Ik > 10 61 + 0 04 

>293 \V 

21552 28 (Oy - 

Mean A =* 10 57 


I Denotes weakened m let type, II in 2nd type, lit m 3rd tvpe discharge 
? Denotes that the inclusion of thin line is doubtful 


If these lines ate represented by R (m) = v 0 4- Ce (2m — 1 ) -f- Cdm* with the 
above enumeration, which is problematical even if they are a series, the values 
of the constants are Co — 165 074, Oe — 170*359, Cd = - 5 285 and v„ - 
20151-17 

The following lines are also distinguished by the absence of special pro¬ 


perties — 

Table XV -Senes No. 53 P (m) 



The variations in the second differences are entirely systematic, as can be 
seen by reference to the plot-points thus:— 0 , in fig. 1 . With the numeration 
shown these lines are represented by P(m) = v 0 — Co ( 2 m — 1 ) H- Cri m* 
with the values Co = 225-32* Ce » 214-56* Cd -10-75, and v # = 21102 66 * 
The values of Co end Ce are similar to those in Fulcher’s second band. 
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§6 Various Sequences. 

The following are either Q series with nothing to suggest their further 
affiliations, or are P or R senes with constants involving higher moments of 
inertia than those belonging to Fulcher’s bands. 


Table XVI —.Senes No 81 R (m) 


m 


Properties 

Wave No Ut Diff 2nd Diff, 


(i) 

(2) 

(3) 

W 

(6) 

(«) 

(7) 

5 J - 4 

1 

44 


; 4 





10297 37 <4)v 

>220 60 v 

2 

44 


: f 





I 11 III 10617 97 (I)' >6 54+0 23. 









>227 14/ 

3 

4* 


! f 

1 




III 10743 11 (3)< >6 34 + 0 03. 





j 




>233 48' 

4 

44 


t 

1 

j 



I 

I It III 10978 59 (0)' >6 45 4 0 14* 

>230 93/ 

5 



f 4 





ID II 17218 52 (5)/ X 5 36 

>245 28' 

6 




0 




17463 80 (?)C >7 79 

7 



44 

4 




>253 07/ 

xD 11 17716 87 (3)' >5 3ft 

>268 43' 

6 




0 




17075-30 (OK 









Mean A » 6 30 5 


I, II,III Denote weakened in let, 2nd or 3rd type dwohoige respectively 
», D Denote not weakened in let or 3rd type reapeotlvely 


The lost three second differences in Table XVI are very bad, but this is 
entirely due to the inclusion of the faint line 17463 80, intensity (q) {— — 2), 
which we found on Prof Merton’s plate, but which is not given in Merton and 
Barratt’8 tables We have re-examined this line and find that it ra rather 
diffuse and shows signs of being double. Its apparent breadth on the plate is 
0 46 A u , whilst those of neighbouring lines are as follows —vl7456-l& (0) r 
0’84 A.u. and vI7446 38(0), 0 36 Au The remeasured value of the wave- 
number of the line, treated as single, is vl7463*86 If it is replaced by a 
fiotitious line with the wave-number increased by 0*81 to 17464 61, the last three 
second differences receive the common value 6*17, which differs by less than 0 14 
from the mean value of the whole sur. It seems, therefore, that the two lines 
m = 7, 8 should be retamed even though the measured wave-number assigned 
to m as 6 is doubtful. We have also re-examined No. 81 R(7) vl7716*87(3). 
This line is either double, with constituents which we differentially affected by 
helium, or it is displaced in helium m a way whioh simulates an unresolved 
doublet with these hypothetical properties. 

If these lines are represented by R (m) »■ v 0 -f- O (2m — 1) + Od »*, the 
▼ol. evil.— a. 2 x 
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constants are Ca = 108-818, Cr = 105-666, iCd — 3-153 and v 0 = 16188-55. 
Both initial and final momenta of inertia are much higher than those connected 
with any of Fulcher’s bands and approach those given by the oombihation 
IP, 28Q, 101R dealt with m our earher paper 
The sequence shown in Table XVII is remarkable for its length, if not for the 
constancy of its second differences It seems likely, however, that it is a 
Q senes which has run by accident over into an R senes 



I Denote weakened in let type II In 2nd type III. In 3rd type discharge, 
in Denote much weakened, 
t Probably a doublet 

til' Thiipart of the speatruis seems weakened generally 4a ted type discharge. 
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The first nine lines belong to the Q senes, with values of m corresponding to 
the numbers, and the lines numbered 10 to 17 can be regarded as an Beenes, 
with the probable enumeration 1 to 8 It is not suggested that the Fulcher 
line 17966 00 (2) is really 83 Q (8) It is too strong anyway, but it may conceal 
a very weak line, which is the most that is wanted here The errors in 
the measurements of the weak lines 17582 29 (r) and 16402 95 (q) may be 
greater than for the lines measured by Merton and Barratt, so that the casual 
errors in the second differences from m — 5 to m = 9 are about what might 
be expected The line 16413 35 (7) assigned to Q (1) may not belong here 
The very large 6 is suspicious, but not a certain ground for rejection All the 
properties seem to fit in The properties of the lines numbered 10 to 17 seem 
rather miscellaneous, but the intensities seem reasonable The bne 22152 96 (1) 
either does not belong or is badly displaced If the formula B (m) — v„ 
+ Qe(2m— 1)-fCdwi* is applied to these lines numbered downwards from 
18892 66 (5), m = 1, the constants are Co = 258 26, Ce =r- 230 94, Cd =- 27 32 
and v u = 18634 40 These are not very different from some of the values which 
may be assigned to Fulcher’s second bond, but they correspond to lower values 


Table XVIII —Senes No 52 P (m) 



2x2 
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of the moment of inertia of the emitter than any which have hitherto been 
suggested m connection with this spectrum 
The following sequence (see Table XV11I) consists of lines which, except for 
some slight sensitiveness in the condensed discharge, are devoid of special 
properties 

If these are represented by P (m) — v 0 — Co (2m — 1) + Cd m* with the 
assigned values of m the approximate values of the constants arc Ca — 61*90, 
(V = 79 03, Cd = -17 13 and v 0 =* 19426 66. Except for the doubtful 
members with high quantum numbers, the distribution of intensity among 
the lrnes is not unreasonable for such low values of Ca and Ce * 

The following sequences are rather speculative, but they may possibly be 
useful.— 

Table XIX —Series No 41 Q (m) 


m 

Properties 

Wave No let Did 2nd Diff. 


a) 

(2) 

1 

(3) 

W 

(«) 

(6) 

(7) 

a a — a 

0 

+ + 


| 

”1* 




I II III 20417 25 (2)v 









N 33 48. 

1 








20400 73 (1)< >00 38 + 048 

\ gg gg/ 

2 








I U III 20040 09 (2)( > 00 70 - 0 10 

>140 01/ 

3 

+ + 



0 




Im II 20686 20 (3)< > 66 40 + 0 59 

>202 10C 

4 

+ + 


- 





I II III D 20888 30 (2)<" >> 55 80 - 0 10 

5 

+ 







2X146 20 (OK 64 81 - 1 00 









\si2 71< 

6 








21458 01 (pK > 56 15 + 0*25 

7 


+ + 


+ 

0 



>368 86 X 

21827 77 (5K - 





i 




A 55 00 


I, U, III Denote weakened in let, 2nd and 8rd type discharges respectively. 

1m Denotes much weakened in let type disoharge 

D This it the same line as No S3 P (1) above, but we are unable to observe any appearanoe d 
duplicity in it 

The numbers m Table XIX are fairly near to the form Q (m) = v 0 + Cd m* 
with v 0 about 20389 and Cd 28 0 If the last two members are dropped, the 
variations in the seoond differences hardly exceed the probable errors of measure¬ 
ment 


* [Note added February 23,1998—In a paper now being written by one of vs (O.W.R) 
it will be shown that No 62 P (m) is the sum of two nrks, a P and aa R, and that then 
an a number of other new series connected with then.] 
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Table XX—Senes No. 38 R (m). 



If this is assumed to be R (wi) = v 0 -f (2m --1) Ce + m 2 C d, the values of 
the constants are Co = 169-34, Ce — 160-43, C d — 18 91 and v 0 — 20003*67 
The moments of inertia are thus similar to those in Fulcher’s first band 

General Discussion 

It is unlikely that all the sequences we have mentioned will prove to be 
genuine physical senes, and, in fact, the greatest difficulty of this investigation 
arises from the fact that there is no absolute entenon as to the genuineness of a 
senes It follows that, until the whole spectrum has been classified into series, 
it is necessary to regard each suggested senes as merely provisional in character 
and liable to extinction at any moment as further information about alternative 
arrangements develops In the following table we have set out the constants* 
of the known arrangements of the lines in this spectium, and in doing so we 
have arranged the data in three groups. The first group contains those senes 
which, m our judgment, seem fairly certain, the second group those which are 
rather probable, whilst those in the third group are to be considered merely as 
possibilities. In forming these judgments, we have taken into account the 
number of lines m a sequence, the numencal coherence of the wave-numbers, 
tiie coherence of the properties, the distnbution of intensity among the lines 
in a sequence and its reasonableness from the point of view of the resulting 
momen ts of inertia The first column gives the series under consideration, the 
second the value of v Q , the third the second difference AjF of the initial term 
number F (m) and tho fourth the second difference A,/of the final term number 
/(in). Where there is not enough information to deduce these quantities, 

* The actual valuer are, in many oases, subject to re-adjustment doe to uncertainty in the 
mimeretlon adopted. 
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they are replaced by the corresponding initial and final constants Ca *=* A/8w*I« 
and Ce = A/8tcT C 3 I a and I* being the initial and final moments of inertia. The 
values of Ca and Ce are given in the fifth and sixth columns and the difference 
Cd cs Qa — Ce m the seventh The eighth column contains the corresponding 
difference A*F -- A a / for the cases m which it has been determined The 
values of Ca, Ce and the corresponding v 0 are subject to the assumed enumeration 
which is that which has seemed to us the most likely 
The chief thing that emerges from the numbers in Table XXI is that the 
values of Ca (or A a F) and Ce (or A) are spread fairly well over the whole range 
between the extreme values A a F -- 44 27 of 1P28Q201R and Ca = 258 26 
of 83R This relative continuity rather tends to dimmish the value of the 
suggestion made m our previous paper that 1P28Q201R might be due to some¬ 
thing with a more massive molecule than H 2 , such as, perhaps, H 3 If the values 


Table XXI.—Group I 


Senes 

wm 

D 

A./ 


m 

■■j 

A»F — Aift 

1st Fulcher Band 

17126 to 



157 

151 

-f- 6 



17206 







2nd Fulcher Band 

10430 to 

* 


220 6 

213 5 

+ » » 



19485 







Kiuti's 

17206 28 





- 6 8002 


IP 28Q 201 R 

17307 43 

44 27 

67 69 




- 13 32 

aoQ 

23030 





+ 6 


03 P 

21102 86 



226 32 

214 50 

+ 10 70 


81 R 

16188 66 



108 82 

106 07 

+ 3 15 


«8Q 

16413 




i 

+26 8 


02 P 

19426 66 



61 89 

70 02 

-17 18 




( 

Jroup 11 

• 

. 




202 P 110 Q 101 R 

21030 82 

140 01 

153 26 




- 12 30 

09 Q 00 R 

20666 

114 00 

126 13 




— 12 or 

3 P 

17086 27 



164 11 

100 70 

+ 7 41 


20Q26P 

23930 

228 4 

223 0 




+ 04 

83R 

18634 40 



268 26 

230 94 

+27 32 


41 Q 
« 

20389 2 





+28 00 




Group III 

[ 



11 R' 

10224 



177 70 

107 64 

+20 22 


37P / 

19692 



157 36 

148 40 

+ 8 91 


60 R 

20151 



160 07 

170 30 

- 5 20 


38 R 

20003 07 



169 34 

100 43 

+18 91 


*10 P' 

22213 



109 68 

183 24 

-23 06 


*4 R 

10068 19 



124*96 

144 89 

-19 93 


•113 P 

22992 82 



64 17 

73 62 

- 9*30 



* These aeem relatively improbable In bet the details of 4 R and 113 P have been taken 
out of the paper as not worth publishing at this stage 
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are spread fairly well over the whole range, it would seem more likely that these 
low values also anse from excited forms of H e This would have the corollary 
that the process of excitation, whatever its nature, may give nse to relatively 
enormous changes m the moment of inertia of the H z molecule. The largest 
existing gaps are between 177 76 (C a for 11R') and 213 5 (Ce for Fulcher’s 
second band), between 230 94 and 258 26 (Ce and Ca for 83R), and between 
79*02 (Ce for 52P) and 105 67 (Ce for 81R) m diminishing order At present 
there is a distinct predominance of values of Ca and Ce in the neighbourhood of 
those belonging to Fulcher’s ftrst and second band respectively It is, of course, 
possible that these features will disappear as more bands become unravelled 
Up to the present we have not noticed any regularity among the values of v 0 , but 
the investigation is being continued in this and m other directions 


The Lattice Points of a Cticle\ 

By G H Hakdy, FRS 

(Received December 30, 1924 ) 

1 Introduction 

LI This note is a sequel to two with the same title printed recently in the 
* Proceedings,’ the first by Landau and myself* and the second by Littlewood 
and Walfisz f I use the notation of the first of these notes without renewed 
explanations % 

Our primary object in the first of these notes was to give two methods for 
the proof of the identity 

(1 11) P (s) - Vx 2 ^-7^ J x ( 2 n Vvs) 

The note, however, contained the kernel of a third method, which was actually 
used only for a subsidiary purpose § This method leads to a proof of (1 11) 

* G H Hardy and E Landau, * Roy 800 Proo * (A), vol 105, pp 244-258 (1923) 1 

vafer to this note as I 

f J. E. Littlewood and A Walfisa, 1 btd , vol 100, pp 478-489 (1924) (with an additional 
note by S Landau) I refer to this note „ Q 
X littlewood end Wulflu um K (x) for our A (*), 

f See I, |3 
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m Home wap simpler than either of those which we gave before, and is indeed 
in many wap peculiarly well adapted to all these problems connected with 
the circle I apply it here to the proof not only of (1 11), but of a more precise 
formula, embodied in Theorem 3, which gives an upper bound for the remainder 
of the senes after x x terms, valid over the whole range 
The most interesting case of this formula is* 

(112) Y{x) — Vx 2 (2*i Vvs) | 

where J = x x = x and e ih any positive number This formula may be used, 
as I show shortly in § 4 3, to replace Lemmas 1-3 of the investigation of 
Littlewood and Walfiaz The kernel of their argument, embodied m Lemmas 
4 and 5, would naturally remain unchanged , but in this way we are led to a 
proof of their mam theorem which, if not the simplest,f is on the whole 
the most natural and straightforward 

The method may be adapted to the more general problem of the ellipsoid 
m space of n dimensions, and 1 conclude m § 5, by a brief discussion of the 
case of the ordinary ellipse, 

2 The Fundamental Lemma 

2 1 Lemma 1 If K x %s the circle u 2 + v 2 S r l$ ^ (ii, v) is any continuous 
Junction, and 

(2.11 ) / = /(«) — /(m, 8 ) = X *-*»-«,r 

then 

<2 12) J - J, - J (8, *,) = -L (u) f (v) * (u, v) dudv -r S'* (p, v),* 

where the summation extends over the lattice points of Kj, and the dash implies 
that lattice points on the boundary are affected by a weight J, when 8-^0. 

The proof diffore from that of Lemma 4 of I§ only in so far as lattice pointa 
on the boundary are concerned , and it is only necessary to show that, if q 
is a (complete or partial) lattice square q whose lattice point (p, v) lies on K v 
then 

(2.18) jf t 4 «p{- '!«*’+£ * (ft»). 

* The upper hounds given m I contained numbers L, M independent of x if but depending 
on z m an unspecified manner 
t^The stmpltH is that m Landau's note to II 

XJ. have ohanged the definition of J, from I, to the ext< nt of the factor n 
J dee I, 253*254 
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when a u the angle subtended at the lattice point by the part of q which lies 
inside K x * A glance at a figure shows, in fact, that the sum of the values 
of « associated with a lattice point on is m all cases equal to ic 
All cases which can arise for lattice points in the first quadrant are shown 
in fig 1, and all other cases are trivial variants of these 



*>6 7 

Fig 1 

In each case we make the substitution 

(a — u=s±U, v — « —i-V, 

and the problem is reduced to showing that 

(2 14) I (8) = ^ f j 4- (U, V) e~ < L ” +V, W**dUdV ■> ~ 4* (0, 0), 

where q is a region cut off from the square of fig 2 by a circle through the 
origin, and a is the angle of q at the origin 

ft* 


Fig 2 

The proof of (2 14) is very simple, as the kernel is positive.f In the first 

* That is to say, the angle between the tangent to K x at the lattice point and the side 
•of q directed towards the interior of K|, exoept when q lies {apart from the lattice point) 
entirely inside K» in which oase a is Jtr 

t It is here that the method proves so much simpler than the ordinary “ Pfeiffer ” 
method, which uses an oscillating kernel 
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place, we may ignore all of q except such of it as lies inside the small quadrant 
of radius p (fig 2), for the contribution of the remainder is 

Next, we may replace t}' by its value at the origin , for p may be chosen so 
small that the difference is less than e, and the resulting error is less than 

f f e-W 1 W dU dV -- \e 
Jo Jo 

Finally, if p be small enough, the circle will (m so far as it lies within the 
quadrant of radius p) be contained between radii making angles a — e and 
a + * with the axis of y, so that 

jjV<L^VW dlld y 
lies between the two integrals 

-4 f' de j're-^dr, 

which tend to (a ¥ e)/ 2 n when 8 tends to zero. 

3. Proof of an identity for 

P (x) —V* 2 J x (2n\A«), 

r«iv v 

and deduction of (1.11) 

3 1 Theorem 1 If x and * x are positive,* then 

(311) T(z)-Vx p S^J^anV^) 

=* J 0 (2w\/**i) — \/\~ P (*i) Ji (2wVawi) 

+ v *Av?L,-ii: J,< ‘ ) ,l (‘v/ ?*' 

The proof of this theorem, which we shall find it possible to write later in 
a simpler form, depends on a double application of Lemma 1. 

Suppose first, in Lemma 1, that 4* («. v) = 1. Then 

A (® x ) = «&!-f P (a^) == lim J 4 = lim f(u)f(v)dudv. 

* If «| < 1, the sum on the left-hand tide u empty The identify is similar to, but 
ampler then, that of I, Theorem 1. 
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We substitute for / (u) and / (v) from the transformation formula,* and 
integrate term by term Observing that » 

f [ cob 2 mnu cos 2 nnv du dv = ^ , 

JJ Vm*+n* 

K> 

except when m =s 0, n =■ 0, when its value is tcjcj, we obtain 

fw = v^to. 

V m -r w* 

where the summation extends over all values of m and n gave the pair (0, 0); 
or 

(3 18) P (*,) = \/x x lun (2 jt V^h) 

If we could put 3 — 0 under the sign of summation, we should obtain (1 11) 
forthwith, but this, naturally, we are not yet at liberty to do 
3.2 Next, m Lemma 1, we put 

V«* + u 8 

it being understood that <{/ (0, 0) stands for kV x, the limit of <J» at the origin. 
We obtain 

(8 21) Jt\fx + S' Jj (23i \/v*) =a lun J« 

- i,m M\ fMm 

K, 

Effecting transformations similar to those of §3 1, we obtain 


J 4 xr £ e -<« , +*i f )^ 


Jj^ cos 2mau cos 2nra> ^ dudtv 

*i U + 


the summation here being over all values of m and n. 

Now 

(8.28) Jj = J V \(2*r\/i) dr J cos (2w3tr cos 8) cos (2n3*r sm 9) dQ 


2k ( J, (2nrV®) Jo (2nr \/v)dr=> 2k f — 2 k f*_» 
J o Jo JJ», 


* I (S 12) 

t The dash in the summation has here the sam-i meaning as in Lemma 1 
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where v »»* + »*! ®ud 

2n ^jj(2RrV®) J 0 (27crV^)* = ^* 
according as v < x, v ;= x or v > x Hence 

<3 24) lim J« = - 2w lim S r (v) p-***** f J \ (2rcr V*) J 0 (2w Vv) dr, 

V r*0 " */5|" 

provided only that one of these limits exists Comparing (3 21) and (3.24), 
vre see that the limits do in fact exist, and that 

<3 25) P (x) = A (*) — JIX *■ Vx r Ji (2* Vvas) 

p/ttl V v 

» r« 

-f 2«V'i’lim £ r (v) a-» v J, (2nrV*j J 0 (2»rVv) dr 

»»0 ^ j/Jj 

Hera a gain we are not at present, in a position to put 8 = 0 under the sign 
of summation 

3 3 We now transform the integral in (3 26) by partial integration. If 
v > 0 , we have 

27tV*f ' j JiWJo(*V 3 )* 

= -/y/* J 1 (2»v / OTi) Ji (2* Vv%) + \/ 

while the term v ~ 0 gives J 0 (2tr Hence we derive from (3 25) 

(3 31) P (*) — Vx £' v*) = J 0 (2 nV aa t ) 

— V®Ji (2»\/**i) luu S e" l ^ ,1 ^7*J 1 (2«\/v*i) 

y » 1 V V 

4 lim £ J ‘(* V;) *' 

provided only that the limits on the nght exist, for which it is sufficient that 
either exists 

The first limit exists, by (3.12), and the second term accordingly reduces to 

(3.32) /, y/“ Jj (2ji‘\/®®i) P (*i) 

To deal with the second limit, we require a lemma 
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3.4. Lxmma 2 * If t> A, N> A, where the A’* are positive constants, then 

If t > A, N > 1 + A, then 


(3 42) 




7/0<N<l - A, Nt>A, then 


(3 43) 

We have 




£j,Wj.(n<)*=. - Mt 1 A < £3a 

If t > A, N > A, the first term falls under the error term of (3.41) In the 
second, we may replace the J’s by their asymptotic equivalents, the error so 
introduced being 




There remains 

2 f® cob (t — j-Tc) coa (N< — £ff) j, 

TtNVNjr i 

1 (’" sin (N - \)l di _1 _r oos(N-fl)t 

«N\/NJr t wNa/N^ * 

The fiiBt term here is equal to that on the right-hand side of (3.41), while the 
second is of the order of the error term 
This proves (3.41) To obtain (3 42), we have only to observe that 

r ■»“*.-<>(i\ 

J(H-l)r W W 

if N> 1 -j- A 

To prove (3 43), we observe that 

j" J* (0 Ji (N<) * - N' j" J, (N'u) J x («) du 

- - J, (N V) J, (V) + j" J, (N'u) J, («) du, 
where N'- 1/N, t' - Nr, so that N'> 1+A, V> A. The first term falls 
* la view of (4,1 have included in Lemma S ratber more than is immedi ately aeoetuiy. 
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voder tin error term of (3 48),* end eo does the error ifittodooed when we 
replace the J’s m the integral by their asymptotic equivalents. There remains 


^2^ I" 008 (N't—j-rc) COB (t — jn) jf 


1 [" am (N' - 1) t 

ny/W' .v t 


dt 


1 f sSLk JL** 

WVtt'J r t 


"°(r'VW') °(ry/s) 


3 5 We return to the third term on the right-hand side of (3 31) It is 
plain from Lemma 2 that the general term, when x and x x are faxed, is 0( v-t+*) 
for every positive c, and uniformly in S The senes is therefore absolutely 
and uniformly convergent, and we may make 3 = 0 inside the summation 
When we do this we obtain (3 11), except that the finite sum now cames a dash 
and that P (x x ) stands for P (x x ) on the nght-hand side It is plain, however, 
that the dash and the bar may be removed, since the discontinuities on the two 
sides, when x x is an integer, are the same This completes the proof of (311) 
It remains to deduce (11) For this, it is only necessary to show that the 
nght-hand side of (3 11) tends to zero when x x + oo. This is obvious so far 
as the first two terms are concerned, since P (»,) = 0 (V x t ) 

It remains to consider the senes 

(3 51) g sss y/x 2 ( J, (i t) Jj (Nt) dt = y/x 2 » 

say, where t=27tV*^, N = V'7*" H * » fixed, and not an integer, 
N — 11 > A for all values of v, and, by (3.41), 

(3 52) 1, - 0 {(a*,)-* = 0 (x x -<v-<) 

If x is an mteger, |N —1| > A, except when v = x, and then sgn (N — 1) = 0, 
so that (3 52) is still valid We have, therefore, for any fixed x, 



This proves (11). 

3.6. I add here two further remarks. 


* Since tV*'- 
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( 1 ) If we transform the integral in (311) by a farther integr ati o n by puts, 
and use the identity* 

p!(*=* f P(y)iy —- E J, (27 tV^*)» 

Jo 71 »«1 v 

we obtain the result of I, Theorem 1 f 

( 2 ) We are now also in a position to prove 
Theorem 2 —If x and x x are positive, then 

<3 61) P (x) - Vx S' J t ( 2 jt\/v*) 

= 2nVx S r(v) J, ( 2 w V*) J 0 (2rrrVv) dr. 

v ^0 J 

It is, in fact, after (3 25), sufficient to prove the convergence of the senes But 
this series is convergent, after §3 3, if the two series on the right-hand Bide of 
<3 31) are convergent when 8 — 0 , and this has now been proved The 
identity (3 61) is Bimpler than (311), but less useful, as the senes is not absolutely 
convergent 

4 Proof of (112) 

4 . 1 , We suppose now that x> A, r 1 > A, and we proceed to determine an 
upper bound, in the form of a function of x and for the nght-hand side 
of (3 11) 

Theorem 3 —If x > A, x t > A, then 

(4.11) P (*) - Vx S “^ 7 = J x (27tVw) 

- 0 (~=) + o {(**,)-» | + 0 (art*!*-*), 

■where 0 w any number for which P {xf) = 0 (xj*) t In particular, if 
A < < Ajc*, then 

(412) f* (*) - Vx S^Ji(Ww) - 0 (j=) 

The fimt term on the nght of (311) is 

0 {(a*!)"*}, 

and the second is * 

0 (•*»*!*-«). 

* See I (1.22) and |3. 
t 1 . 2 M. 

x So that we may take 9 =» i, + «, aooording as wa assume what has been proved 
by Gauss, Sierpidski, Lattlewood and Walfiss 
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We write now 


(4 IS) s- VJ 2 $ .!,« j. (< v^)* - vs i^i. 


/- /-* + «* 

S ,+ V* S + V* 2 = S l f 8,'+ 8,, 

y<X-U *- 6 * f >*+ 8 * 


say Here 8 is a positive constant less than 1 
In S 2 we have, in the notation of §§ 3 4-3 5, 


0<N--- a/- < 1-A, Nt = 27t\/va: 1 > A, 

v X 

and so, by (3 42), 

1 - =0 {vs:©'}- 0( *'‘* r ‘ v '‘ ) - 

(4H) 

In 8, we have t = 2jr\/a« 1 >A and N> 1 + A, and so, by (3 43), 
I,= 0 { 1 (*)*} = 0 (*t® r » v -l), 

(4.16) Sg « 0(a!**! - * S J^jf) = of\/ 


Combining our results, 


(4.16) f («) — Ji (2«Vv») 

* S, +<>(y/^ + 0 {(**,)->}+ 0 (*»**•-»). 


4.2. In S„ 1 - A < N < 1 + A, and 

(4S.) + 

where 

(4.211) X-|N^1 v-2*Vai Iv'v-v'*]. 

The second term on the right of (4.21) gives 
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The first term » 

O{Mm(!,i)} = O {Mm(l, V ^ |y ^_ v ; | )} 
and its contribution is 0 (S), where 


(4 22) 

We write 
(4 23) 
where 
(4 231) 


g-r,(v)M 


r-A *+A * + «* 

S = £ + £ + £ - Si + S 4 + S 3 , 

J— 6x *—X *-A 


X — i) \/— 

v *i 

and if] is a positive constant. Then 

*+a / a;^ +, \ 

(4 24) S a S £ r (v) = 0 (*■» = 0 ( 

for every positive e Also 

1 * +to r(v) /a;l+'xfj* l \ 

(4 26) 8 , 2 - 7 = £ — 7 = - y= = 0 (~r= £ -“) 

V *i «+* V v — V * YV x x *+* v — x) 


and similarly 
(4 26) 


From (4 23)-(4 26), we have 

(«:) 


and so S, is of the same form This completes the proof of (4 11) 

If x x < An?, and we take © = J, the two last error terms in (411) are smaller 
than the first, and we obtain (412). If we only wish to use the trivial 0 = J, 
we must suppose s x <kx 
4.S Since 

we have 

(4.31) y* £ (2*Vvse) =* ” 2 ^ cos(2«Vv»— Jit) + 0(**)• 

tml V V ~ f»1 V* 

▼ox* cvn.— a. 2 y 
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If x x = + ' the right-hand Bide is, after Littlewood and Waifisx,* 

0 (* 1 + »**+•) = 0 (aft**'), 

and the nght-hand Bide of (4.12) is 

0 0 (**& + **) = 0(*to + *) 

Hence 

PC #)-0 (**+'), 

their main result 


5 The Ellipse 

61 There is no difficulty in applying the same method to the ellipse 
(6 11) <j> («, v) = cm* + |3ut> -f yv 1 < x, 

where 

(512) A=4D = 4aey-p a > 0 
We write 

(513) ^(u,v)^iL r^zJ«L±«s 5 

A 

for the form conjugate to <f> («, v ), and 

(614) F («, c) = ^5 S exp ^ ^ ^ (u — m, c — n)} , 

tn and n running through all integral values 

If A (x) and A (x) are defined for the ellipse as previously for the circle, and 

(615) A («) — + P (*), A(*) = ^+P(*), 

we find, as in §31, 

(618) A (x) = ;^g + P (*) *= lim Jj lim \/l5 Jj F («, v) du dm. 

*<• 

5 2 The transformation formula for F («, v) isf 
(5 21) F («, v) — SS «' ») cog 2mnu cos 2nnv. 


* Tl, 482 (Lemma 4). 

t See P. Epstein, “ Zur Theone aligemeiner Zetafunctionen,” * Math Annaton,* vol. 86, 
pp 615-644 (1903) 



635 


Lattice Points of a Circle. 

Substituting m (5 21), and using the formula 

(5.22) || cos 2 tt (mu + nv) du dv — >* 

where the arguments of (f> { are m and n, we are led to 

(5.23) P(x)-V*S r ^J 1 (27rV / ^). 

Here r (v) is the number of solutions of ^ (m, n) — v, or, what is the same 
thing, of <f> (m, n) = v, and the senes is in the first instance defined by an 
Abelian limit with the convergence factor e —l ' ,SVD In order to prove the 
convergence of the series, we have to use rather more elaborate arguments, 
corresponding to those of §3, but no new difficulty of principle arises. The 
formula corresponding to (3 61) is 

(5 24) F(*)-VS|^J»(**\/§) 

oo r* 

= 2 n Vx'Lr (v) J, (27tr V*) J 0 (2tc r Vv) dr. 

o 

• Mr A* Oppenheim pomts out to mo that it is rather simpler to use this integral than 
the corresponding integral with oos 2mwu oos 2nno, used by Landau m his discussion of the 
O problem by Pfeiffer 1 ® method See E Landau, “ Neuo Untereuohungen fiber die 
Pfaiffer*sohe Methode zur Abschltzung von Gittorpunktanzahlen/ 1 * Wiener 
Sitsungsbanohte,* vol 124, Abt II a, pp 400-505 (1015) 


2 v 2 
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On the Calculation of certain Crystal Potential Constanta, and on 
the Cubic Crystal of Ijeast Potential Energy 

By J £ Jonhs, Ph D , Trinity College, Cambridge, and 
1 A E Ingham, B A, Trinity College, Cambridge 

(Communicated by Prof. S. Chapman, F.R.S.—Received October 22, 1924 ) 

§1 Introduction 

Mathematical investigations of the physical properties of a crystal usually 
proceed in terms of its potential energy, and applications of the general formul® 
obtained are impossible without a knowledge m explicit terms of this function. 
Its evaluation requires, of course, a knowledge of the interatomic forces in 
the crystal, but, even when this information is available, the calculation of the 
potential energy presents a further problem, for which there is no general 
solution 

The present paper is designed to supply certain necessary steps in the 
elucidation of the latter problem m the case of the cubic crystals, when 
the law of force between atoms is expressed as a senes of inverse powers 
of the distance—probably the most general form m which the force is ever 
likely to be expressed 

The problem in its simplest form is to calculate the potential energy of any 
one atom of an infinite cubic crystal due to all those which surround it, when 
the potential between any two is inversely proportional to the «th power of the 
distance The result, besides being a function of the distance of closest approach 
of atoms m the crystal, involves as well a function of a, which takes the form of 
a triple summation over the lattice points of the crystal and is a particular 
case of the generalised seta-functions of Epstein * Tbs function, the nature 
of which depends on the form of the crystal, cannot easily be calculated by 
direct summation, except for large values of«, and special methods have to be 
devised The problem considered here is the evaluation of the functions,, 
appropriate to the three cubic structures, for integral values of s > 3. Each 
number, so evaluated, is called a crystal potential constant, 

Two methods are already available for the discussion of the problem. One 
is by the use of Epstein’s formulas for the generalised eeta-function in the form 

• Epstein, * Math Annabel.* vol. 66 , pp. 618-644 (1908), voL 68 , pp. 208-216 (1907). 
These papers will be referred to ae " Epeteln I" and “Epetem II” respectively. 
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of a senes of terms involving Bessel functions * This method, or one essentially 
equivalent to it, has, in fact, been used by Madelungf for the particular case of 
electrostatic potentials {s = 1), and by the present writers % for another particular 
case (s — 4), but it is not one which seems well adapted to a more general 
treatment of the problem 

The second method depends on another type of transformation of the zeta- 
functions, and leads to series of a different form It was used first by Ewald§ 
for the electrostatic case and sulwequcntly by Emersleben for a general inverse 
power law Some account of the latter’s work has been given in two recent 
papers,|| but the full details are apparently contained only in an unpublished 
dissertation,which we have not, unfortunately, been able to consult So 
far as we are aware, the author has not applied his method to the actual 
calculation of the numbers considered in this paper 
The method used here is of a different character, and is somewhat analogous, 
in principle, to the use of the Euler-Maclaurm sum formula for the Riemann 
zeta-function While it may not Ik* so advantageous os Emersleben’s formula 
m the calculation of the functions for individual values of s, it seems better 
adapted to the calculation of a series of such values, especially when a 
calculating machine w available 

Some of these numbers have been calculated by Born** by direct summation, 
but most of )us results differ even m the second decimal place from those 
obtained by the more elaborate methods of this paper 

An immediate application of the evaluation of these constants is made to 
determine the cubic crystal form of least potential energy, when the law of force 
between atoms is repulsive according to one inverse power of the distance and 
attractive according to another It is shown that the repulsive field must fall 
efi more rapidly than the attractive, and that the face-centred cubic has then 
less potential energy than the space-centred, and the space-centred less than 
the simple cubic The previously known result that the face-centred kind of 

* Epstein I, §8 (pp 039-644) Epstein does not state his results explicitly in 
this form, but hw integrals raav («h he observes) be expressed in terms of Bessel functions 
+ Modelling, *Fhys Zeit / vol 19, pp 524-532 (1918) Modelling develops his 
formulae independently of Epstein, and by a method more in keeping with the physical 
aspects of the problem, but the foimulte themselves may be derived direotly from those 
of Epstein. 

t J E Jones, 1 Roy Sx Proo / A vol 100, pp 709-718 (p 713) (1924). 
f Eweld, «Ann. d Phys / IV, vol 04, pp 253-287 (1921). 

H Emersleben, * Phys Zeit/ vol 24, pp 73 and 97 (1923) 

If Emersleben, * Dissertation/ Gottingen (1922) 

<* Bom, 1 Atomtheone dee festen Zustandee/ 2nd Auflage, p 739 (1923), 
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cubic crystal is the one oi closest packing of attracting rigid spheres is a 
special case of the more general theorem given here 

§2 The Potential Constants for Cubic Crystals 
When the potential between two atoms is of the form Xr - *, then the potential 
energy of one atom m a simple cubic crystal due to all the rest is dearly 
given by 

= ( 201 ) 

where c is the closest distance between two atoms and 

A, = S' (V + V + V)-' 72 , (2 02) 

the summation being a triple one over all integral values of l v i t , and 4> except 
= Z a = ? 8 = 0 Obviously, A, is a function of s only, and so is a constant 
for a given law of force—-hence the term crystal potential constant 

In some cases, the lattice points of a simple cubic crystal are occupied 
alternately by atoms of different kinds,* and it is then necessary to calculate 
separately the contributions of the two sets of atoms to the potential of any 
selected atom If, fqr instance, the potential between unlike atoms be of the 
type XV-*', and that between like atoms XVthen the potential energy of 
one atom becomes 



A'A,' , A'A/ 

“Jr + f * 

(2 03) 

where 


A,' — 8 (Z 1 » + i,* + Z» # )- / * 

1,+tf+i, 

(204) 

and 


V- S' (V+V+lf)-*, 

even 

(2.05) 


the summations being over all values of l lt l t , and Z* (or which l t + l t +Z» 
is respectively odd and even.f Clearly, A, = A,' -f- A,". 

The potential energy for a space-centred cubic for a similar law of force la 
easily seen to be 



♦ Or, in other words, the crystal consists of two interpenetrating face-centred oubiee, 
aa in Nad 

t M. Born usee the notation St' (*), 8/' (»), and St («) for At', A/ and A, reepeotively, 
Joe. eA, p 789. 
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where 

B * " (£)'? (l *+ 1 '+ W'* + (jrj’sWi + 4) 2 + (h +*)* + (i. +*)*}-"* 

- (^)*A, + (\/3)'S {(2I X + X)« + (2f, + 1)* + (2 1 , + l)*}"**, (2 06) 


r 0 being the length of the unit cube and c, as before, the closest distance between 

atoms * 

The corresponding summations for the face-centred cubic are perhaps best 
obtained by considering the crystal as made up of unit cells, determined by 
vectors a,, aa, and aa, each cell containing one atom The position of any 
atom m tho crystal may be described by the vector r, given by 

r = Ifii + l t a 3 -f l 3 a 3 (2 07) 

where l v l t , and l a are any integers If i lt i 3 , and ia are umt vectors parallel 
to the rectangular axes of the crystal, and 2 r 0 is the length of the umt cube, 
we have in the case of the face-centred cubicf 

®i“ r o (la + la), Oj — r 0 ( 1 * +!»)» 83 = r 0 (l| + la), (2 08) 

and so 

r — r o (fi (fa + fa) + la (fa + fi) + la (h + h )) (2 09) 


From this it follows that 

A,C,e-* 

where 

C. - (*)'S' {(f, + f,)* {- (f» + W+ (k +1,) 1 }(2 10) 

and c has the same meamng as before, so that c/r 0 as \/2 It is of interest 
to observe that there is an alternative form for C„ viz 

C, = 38' {21 f + I,* + fa*)-*/* - 2 1 _,/a S' {If +If + If) "<* 


- 38' ( 2 fj* + If + If)-** - 21-*/“ A,. (211) 

l 

* When the centres of the cubes are occupied by different atoms, wc obviously have 
for the potential of any one 


where 

b; - s {«, + *)•+(/, + *)• + <*.+ *)•}-<'*, 

and has the following relation to A, and B„ 




t & Born, fee. eit, p 566 
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Table I —Potential Constanta for Cable Crystals 


0 

A 

A/ 

V 

B, 

c, 

4 

16 5323?; 

10 1977 J J 

6 33457J 

22 63872* 

25 33830? 

5 

10 3775]^ 

7 3780'■ 

2 99946? 

14 7585, 1 ,? 

16 9675*2 

6 

8*40192’ 

6 59518J 

1 806740 

12 2033*: 

14 4539?; 

7 

7 4670;J 

6 28624’ 

1 18081, 

11 05424? 

13 3593;; 

8 

6 94580; 

6 14568* 

0 800121 

10 355?JU 

12 80193* 

9 

6 6288J 1 

6 0767** 

0 55209? 

9 8945g* 

12 49254* 

10 

6 4261•« 

6 04139] 

0 38472; 

9 564*;; 

12 31124; 

11 

6 29229’ 

6 0226* 1 

0 20960; 

9 31326, 

12 2009«; 

12 

6 2021J" 

6 0125*7 

0 18956;, 

9 11418, 

12 1318?^ 

13 

6 140;j; 

0 0070;J 

o liw; 

8 93180; 

12 08772* 

14 

6 09818“ 

6 00397 * 

0 094211 

8 8167,; 

12 05899; 

15 

6 06876; 

6 00225,] 

0 06651 « 

8 70298; 

12 04002J 

16 

6 04820] 

6 00128] 

0 046982 

8 60625l| 

12 02735; 

17 1 

6 0339 1 J| 

6 00073, 

0 03319? 

8 52363/, 

12 O108>J 

18 

6 02388; 

6 000410 

0 023463 

8 45260? 

12 01299* 

19 

6 01682" 

6 000240 

0 010585 

8 39138? 

12 009353 

20 1 

6 011863 

6 000138 

0 011725 

8 33860] 

12 006280 

21 

6 008360 

6 0000]“’ 

0 0082gU 

8 29306J 

12 004496 

22 

6 00590* 

6 000046 

0 005861 

8 253675 

12 00306* 

23 

6 004170 

6 00002J 

0 004144 

8 219626 

12 00218* 

24 

6 002945 

6 000015 

0 002930 

8 19015? 

12 001511 

25 

6 00208/, 

6 000000 

0 002072 

8 16465, 

12 001075 

20 

6 001470 

6 000005 

0 001465 

8 1425*° 

12 000748 

27 

6 001040 

6 000003 

0 001036 

8 123469 

12 000531 

2B 

6 000734 

6 000002 

0 00073] 

8 106921 

12 00037* 

29 

6 000519 

6 000001 

i 

0 000518 

8 092593 

12 000263 

30 

6 000367 

i 

6 ooooo; 

0 00030; 

8 080186 

12 000185 


It is the evaluation of the functions A*, B„ and C,, for various values of >, 
which forms the mam part of this paper The methods by which these numbers 
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have bee^ computed are described below in §4, but the results are given here 
ao threaders, interested only in the physical aspects of the subject, may 
omit the necessary mathematical analysis The limits of error are indicated 
in each case Where the upper and lower bounds are not given, it is to be 
inferred that the number is correct to six places of decimals 

Without methods such as those here described, the calculation of these 
numbers would have been impracticable , even so, the computation has 
involved considerable labour, which could not have been undertaken without 
the use of a calculating machine * 

To indicate the danger of calculating these functions for small values of a 
by direct summation, it should be mentioned that 24 terms of the summation 
for A 4 , representing the contributions of the nearest 484 atoms to the potential, 
are less by about 15 per cent than the actual value of A 4 , while even in the 
case of 100 terms, corresponding to about 4,000 atoms, there is an error of 
6 per cent f 

§3 The Cubic Crystal of least Potential Energy 

The most general way in which we can as yet hope to express the field of 
force between two atoms m by two terms, each an inverse power of the 
distance, one positive to express repulsion and the other negative to express 
attraction For the purpose of this paragraph, we therefore express the law 
of force m the form 



and proceed to find which of the cubic crystals has, for this law of force, the 
least potential energy The jxitential energy of a crystal m its usually accepted 
sense, that is its capacity to do work as a result of the interatomic forces, being 
negative, what we require is that crystal of the greatest negative energy 
Denoting the potentials of simple, space-centred, and face-centred cubic*, 


* The authors take this opportunity of expressing their warmest thanks to Prof New&ll, 
Director of the Solar Physios Observatory, Cambridge, for hie kindness in placing at their 
disposal a Brunsviga calculating machine 

t In calculating A* we suppose A* expressed in the form (see $ 4 6), and by a 

“ term * f we mean a term of thw senes 

In general, the error involved in the calculation of A,, when atoms within a large diatanoe 
R of the origin only are considered, is approximately 

4ffR»- 
a — 3 

The number (X) of atoms involved » roughly Jirlt 4 , and the number (n) of terms 

about R*» 
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by fa, fa> and fa respectively, and the distance of closest approach between 
atoms by t a , t b} we have 

^ * ( —ij'Jri * 'X = A, B, C) < 3 ° 2) 

or, using the fact that 
that is 

*-» ^Xn -1 / x = a, 6, c \ 

AA I - X I 'X = A, B, C/ 


(m — 1) 
dfad t = 0, 


we have 


v n-l/n—»i 


^- In — 


n — m 


Y n-V* 
A m -1 


(n — !)(»» — 1) a' 


A n-l 


(J03) 


In order that <f> shall be negative, we must have n > m, which i~ obvious, 
too, on physical grounds 

Hence the ratios of fa, fa, and fa are independent of X, and X m , being 
given by 

' A l/m-l\»-l m ~,i /»!/»- \ g=i-aul / 0 lln-l\ »r JL g=l 
fa fa * - 1 ^LJ_\ — — 


»-(«■ 


B 


- /SSlY 




or, if we wnte, 


we have 


1 ->»-l w-1 




c.^v 


(3 04) 
(3 05) 


1 »-l 


‘ ' Kk|] 

From Table II, it is dear that ^ («) and x (*) are monotonic functions, at 
any rate for integral values of t > 4, and that when wi < n, 


and 

with the result that 


<J> (m — 1) < 4/ (» — 1) 
X(m-l)>x(n — 1), 
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Table II. 


X (*)( 0 ,/ B ,) 1 



We may express the result in the form of a theorem 

Atoms, whose field can be represented by a repulsion according to one inverse 
power law and an attraction acoordmg to another, set in the form of a face- 
centred cubic crystal m preference to a space-centred, and in a space-centred 
in preference to a simple cubic 

The previously known result that the face-centred cubic crystal ib the one of 
closest packing of spheres is a special case of the above theorem corresponding 
to n = oo (with Lt 1 = <r, the diameter) 

It is of interest to observe that the field of Argon has recently* been shown 
to be of the type — X m r 8 and that crystalline Argon has been found to be 
of the face-centred cubic type 


§4 The Calculation of A„ B„ and C„ 

4.0 The generalised zeta-functions of Epstein, of which the functions A„ B„ 
and C, are particular oases, are defined as follows f Let 

t 

?(«) = ? («i. ,«*)= S (d* M —<f,J 

be a positive definite quadratic form m the k variables u v , u k , with 
determinant 

dll d]k 

• •• -D (>0), 

d»i.. dtk 

and let g v , g* and h v , A» be two senes each of k real numbers. Then 
the generalised zeta-function associated with the form q and with the 
“ characteristics ” (g) and (k) is defined by 

Z Ia S s w<M,+ •.4 + 5*)}““, (4.01) 

A,.. B»l <>0 

* J. E. Joum, ' Roy. Soo. Proo.,’ A, vol 108, p. 700 (1084). 
t Epstein I. 
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the summation extending to all integer values of l v . , for which 
q _= q (l x + g v , l k + > 0, and so to aU integer values except, in case 
g { g le are all integral, the combination —g l — which makes g = 0 . 
The senes on the right is absolutely convergent if s > k f a condition which will 
hi* assumed throughout (4 01) will be written m the more compact form 

•zljlw,- 2 + (4 02) 

I * I 9>0 


The following notation will also be used — 


!y) — {ffx 


f 1 if all (jf’s are integral, 
10 otherwise, 


a humlar meaning being assigned to {A} 
to q t namely 

q{u) = 


q will denote the fotm reciprocal 


* n 
2 

A,m »1 U 


D„ m being the co-factor of m U Finally Q, (x) and <SJ, (*) are defined 
(for x > 0 , a > 0 ) by the relations 


Q„(*)= 2 {x-q{l + g)}*e M ™ 

o<«<* 


Q«(s) Wtt**^* 

r(« + i) r(*-j^ + l)VD 


r(* +1) 


+ <M*) 


(4.03) 
(4 04) 


We begin by developing, in a senes of lemmas, certain transformations of the 
•generalised zeta-functions, and then proceed to indicate their application to the 
calculation of A„ B, and C„, for integral values of s greater than 3 These 
transformations depend ultimately on a formula of Landau concerning the 
lattice points of a /‘-dimensional ellipsoid With the notation just explained 
this result may be expressed in the form 


«?. ( x ) = c- s "“»*) ^ S 


e -Mm 


»VDf>o[?(l + A)]‘« + ‘*« +1 * 


J VnVWTW*), (4 06) 


valid certainly for integral values of k > \k, the senes on the right being then 
absolutely convergent * 


* E Landau, “ Uber erne Aufgabe aus der Theorio dor quadratischen Fonnen,” * Wiener 
Bitsungsberichte/ vol 124 (IU), pp 445-468 (1915) (452, equation (6)) Landau state# 
the result only for a particular value of *(*«/> «]££}+ 1), but the argument evidently 
applies to any integral« > Jh, the formula (4 05) is, in fact, valid for all teal a > 4 (h—lb 
the series on the right still bang absolutely convergent But this will not be required 
here 
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41 Lemma 1 . // as > 0 and k ts an integer ^ 0, then 

*Z|J|(«) # - S e*' ,(U) [?(* + ?)]-** 

|A| 0<4<c 

I {&} 8 {s -f* 2) »($ -f- 2/c) 

" r r (*+iA +1) vd * («- *) ** ( “* > 

_ e ~M{sh) iai (< + 2 ) (* + 4) . (a + 2«c) 

*l ST*** 


_ £ <y*) + R„ (*,,), (4.11> 


vaO 


aS** + *’ 


where 


R, (X, 8) = iiLt^L-k±M f“ 4J, (m) 


J. 


(412) 


We have in fact 


E {[j(i +?)]“* -z-}= X e™M$ 

Q<q<* 0<q<* 


U 

Jq(l+g) 


-«-l 


du 


that 18 , 


=* 8 f* xi~* 1 X du = s I Qo (u) u~*“ x dtt, * 

Jo o<*<« Jo 

S [q (l + ff)]- =Q 0 (x)z- + sFq 0 (u) u-~* du (4 13) 

:»<* Jo 

If s>\k we may make x-+- <x>, since Q 0 (x) — <?(a:**) as x-y oo f If from 
the resulting equation we then subtract (413), we deduce 


k Z 


(2s), - 0< S < /’ riM (? (*+*))- - ~^ + « j* 

__ V s(s+l). (s+v-1) StM 4 . lil±iLJ£±£> f 

,.o V! + *1 J .«•+«+» BU ' 


(414) 


the last formula being obtained by k partial integrations, with the help of the 
relation 

fQ„-i(«)d«=^ (v>0). 

Jo ^ * 

The desired result follows from (4.14) by substituting for Q, («) (in the last 

term) from (4 04), simplifying, and changing «into 


• We may integrate down to 0, since Q»(u) « 0 for* oertam range 0^w^8(t > 0 ). 
t IQt (*)| is not greater than the number of ''lattice points ” (points with integral 
coordinates) inside the Jfc-dnnensional ellipsoid ? (n, + 7 i> e* + g k ) — », and this number 

«w A***, A being a constant, namely, the Tohune of the ellipsoid q («„ , «*) *» 1 
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4 2 Lemma 2. lfK>\k,tben 

rt (Ta , *(• + 2) (« + 2-r)^ ww > 

».(*,*)- 2-+VVD 


£ e~ 8ir<tel> fetfcl(* + (f+*>») , (4 21) 

f>o [?(i + A)r +l * 

(p» X) — |\-*'-*J,. +t (2Vxi)d« 


where 


To prove this, we have only to substitute for in (4 12) from Landau’s 
formula (4 05), integrate term by term and use the substitution u = xu* in 
the resulting integrals The term by term integration presents no difficulty 
when *> since j«+l* (5) — o (5"*) as 00, and 

1 


£ — 


J.- 




;>o[?(i + A)J“ + “ + ‘. 

u convergent for <c> J (k — 1), s > 0, and so afortwn for k > \k, a > k. 
4 3 Lemma 3. If p > 0, p > 0, X > 0, then 
I Jn (p» X) | < tc -‘X-«G m (X) > 

r °° <«> , ifi 


where 


G ' (X) - 1>TT) 1 ~"H , ' 1 + £ + «> *"** 

Wnting for brevity 2 \/X =» Y, we have 

Ji 

- 2 ,(¥»)*, 

where is Hankcl’s function * Substituting for H^jj from the formula^ 

H (1 ! x (x) _ l _ /J !<-•<* re-v/l -l —Ydu, 

***' 1 J> + 1) V nx Jo \ 1 2*/ * 


and inverting the order of the integrations in the resulting repeated integral 
(as u evidently legitimate if p> 0, p>0), we obtain 

1 - fftTi) f,*■—'(' +2^) > ‘*} 

“ r(i» + i) Vs? * ***’ 

•ON Watson, * Theory of Bessel Functions ’ (Cambridge, 1922), p 73, fS 0. 
t Watson, toe ett , p. 169, equation (3). 
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say. In the inner integral we may, by Cauchy’s theorem, deform the path 
of integration into the line (1, 1 -f cot) Writing then z *= 1 + w, we deduce* 

I as e *Cr-lM«) | u^e~“ du J a~ 1-p e~ Y * dw (* = 1 -f- mo) 

Now we have, for w > 0 and y) = > 0, 

«Y 


) Z' > 1, 


l+!3 = 

z 


l 2 


1 ~f- t (W + T)) 

1+W 


1+1®* 


and so, since 1 + p>0, (i>0, 


ll< 

r v 

ufe^dux 

U Jo 

(«+T 

«•' 
+ — — 

' 4Y a , 

j e~ Vu dw 

1 

CwduC I 

Ju Jo 

^1 + — 

1 

J^ e -» j b 

Y 

^1 + Y* 

1 4Y *) 

f tr QfV 


Substituting this in (4 31) and observing that |H (I)| |I|, we obtain at 

once the desired result 


4 4 Lemma 4. If k > \k, then 



h 

0 


(<• + |A + J)j, 


where $ = 8 (g, A) w the smallest positive value, for integral Vs, of q [l+ h) 

This follows at once from Lemmas 2 and 3, if we observe that (X) is a 
decreasing function of X, and that 

+ —J>A —J>0, p»s + * — ifc + J>s + l>0, 

X = it*g (I + h) 8n**> 0 

4 6 Lemma 5 #0<n<6, X> 0, then 


* By *"* wo moan, of course, the principal value. The function ^1 qua 

function of z t is regular for 1U > 0, we take the branch which -+1 as z -* oe along the 
mat axis. 
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% 

From the definition of we have, since ||x 3, 


(X » < roTTi) +S+1®)‘‘ 


e~* dv 


where 


_ L i i -- ^8 . 

' 16X ^ (16X) 4 ' (16X )* 9 


k k = ■ 1 - f u*e~* du f ( 4 uv f «V <* 

r(ii + i)Jo Jo 

We have immediately 

*b-l 

*i — fi 7— — t v I « M « “ (4u + «*) du = (|i +1) (ft + 6) 

1 ((J. + 1) Jo 

and for X>1,* 

h < rrr~T T\ f M " e ’" du f i ( 4 H A + m 2 * } «”* dv 
r(n+i)jo j v 

The last integral may be evaluated in. terms of r-functions, and it is easily 
verified that, when 0 (A 6, 

£<?• £<»•«»• 

from which the stated inequality immediately follows 

4 6. Returning now to the functions A,, B„ and C„ we have evidently by 

(2 02) A, = 8 ZI 


where 




?i — «i* + «** + «**» 


and a* is the number of representations of » as a sum of three squares.f 
Applying Lemma 1, with as =25 and * = 5, observing that D — 1, 
{g} ~ {A} = l,q 1 = q h 8 ~ l, k > $A, and effecting some simple reductions 
we obtain 

A.= (A,) 0 + R c (s), (461) 

* We use here the inequality 

(a+i)*<a*-*(«* + i*) (a>0, 6 > 0 , X > 1). 

f Attention being paid to the older and sign of the representing nuatben, ee the* 
«i »«,««» 12, a, «• 8, etc. 
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where 

ik\ _ v °* l_ *(« + 2 ) - (*+10) 4j» 

' *'• " i n** h 3 5 13 5*" 3 (s — 3) 

_ M_2)J>+4) (* 10 ) _ 3 *(v-l 2) (r + Sv-2 ) 2*+- 

5! 2® 5* ,r 0 v! - 10"*’*" 

(4 62) 

a, — i (25 — »)' a*. 

/• M 

and R a (*) (which is the R, (x, a) of Lemma 1) satisfies, by Lemma 4, the 
inequality 

I R„ to I < ^ «• M A « (4 «3) 

The calculation of A, consists of two parts ( 1 ) the computation of (A,), 
from the formula (4 62), and ( 11 ) the determination of a numerical upper 
bound for | R a (s) \ 

The first part involves the evaluation of the positive integers a, (v - - 0, 
1, ,5), and this, even with the aid of a calculating machine m conjunction 

with Barlow’s tables, is a rather tedious process owing to the magnitude of 
the numbers involved But it should be observed that the a„’s are independent 
of #, and when once determined may be used for all values of s The values 
are found to be as follows — 


v= 0 1 2 3 4 5 

«, = 484 5 200 74 248 1 231 168 22 274 392 426 121 840 


In the actual calculation of (A,) 0 it is convenient to treat separately the 
cases when s is even and when s is odd It is useful also to observe that each 
term of (A,) 0 may be derived from the corresponding term of (A„_ t ) 0 by means 
of a simple numerical factor,* so that when the separate terms of (A 4 ) 0 , for 
example, have been computed, those of (A # ) 0 , (A # ) 0 , may be determined 
successively by calculations of a comparatively simple character 
We have now to estimate |R a (*)|, starting from (4 63) Lemma 5 gives 
at once G a (25 tt*) < 1 07, so that, os A g < 7,f we have G 4 A 8 <75 
Observing further that rc T = rc 3 ir* > 30 97, we obtain 


| R. («) | < 3 "* J J* + X0 > 


in particular 


|B«(4)|<0 00000666 


* Thus, for the term in «r, the factor by which wo pass from (» — 2) to t » 

(« + 10) (a — fi)/{25 (« — 2) (« — 3)) 

t The quiokeet verification, from the present point of view, is by mean* of the catoula- 
turns just described From these it appears that (A,), < Q 95, a crude inequality for 
j Rq (8) | then saffioee to give A, < 7. 

von. ova.— a. 2 z 
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In addition to R a ($) there will, of course, be certain errors arising in the 
calculation of (A,) 0 In order to avoid increasing unnecessarily the error 
already present, these calculations have been earned to seven places of decimals 
and in some cases to eight For A 4 , for example, eight places have been used 

24 

in each term of 2, and seven in each of the remaining terms on the right of 

i 

(4 62) This enables us to obtain A 4 with a final error less in absolute value 
than 0 000007 


It should be observed that if we were concerned only with the larger values 
of $> say s^> 8, it would be possible to calculate A*, to the degree of aocuracy just 
indicated m the case of A*, by the use of smaller values of x and * than those 
suggested above But as the lower values of s have m fact to be considered, 
nothing would be gamed by adopting a new value of x for the higher numbers, 
since any change m x would necessitate the calculation of a new set of numbers 
a y A reduction m k with increasing s would not be open to the same objection, 
but the consequent saving of labour would be so slight as hardly to compensate 
for the formal complications (trivial though they are) introduced by a varying « 
The method just described has been used for s = 4, 5, ,16 For s >16 the 

numbers may be calculated without serious difficulty by direct summation 
For purposes of reference, the table has been extended by this method as 
far as s = 30 

4 7 For B* we use (2,06), which we write m the form 

B.= (I) 4 'A, + (4 71) 

so that 


2-b; 


Hi 

000 





where q t — = 4u/ 4 - 4 « a * -f- 4u 8 ®, 

and 6* is the number of representations of n as a sum of three odd squares. 
Clearly b n ' - 86**, 6** being the number of representations of n as a sum of 
three positive odd squares Further, 6* = 6„* =» 0, unless n =E 3 (mod 8).* 
We now apply Lemma 1, with x = 100, #=-6, to (J)*'B/, writing the 
result in the form 


- (i)»* (B/) 0 + d)»*R*' («). (4.72) 

Here (since I) = 64 and q z = J?j) 

/s\t» (ji') _si' /- /* -i- 8 (* ~4~ 2). (s -}-10) 

(f) (B,) 0 -S6 n[J i 3>5 13 2(«— 3) 10*-» 

_ ‘ «U + 2) (s + 2v — 2) 3** 

2 I '~* v 1 «V+*P* * 


*•■0 


* 


6 .' 


1, 6n # » 3, b t9 * «* 3, « 4, •*,. 
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where 

w 

P,"=*P,' = £ (100 — nyb n ” 

»»1 

The calculation of (f)** (B/) 0 is similar to that of (A,)„, the values of p," are 
found to be 


v= 0 1 2 3 4 5 

P„" = 69 2 613 149 541 9 973 269 725 364 741 55 795 433 973 

For the first term on the right of (4 71) we substitute from (4 61) and use the 
values of (A,) 0 already calculated 
It remains to consider the error terms Wo write 


B. = (B.) 0 +E*(«), 

wjlftTfl 

(B.)o-(i) 5 "(A.) 0 4 (i)‘*(B.') 0 

is to be calculated as ]ust explained! and 

An upper bound for R„ (s) | has been obtained in §4 6, and |IV (s) | may be 
treated similarly , combining these m the obvious way we deduce an inequality 
for | R(, («) | For s -= 4 this leads to 

|B»(4)|<0 00000760 

A much more precise result may, however, be obtained by combining the explicit 
expressions for R u and R fc ' given by Lemma 2, when it is found that the leading 
terms on the right of (4 21) cancel We have, in fact, writing for a moment 
£ = 25, so that x — £ m R„ (*) and x = 4{ in R t ' («), 





Ja (« + 4, n®nf), 


while the formula for R„ (*) is to be obtained from this by omitting the 
factor (— 1)" Hence 


» 


B, (#)-(»* 



+ 4,2**m£), 


(4 73) 


and an apphoation of Lemma 3 gives 


I *.<•> I < G. (**) V 


From Lemma 5 and the calculations for A/ (to be described below) we deduce 
G« (00 r*) As" < 0 84, bo that finally 



2(2 
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and in particular 


|B* (4)| <0-00000086* 


4.8 For C g we use the form (2 10), which is evidently equivalent to 


where 




= V + V + V + Vs +■ Vi + V*» 


and c* is the number of representations of n by this form. 

2«3-(i8 + V a f (is f I|)* M«a + U # 
« V + V + As 2 , 


Now 


where = Z 8 + V *» B0 ^hat 

2l x = — A 2 + A a J- A a = — 2 Aj + (Aj + A 2 -b A 3 ), 

When l v l s , I 3 take all integer values, X v A a , A a clearly take all sets of integer 
values for which A x + A a A a is even, the correspondence being one to one 
c n is therefore the number of representations of 2 n in the form X x z + A a 2 + A a a 
with the condition “ A 1 + A a + A 8 even ” But this is equivalent to 
44 A x a + A a * + A a 2 even” and is thus automatically satisfied, so that wo have 
simply 

t? n « 0>2nt (4 81) 


a relation which greatly facilitates the calculation of the coefficients c n 
We take, as for A„ x = 25 and k -- 5, writing as before 

C.-WJi + H ,M 

Since D = J, the formula for (C g ) 0 may be obtained from that for (A fl ) 0 (equation 
(4.62)) by changing a n into c H) tc mto n\/2 t and into where 

y P ^ 2(26 — n) v c n 


* The arrangement of the text has been chosen as the one which gives (B*)# directly 
in the form moat convenient fox' numerical computation But we might also start from 
the formula 

where 

ff4 - 3 /!* + 3 /,*+ 3 /,* - 21J % - 2 l t l % 

Then $ 4 «* (see }4 ft), and for the u remainder term’* we obtain a formula involving 
the coefficients c n (introduced in J4.B), and if we take x » 4| (*» 100) this formula 
u found, in virtue of (4 81), to be identical with (4 73). The appearance of the coeffi¬ 
cients c* corresponds to the geometrical fact that the reciprocal of a space-centred cubic 
l&ttioe ia a face-centred cubic 
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The values of y r are 

v= 0 1 2 3 4 5 

Y„ — 682 7 354 105 202 1 747 594 31 664 242 606 678 634. 

For the estimation of | R„ (s) \ we use Lemma 4 We have 
?s — i (3lj* + 31 j® -(- 31a* — 2f 2^3 — 2is2j — 22|2g) 

~ t {(~ *i + *■ + W* + (Ii - + W* + <h + h - la)*} 

= i(ni l + n»*+ns*). 

say Smce (i a -f (Ag = 21i, et< , it is clear that, as l v l 3 , l 3 take all integral 

values, p 1( jig, (jig take all sets of integral values of the same partly (* e, all 

odd or all even) From this it is evident that 

®Z JJ (s) h =S'{ —- 2 , B„ 

0 1 ' (Ai* + flj 2 + (As ' '3 ; 

and that 8 — -3, so that Lemma 4 gives 

From Lemma 6 and the value of B g already found, wc deduce GsBg < 10 9, 
whence 

(■ + »») 

In particular 

| R e (4)| <0 00000272 

4 9 We have fmaliy to consider A/, A/ Of these A/ is immediately 
deducible from C„ in virtue of the identity (4 81), which gives 

A/ is then obtained by subtracting this value from that of A, already found 


§5 Summary 

Certain numbers, necessary in the calculation of the potential energy of the 
three oubic crystals, are computed by a method depending on the theory of 
Epstein's generalised zeta-functionH 

An immediate application is made to determine the cubic crystal form of least 
potential energy, when the law of force between atoms is repulsive according 
to one inverse power of the distance and attractive according to another 
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Iniroduotion 

The velocity with which oxygen dissociates from its combination with 
haemoglobin, and tho factors upon which the velocity-constant of this reaction 
depends, have already been investigated by us m some detail in the second of the 
present senes of papers (1) Since then we have been engaged in a similar 
inquiry into the velocity of the reverse reaction,« e , the combination of oxygen 
with reduced haemoglobin The scope of the investigation, which we are now 
about to desenbe, was as follows — 

(a) To determine the order of the reaction between oxygen and haemoglobin 
(see p 663) 

(P) To compare the value of 

t he velocity-oonstant for the combination of O t + Hb 
die velocity-constant for the dissociation of O t Hb-> 

with the value of the equilibrium-constant of the reaction as determined 
from the dissociation curve. 

(y) To study the effect of (i) p a , (u) temperature, (in) light, and (iv) salt 
content upon the velocity of the reaction between O a and haemoglobin 

* Part of this work was oarned out during the tenure of tho Michael Footer and George 
Henry Lewes Studentships. 
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The general methods adopted were similar to those used in studying the rate of 
dissociation of oxyhemoglobin One solution (I) consisted of water containing 
a considerable quantity of oxygen m solution, whereas the other solution (II) 
consisted of reduced hemoglobin These were driven by separate ]ets into the 
mixing chamber of the reaction velocity apparatus (2 and 3), and after mining 
travelled steadily with known velocity down the observation tube Spectro¬ 
scopic observation of the ratio of oxyhemoglobin to reduced hemoglobin 
concentration at various points of the tube, together with a knowledge of the 
rate of linear flow and of the total amount of (l) oxygen and (u) hemoglobin 
in unit volume of the mixed solution, gave us all the data required for the 
measurement of the vekx lty of the reaction 

I Experimental Details 

The fact that the velocity with which oxygen combines with reduced 
haemoglobin is very rapid necessitated very rapid rates of flow in our observation 
apparatus, and this in turn meant the use of big volumes of oxygenated water 
and reduced haemoglobin solution For the purposes of this research it waa 
necessary to devise methods by which upwards of 50 litres of these solutions 
could be rapidly prepared 

(A) The Preparation of the Solution of Oxygenated Water For the majority 
of the experiments water saturated with air at barometric pressure was found 
to contain an appropriate quantity of dissolved 0, Large quantities of 
“ aerated ” water were readily prepared in the following manner — 

A 20-htre earthenware liottle with bottom tubuluro was filled to the brim 
with tap-water About 10 litres of the latter were allowed to run out, air being 
drawn m on top The connections at the top of the bottle were then closed 
and the bottle rolled vigorously to and fro by hand, After two minutes’ rolling 
the gas phase and the liquid phase were found by control experiments to have 
reached equilibrium 

Other concentrations of dissolved oxygen were readily obtained by substitut¬ 
ing a gas phase of appropriate composition for the 10 litres of atmospheric air 
with which the water was usually rolled, In a few experiments the equilibration 
between the gas phase and the water was performed by spraying the water 
several times through a glass bottle containing the gas phase 

(B) The Preparation of the Reduced UcBmoglobin Solutions. —The usual 
concentrations of haemoglobin solution used in these experiments were either 
about 0*4 per cent (t.« , 1 part whole sheep blood to 40 parts water) or 0*2 
per cent. Hb Several methods (both physical and chemical) of preparing the 
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large quantities required were tried, and the results obtained with samples made 
by the different methods were found to be quite consistent with one another. 
The most serviceable of the different methods was — 

(a) The Rolling Method —In this method the blood and the water were freed 
from 0 a independently of one another and afterwards mixed together in appro¬ 
priate proportions anaerobically 

( 1 ) The removal of 0 2 from the blood 

About 1 litre of the blood (treated with 1 per cent boric acid and a 
trace of octyl alcohol) was warmed to 40° C and then sucked into a 
vacuous 20-litre earthenware bottle, also standing in a warm bath at 
about 40° C The bottle was then removed from the bath and rolled 
for a couple of minutes, the poor thermal conductivity of the walls 
of the bottle preventing any appreciable fall m the temperature of the 
blood contained therein As a result of this rolling the blood must yield 
up at least 90 per cent of its chemically combined oxygen The bottle 
was then restored to the warm bath, evacuated again, and once more 
rolled The second rolling was sufhcient to reduce the blood com¬ 
pletely The latter was then transferred anaerobically into a measuring 
cylinder (closed at the top with rubber cork and connections and 
previously filled with commercial N a and evacuated), which thereupon 
was placed in the cold store till ready for use 

(u) The removal of the 0 2 from the water 

A number of 20-litre bottles were half filled with tap-water and half 
with commercial N 2 Each w as rolled for 2 minutes, then evacuated, and 
rolled for another 2 minutes After this treatment the residual 0* 
m solution was quite negligible Whilst still vacuous, appropriate 
volumes of the reduced blood were drawn into each-of the bottles, and 
the latter, after having been filled with commercial N a , were stood 
upright, ready for use 

(p) Tfie Vacuum-Sjway Method—In most of our earlier experiments the 
water and blood was freed of 0 a by being sprayed Into a vacuous glass con¬ 
tainer, the walls of which were maintained at a temjferature of about 60° C, by 
a stream of warm water driven by a water-circulating pump From the glass 
container the solution syphoned over into vacuous receivers Tap-water was 
first of all passed through the apparatus, until all the receivers except the last 
one were full of 0 8 free water, the last receiver being left only half full. After 
a lapse of 12 hours, during which there was time for the 0 S free water to cool 
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I 

down to laboratory temperature, tbe strong haemoglobin solution (1 in 4) was 
passed through the apparatus until the last receiver was full of fluid. The 
containers were then at once connected m senes with a rotary pump, by means 
of which the warm haemoglobin solution m the last receiver was rapidly and 
anaerobically mixed with the cooled water in the other receivers Further 
experimental details may be obtained from the diagram of the apparatus, 
shown m fig 1 



(y) The Ammonium Sulphide Method —For experiments in the alkaline 
range, * e , p u 10 and above, the reduced haemoglobin solution could be very 
readily prepared by adding 1 per cent ammonium sulphide to oxyhsemoglobin 
solution. After a lapse of half an hour or more (according to the temperature) 
the reduction was found to|o complete, and control experiments,to be described 
later, showed that at P H * > 10, the presence of the ammonium sulphide caused 
no error. 

(C) The spectroscopic determination of the ratio of Qfib concentration to Bed 
Sb concentration at varum positions m the observation tube —The calibra¬ 
tion of the reversion-spectroscope for the measurement of ratio 

Red Hb 
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was earned out m the manner which we have previously described (1), 
namely, by determining the position of the absorption bands formed by 
an auxiliary solution of COHb and a series of known optical mixtures of 
OgHb and Red Hb, such a senes being readily obtained by having the 0*Hb 
and Red Hb m the two compartments of a double wedge-trough A 
similar method was used by one of us in 1912(5) for obtaining the 
calibration curve for the estimating of the composition of mixtures of 
OJHb and COHb The validity of the procedure was, in the latter case, 
submitted to a very crucial test, namely, the comparison of the ratio 


OgHb 

COHb 


as obtained from the spectroscope measurements and the calibration 


curve with the value of the ratio 


O a Hb 

COHb 


as obtained with the same solutions by 


means of an entirely independent method, i e , the blood gas pump Over a 

wide range of values of ratio good agreement was obtained 

COHb 

We thought it desirable to apply a similar check to the present method by 

comparing the values of ratio r obtained by its aid with the valueB 

Red Hb 

of ratio as obtained by an entirely independent method. The 


usual methods of blood gas analysis are not sufficiently accurate for deter¬ 
mining independently the percentage saturation of dilute haemoglobin solutions, 
and we therefore bad recourse to a method similar in principle to that 
adopted by Haldane and Douglas for the calibration of their carmine titration 
method for estimating carboxy-hfcmoglobm (6) The details of the procedure 
were as follows — 

(a) A considerable quantity of reduced hemoglobin solution (blood 1 in 60) 
was prepared by the physical reduction method described on page 655 

(b) Part of this solution was aerated, and a known volume of the reduced! 
haemoglobin was mixed anaerobically with a known volume of the aerated 
haemoglobin solution by means of a mercury reservoir and a burette of capacity 
130 c c graduated in tenths of a cubic centimetre between 100 c c 

(o) One limb of the tap at the head of the burette was then connected to a 
lead entering the trough T The latter and its connections were then filled 
with commercial N, so as to minimise the loss (or gam) of O a by the haemo¬ 
globin solution when it was driven into the trough by opening the burette 
tap and raising the mercury reservoir 

(d) After about 50 c c of the haemoglobin solution had been driven through 
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the trough the connections of the latter were clamped oS and the percentage 
OjHb in the trough determined spectroscopically in the usual manner 
(e) The 0 2 -contents of the reduced haemoglobin solution and the aerated 
haemoglobin solution were estimated by the method described upon pp 660-2. 
With this information it is easy to calculate the total quantity of 0 2 per cubic 
centimetre m the mixture prepared m ( b ) 

(/) An independent value for the percentage oxy-hiemoglobin is given by the 
equation— 

(Total quantity of O a per (Quantity of 0 a in 

cubic centimetre of solu-physical solution per 

p + * n ui _ tion) _ cubic centimetre) 

ercen gc 2 > — (Total gas combining capacity of haemoglobin per 

cubic centimetre of solution) 

It only remains, therefore, to mention - 

(#) The determination of total ga8-( ombinmg capacity of the haemoglobin 
This was carried out 111 the manner described on pp 660-2 
(A) The quantity of 0 2 m physical solution per cubic centimetre 
This was usually very small in comparison with the total quantity of O 2 
per cubic centimetre It was estimated indirectly m the following manner — 
Samples of the h©moglobin solution were shaken up with gas mixtures 
containing known small partial pressures of 0 2 The percentage OjHb was 
measured spectroscopically in each case, and a curve was plotted relating 
percentage OjHb as measured spectroscopically and the oxygen pressure m 
the gas phase With the aid of this curve, and of the solubility coefficient of 
0 2 , it was possible to calculate the quantity of 0 2 in physical solution corre¬ 
sponding to a given value of the percentage OgHb as measured spectroscopi¬ 
cally The latter had already been determined for the solution in (d) The 
whole procedure was then repeated for each of a senes of different mixtures, 
it being unnecessary, however, to redetermine the total gas-combining capacity 
of the haemoglobin per cubic centimetre, since this is m all cases the same. 
The results obtained are shown m the following table.— 

Table I 

Percentage O a Hb determined — 

(1) Spectbosoopioally .. 22*5 36 53 65 

(2) By method of mixtures . 20*6 33 49 68*5* 

* This determination was rendered somewhat inaccurate by the fact that the aerated 
tuemogtobin solution had to be introduced into the mixing burette m two instalments. 
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It will be observed that the spectroscopic values are slightly, but consistently, 
higher than the calculated values Any error in determining either (i) the 
total gas-combining capacity of the haemoglobin or (u) the position of the 
absorption band of the 100 per cent 0 2 Hb solution would lead to a systematic 
discrepancy between the two sets of values, exactly like that shown in the 
above table In view of this consideration, the agreement is as good as could 
be expected 

(D) The Rale of Linear Floy * 

— Volume^of fluid pa ssing throu gh the apparatus p er secon d 
Cross-sectional area of the observation tube 

In all the experiments in this paper rates of not less than 4 metres per second 
were invariably required Consequently, it was always necessary to apply 
(by means of compressed nitrogen) a pressure of 50 mm Hg pressure to the 
two solutions m order to drive them through the apparatus fast enough 
Diagrams of the apparatus used for most of the present experiments are 
shown m fig 2 (A, B, C) 

(E) The total amount of (i) Oxygen , (n) Haemoglobin m the mixed solution — 
These could be readily calculated from a knowledge of 

(oc) The relative delivery of the two solutions into the apparatus 

This was measured by noting the actual volume of fluid lost by each bottle 
during the same interval In order that the relative deliveries should remain 
constant during an experiment, it was found necessary to insert large filters 
in between each of the bottles and the mixing chamber 

(|S) The concentration of dissolved 0 2 in Solution I -The actual concentration 
of dissolved oxygen was estimated either— 

( 1 ) From the pressure of 0 2 in the gas-phase with which the water waB 
equilibrated and the Tables of solubility coefficients for 0 2 in water 
(accurate to 1 per cent) or 

(u) By shaking about 200 c c of the water in a gas sampling tube with a 
30 cc gas-phase consisting of 0 2 free nitrogen and by analysing the 
gas phase afterwards for O s The experimental details and the calcula¬ 
tions involved m this method are to be desenbed in full in a forth¬ 
coming paper 

(y) The concentration of h&moglobtn in Solution IL —The gas-combining 
capacity of the dilute haemoglobin solution was determined in one of three 
ways — 

(i) By means of the Haldane-Gowers heemoglobinometer 
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(u) By aerating some of the haemoglobin solution and miring a known 
volume thereof with a known volume of water containing CO in solution 




Fig 2 —A Diagrammatic longitudinal section of the mixing apparatus principally used 
for the work recorded m this paper The reduced hemoglobin and the oxygenated 
water enter respectively through the pipes P and Q They arc then forced through 
the four jets J and the four jets K respectively, and enter the mixing chamber M» 
from which they pass immediately into the observation tube 0* to flow finally out 
at the exit £ 

B Arrangement of the jets J and K with regard to the mixing chamber 

C Arrangement of the two Alter boxes through which the fluids passed on then 
way from the bottles to the apparatus Fluids enter at I, pass through the copper 
or brass gause F, and leave again at 0 

The thumb nuts enable the apparatus to be readily taken to faeces for cleaning 
and to be assembled again afterwards 



so that the final percentage COHb was about 70 per cent The actual 
value of the percentage COHb was determined by means of the reversion 
spectroscope, and with a knowledge of the exact amount of CO dissolved 
in the water (obtained by titrating the CO water with a haemoglobin 





662 


H Hurtridge and F J. W Houghton. 

solution of known gas-combining capacity) it was easy to calculate 
the gas-combimng capacity of the unknown hemoglobin solution. 

This method is about as accurate as the hfiemoglobinometer method, 
but has the advantage of being applicable in artificial light as well as 
m daylight 

(m) By shaking about 200 c c of the haemoglobin solution m a gas sampling 
tube with a 10 c c gas phase containing an accurately known volume 
of CO Analysis of the gas phase after equilibration gave the amount 
of residual CO in the gas phase, and the amount required to saturate 
the haemoglobin could then be calculated m a manner to be described 
m another paper 

This method could be made at least twice as accurate as (i) or (u), and had 
the further advantage that it avoided any error which might have arisen 
through partial inactivation (and therefore loss of gas-combimng capacity) 
of the haemoglobin, which could not always be avoided m such dilute solutions 

II —(i) The Adequacy o* the Reaction Velocity Apparatus for 
Coping with such Rapid Reactions 

Preliminary tests showed that the reaction was a very rapid one, indeed, 
the time required for half-completion being m most cases between l/100th and 
l/1000th of a second The adequat y of the apparatus for coping with such fast 
reactions had only previously been tested by us for the special case of mono- 
molecular reactions (2), and it was pointed out that the same test (* e , the 
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comparison of the results obtained with two widely different rates of flow) 
must always be repeated whenever a reaction of another type is being submitted 
to investigation Fig 3 shows the results arrived at in such a test, the shaded 
circles representing readings obtained with a slow rate of linear flow (96 cms./ 
sec ) and the blank circles representing the readings obtained with a fast rate 
of linear flow (333 cms /sec) The two reacting solutions were in each of 
the experiments identical The agreement between the two sets of values 
is extremely satisfactory, and left us no doubt that the apparatus vias quite 
reliable, even when the time for half-completion of the reaction was only 
€*002 seconds 

We also applied a much more stringent test for the velocity of mixing by 
means of a special thermal apparatus Mixing was found to be complete in 
€ 0005 seconds Details of this test have been given elsewhere (3) 

II —(n) Tiik Order of the Reaction 
In applying the Law of Mass Action to the interpretation of the results, 
we made, m the first place, the simplest possible assumption, namely, that of 
Hfifner, viz , that the reaction could be expressed by the equation 

1 mol 0 2 + 1 mol Hb „ 1 mol 0 2 Hb 

On this assumption the rate of formation of O a Hb should be given by the 
equation 

« k' (O,) (Hb) - k (OjjHb) (A) 

or 

ijL-,k'(x-y)W-y)-ky, (B) 

whew* # = Millimols* of 0, per litre of solution both m physical solution 
and in reversible combination with Hb 
jj = Total gas-combining capacity of Hb per litre of solution expressed 
in millimols 0, 

y = millimols of 0, reversibly combined with Hb per litre of solution 

In order to determine the value of V by integration of this equation it is 
necessary also to know the value of k This was always obtained by a separate 
reduction velocity experiment (1) The subsequent calculation of A.' then 
depended upon whether the value of the second term of equation (B), t e, 
— hy, could or could not be neglected over the range through which the 
calculation was made. 


* 1 miUimol =-* 1 mol +1000* 
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When the value of — ky can be neglected, equation (B) simply integrates to 

*' “■-« - I >1 irf ]''• _i106 ;]** t: • } 

and the* value of k 9 can at once be calculated by substituting the experimental 
values of a, (5, t and y in this equation 
When, however, the value of — hj is appreciable in comparison with dyjdt 
a more complicated procedure is necessary We have 

Ayjdt + Icy -= k' (x — y) ($ — y), 

^dt + **/ ) — A'e“ (a y) (p — y), 

te,d/dl(S'y) = *>“(«- y)(p--y), 

• £'y = K | e** (a — y) (|S — y) + constant 

From the experimental values of a, (J, y, t and k (as determined by the 
separate reduction velocity experiment) the values of e* e (a — y) (p — y) 
were calculated and plotted against t 

Thus, if in such a graph, A be the area included between the curve, the 2-axis 
and the ordinates to the curve at the points whose absciss© are t x and t 2 , 
then 

~ k’A, 

It was found that the values of A could be determined with sufficient accuracy 
by means of the trapezoidal rule for evaluating areas 
If, then, the assumption 1 mol () t ~\ 1 mol Hb ZZZ 1 mol 0,Hb were valid, 
the values of k\ as calculated by one of the above methods, should come out 
the Bame within the limits of experimental error both for all the points obtained 
in a given experiment and also for points obtained in other experiments with 
varying initial concentrations of 0, and Hb, provided that the p^, temperature 
and source of hemoglobin were maintained constant Tests of this kind were 
earned out both in the neighbourhood of p H 7 • 2, and also in the neighbourhood 
of pg 10-11 The reason for two sets of tests is that, in a brilliant series of 
experiments published recently, Van Siyke and his co-workers (4) have shown 
that the lonuation-oonstant of the “ oxy-labile ” hydrogen ion which dis¬ 
sociates from the hemochromogen portion of the molecule has, m the case of 
reduced haemoglobin, a value of 10~* *, so that at p B 7*2 practically all the 
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reduced haemoglobin molecules must retain their “ oxy-lafade ” hydrogen ion, 
whereas at p^ 10-11 the opposite must be the case The presence or absence 
of the “ oxy-labile ” hydrogen ion was found to have such a marked effect 
upon the rate of reduction of oxy-hsemoglobin that it seemed desirable to 
carry out all our tests on the rate of combination of oxygen with haemoglobin, 
both at p,j 7 2 (where “ oxy-labile-un-iomscd ” haemoglobin predominates) 
and at p B 10-11 (where “ oxy-labile-iomsed ” haemoglobin predominates) 

Experimental Results at p R 7 2, or near 
The results of these experiments are summarised in Table II. 


Table II. 


No of 
Expeuraent 

pu 

Temp 

Concentration 
of O t in 
nulllmot /litre 

Concentration 
of Hb in 
miUnnols/htre 

k\ 

Mean 
value 
of V 

Blood Sampl 
1(0) 

1(6) 



0 1«5 

0 115 

l 

0 151 

0 145 

2380,3520 \ 
2690,2910 / 

2076 

Blood Sampl 

n<«») 

e II 

7 2 

19 0 

0 159 

0 062 

2910,2760 1 


11(6) 

7 2 

10 0 

0 301 

0 078 

2960 y 

2040 

n(e) 

7 2 

19 0 

0 192 

0 032 

3180,2890 J 



The haemoglobin solutions for these live experiments were all prepared 
from two samples of different blood, the first of which furnished experiments 
Ia and Ib,, whereas the second sample furnished experiments IIa, b and o 
It will be observed that the calculated value of k’ is not affected by doubhng 
the 0, concentration (Cp IIa with IIb), nor by halving the Hb concentration 
(Cp. IIa with IIo) The constancy of k' is extremely satisfactory—better, 
indeed, than the accuracy of the experimental determinations would warrant 
us in expecting 

Experimental Results at p B 10-11. 

The reduced haemoglobin solution required for these experiments was prepared 
by the very easy ammonium sulphide method mentioned in Section I In order 
that the method should be efficacious it is necessary that the ammonium sulphide 
(a) should combine slowly but completely with all the oxygen present, both in 
physical solution and in reversible combination with the haemoglobin, but 
(5) would not, when mixed suddenly with oxygenated water, combine with the 
dissolved oxygen at a rate appreciable in comparison with the rate at which the 
vox,. ovh—a. 3 A 
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latter combines with the reduced haemoglobin, nor (y) have anyfurther chemical 
action upon the reduced hemoglobin 

That these requirements are met by ammonium sulphide u shown by the 
following evidence •— 

(a) Comparison of the Sate of Combination of 0, and Hb mth Bate of Redaction 
of O g Hb by AnijS —-Reduced hemoglobin solution was prepared by mixing 
about 

3 parts whole blood 'j After standing at room-tempera - 

90 parts tap water ^ ture for about half an hour the 

1 part ammonium sulphide ( triple haemoglobin was completely 
strength ”) J reduced 

This solution was mixed with tap-water and the reaction velocity measured in 



Tunc ui miuvuJbtS 
Fto. i 
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the usual manner The result is shown graphically m fig 4—A The taps of 
the reagent bottles were then turned off suddenly and simultaneously, leaving 
m the observation tube a solution of oxyhsemoglobm and ammonium sulphide 
The oxyhemoglobin reduces so slowly that its rate can be easily followed by 
measuring the percentage OgHb with the spectroscope at intervals of five 
minutes The rate of reduction is plotted in fig 4—B, and will be seen to be 
only about one hundred-thousandth of the rate at which oxyhsemogbbin 
is formed by combination of oxygen with reduced hemoglobin 

(b) The Effect of Different Concentrations of Ammonium Sulphide — If the 
presence of ammonium sulphide had (a) any appreciable effect in retarding the 
combination of O a with Hb or ((}) any chemical action on the hemoglobin 
other than the removal of oxygen (e g , the formation of “ sulphhemoglobin ’') 
then different results would be expected when varying amounts of ammonium 
sulphide were used in the preparation of the reduced hemoglobin Table III 
shows the results of experiments obtained with — 

(«) Solution I — reduced hemoglobin containing | per cent AnigS Solution 

II — tap-water 

(P) „ I = „ „ „ 1 per cent Am a 8 Solution 

II = tap-water 

(y) „ I = „ „ „ 3 per cent Am^S Solution 

II — tap-water 

In each case solution I, after the addition of Am a S, was allowed to stand 
half an hour before use 

The values obtained agree with one another within experimental error 


Table III —Percentage Oxyhemoglobin 


Time in Seconds 

(“) 

(6) 

(y) 

0*00 

0 

0 

0 

ujwxm'K • 

30 

37 

36 6 

0-0046 

69 5 

69 

04 

0 0074 

80 

79 

73 


(c) Comparison of Rate of Combination of O t with Physically Reduced Hb with 
Rate of Combination of O t with Chemically Reduced Hb —Two samples of 
“ physically reduced ” Hb were prepared as above. The rate of combination 
of the first sample with oxygen was measured in the usual way To the second 
sample Axn a S was added so as to make the concentration of AnijS equal to 

3 a 2 








668 H Hartridge and F. J. W. Roughton. 

1 per cent After having been allowed to stand for half an hour, as in (6), the 
combination with 0, was also determined The values obtained were within 
experimental error identical with those obtained on the first sample 

(d) A determination of the gas-combining capacity of the dilute Hb solution 
was made both before the addition of Am-jS and after the latter had been 
allowed to act for several hours No difference at p H 10 could be detected 
If, however, the solution were neutralised to p B 7 2, then a speedy decline in 
the gaa-combimng capacity of the haemoglobin ensued and a body with an 
absorption band m the red part of the spectrum made its appearance For thiB 
and other reasons the use of the ammomum-suphide hemoglobin was limited 
to the p B 10-11 experiments The results of the experiments at pa 10-11 are 
summarised m Table IV 


'Table IV 


No of 
Experiment 

P* 

Temp 

Concentration 
O t m 

millimoU/litre 

Dates 

Concentration 
Hb in 

mlllim oh/litre 


Average 
value 
of V 

t 

Blood Sampl 

t / — 

o 

e 

_ 





1(a) 

10 

13 

0 330 

0 145 

2620,1080 \ 

2090 

1(4) 

10 

13 

0 151 

0 157 

2150,1610 / 

Blood Sampl 

t II — 






n<«) 

10-41 

15 1 

0 100 

0 112 

6070,6420 \ 

6160 

U(4) 

10-11 

15 1 

0 118 

0 086 

5070 / 

I 

I 

t III — 






m 

10-11 

15 0 

0 304 

0 112 

3610 \ 

3X45 

10-11 

15 0 

0 251 

0 112 

2680 / 


Again there is good agreement between the values obtained with different 
concentrations of the reacting substances, provided that the comparison is only 
made in cases in which the haemoglobin solutions were prepared from the same 
sample of blood 

III The Relation between the Velocity-constants and the Equiubbiuk- 
CONSTANT OF THE REACTION 0, + Hb OjHb 
A further and very crucial test both of the correctness of the equation 

_ k' (0 t ) (Hb) - k (OjHb), and of the general validity of the 
<u 

experimental methods employed in this paper and preceding papers, was 
obtained by comparing the value of the equilibrium-constant of the reaction, as 
calculated from the dissociation curve of the hemoglobin solution in question 
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(which, if the above assumption is true, must be a rectangular hyperbola) 
with that obtained from the equation K = 

observed value of k 

The Determination of the Dissociation Curve 

General Method A few cubic centimetres of the haemoglobin solution, 
whose dissociation curve was required, were introduced into a tonometer 
which had previously been filled with a gas mixture containing a suitable, and 
accurately measured, proportion of oxygen The tonometer uas rotated until 

equilibrium had been secured, and the ratio of m the haemoglobin 

Bed Hb 

was thereupon measured by means of the reversion spectroscope The same 
procedure was then repeated with other proportions of oxygen in the gas 
phase Thus the determination was earned out in accordance with the 
usual methods of blood-gas technique, but in order to obtain reliable results 
a considerable number of precautions were found to be essential These will 
now be described in some detail 

(a) The Preparation of the Gas Mixtures 
In most cases it is necessary to prepare gas mixtures containing very low 
partial pressures of 0 a (i e , 0 1 to 0*5 per cent atmosphere), and to ascertain 
the numerical values of the latter with an accuracy of at least one part m a 
hundred These requirements were satisfactorily met by replacing the air 
m the tonometer by 0 4 -free nitrogen and by then forcing into the tonometer 
a small, but accurately-measured, quantity of ordinary air From the volume 
of the latter, together with a knowledge of (i) the volume of the tonometer, 
(u) the barometric pressure, and (w) the O a per cent m the air iued, *«., 
20*96, the final pO a in the tonometer was readily calculated 
(l) The Preparation of the O t -free Nitrogen The last traces of O a were 
removed from commercial N a by allowing the latter to stand for at least one 
day over a concentrated solution of alkaline sodium hydrosulphite (Na^ t 0 4 ) 
The container and its connections, when not in use, were kept under water 
in order to guard against possible entry of atmospheric oxygen by leakage 
Samples of the gas were at different tunes tested for traces of O g , but when 
once the technique had been mastered the results were always negative, so long 
as this was ngidly adhered to, 

(u) The Fitting of the Tonometer with 0 % -free Nitrogen —The tonometer was 
first evacuated and filled with commercial N„ and evacuated again It was 
then filled with the nitrogen whose purification has just been described, 
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evacuated a third tame, and finally filled once more with the specially pnnfied N r 
The residual oxygen m the tonometer cannot have exceeded 0 001 per cant., 
a quantity which can be neglected in these experiments. 

(in) The Introduction of the Known Volume of Ordinary Air —The capacity 
of the tonometer which has been most used ib 120 c c, and the volumes of 
air to be introduced, therefore, range from 0 5 c.c upwards For this purpose 
a micro-burette and mercury reservoir of the same general design as that used 
by Barcroft (7) wore found convenient The volumes of air are measured off 
at atmospheric pressure (precautions having been taken to ensure that the air 
under measurement is saturated with water vapour at laboratory temperature) 
and then forced by mercury pressure into the tonometer The burette which 
was used could be read without difficulty to 0 001 c c and was thus amply 
accurate enough 

(b) The Introduction of the Hamoglobtn Solution, into the Tonometei 

Having first had its gas-combnung capacity measured in the usual way, 
the hemoglobin was then shaken up with atmospheric air in order that the 
total amount of 0 2 in each c c of the solution should be definitely known A 
measured volume (usually 5 c c) of the haamoglobin solution was then forced 
into the tonometer, and the quantity of 0 8 which thereby enters, i e , about 
5 XO’008 — 0 04 cc, is allowed for in calculation of the final pO t in 
the tonometer, the accuracy of which is not appreciably affected by this 
correction 

(c) The Botatum of the Tonometer 

The tonometer was fixed to a shaft which rotated in a water-bath at constant 
temperature Up to the present the experiments have been done at laboratory 
temperature, but when other temperatures are used then thermostat arrange¬ 
ments will be necessary 

Control experiments showed that fifteen minutes’ rotation was sufficient t6 
secure equilibrium. 

(d) The Examination of the Solution after Equilibrium had been obtained 

In order to examine the hemoglobin solution in situ (t.e , without removal 
from the tonometer, which is difficult to cany out anaerobically) a glass tube 
of diameter *3 cms. was either fused or attached by wide rubber tubing 
to the open end of a Barcroft tonometer. The tonometer, after having been 
rotated for a sufficient length of time (15 minutes), was unstrapped from the 
•haft and lowered, tap uppermost and tube downwards, through the hole in 
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the cork m the container W, until the bottom of the tonometer rested m the 
metal sheath M fixed to the base of the container (fig 5) The tonometer 




Fia 0 


fitted closely in the hole m the cork, and this together with the metal sheath M, 
ensured that the tonometer would take up an “ identical ” position each tune 
it was inserted into W The latter having been filled with water and an 
auxiliary trough containing COHh set m place, the spectroscopic examination 
was then earned out 

In view of the considerable effect of change of temperature upon the dissocia¬ 
tion curve, it was necessary to maintain the Hb solution during the spectro¬ 
scopic examination at the same temperature as the water-bath in which the 
tonometer had been rotated, otherwise (in these dilute solutions) considerable 
alterations in the percentage O t Hb might occur 

(•) The Number of Tonotneters used and the Accuracy of the Observations 
The determination of the percentage OjHb of a given solution always required 
two spectroscopic readings.—(a) for the actual solution itself, and (P) far 
the same solution when saturated with O, Each of these readings % was subject 
to aa experimental error of 1 A U. Consideration showed that the use of a 
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angle tonometer for all the points on the dissociation curve would yield more 
accurate results when the hyperbolic character of the dissociation curve was 
being tested, whereas a separate tonometer for each point was indicated when 
the absolute value of K was required The reason for this statement is as 
follows:— 

In the hyperbolic test, an error of 1 A U in the single spectroscopic reading 
for 100 per cent 0 2 Hb would cause a systematic 1 error in all the values of the 
percentage 0 2 Hb as calculated for the several points obtained (t e, they would 
all be either too high or too low), but if these points fell within experimental 
error on a rectangular hyperbola when they were calculated on the basis of the 
incorrect reading for 100 per cent 0 2 Hb then they w ould still fall (within experi¬ 
mental error) on another rectangular hyperbola when calculated on the correct 
basis A single tonometer therefore gave the greater accuracy in determining 
the actual shape of the dissociation curve Similar reasoning showed that for 
determining the true position of the dissociation curve (and therefore the abso¬ 
lute value of the equilibrium-constant) a senes of tonometers, one for each 
point to be obtained, gave the more accurate result 
In the hyperbolic test, the volume of the first instalment of air forced into 
the tonometer was so ad]usted that the percentage OjHb reached should be 
about 30 percent After equilibrium had been attained, and the spectrosoopic 
measurement made, a further instalment of air was introduced, equilibration 
completed, and a second spectroscopic measurement made This process 
was repeated onoe or twice more, the highest point not being allowed to 
exceed 75 per cent, on account of the limitations to the accuracy of the 
spectroscopic method mentioned previously (1) Finally, it was necessary 
to obtain the spectroscopic reading for the Hb solution when saturated with 
O a This was readily obtained by replacing the gas mixture in the tonometer 
by ordinary air and shaking up the Hb solution therewith 
In determining the absolute value of K, suitable quantities of 0 2 were intro¬ 
duced into the several tonometers so as to yield a senes of values of percentage 
0|Hb between 30 pet cent and 70 per cent after equilibration, the spectro¬ 
scopic readings were then made, the gas replaced by atmoephenc air, and the 
readings for 100 per cent O s Hb taken for each tonometer 

(f) Decomposition of the Hamogldbin Solution 
It has been pointed out by Douglas, Haldane and Haldane (8) that hemo¬ 
globin in dilute solution is very prone to decompose into bematw-like products. 
The gas-combining capacity of the hemoglobin solution at the end of the deter- 



Kinetics of Htmmglobm 


mination of the dissociation curve should therefore, in all cases, be compared 
with the gas-combming capacity at the outset of the experiment No detect¬ 
able change has been found at p H 7 4 and temperatures below 18° C At 
Ph# acid to b 4 and temperatures above 25° C marked decomposition has, 
however, been noticed, and it is probable that the present method will not be 
applicable in such ranges 

Expentnentol Results 

(a) The Hyperbolic Character of the Dissociation Curve —The results obtained 
on a hemoglobin solution at p n 7 7, temp 17 5, are plotted xn tig 6 It will 


% QjHb 



Oy Pressure, in Mm 
Fid 8 

be Been that the values fall very closely upon a rectangular hyperbola Tbe 
actual \aluet» of K, as calculated from the equation 

conon _ 

concn Hb x concn dissolved 0 2 m milhmolfl/htre 
are shown in Table V 


Percentage 0,Hb 


Table V 

1 89 

2 10 

3 32 

| 4 95 

I 

42 ! 

52 5 

59 

68 

201 j 

218 

228 

220 


Mata value of K « 818 
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The agreement between the above values lies well within the experimental 
error 

(P) The Companion of K mth k'jk .—The results of four Buoh oompansons 
are summarised in Table VI 


Table VI 




] 



Value of K 



1 

Mean 

Mean 



No of 

Exp 

1 





V* 

t 

Temp 

i 

i 

value 
of r 

L_ 

value 
of h 

i 

Calculated 
from k ** h /k 

i 

Observed from 
dissociation 
curve 

. 

1 

7 7 

17 B 

2875 

17 6 

104 

21b 

n 

7 2 

18 0 

2550 

17 3 

148 

112 

m 

10 0 

16 1 

3146 

4 C 

700 

730 

IV 

10 0 

1 

17 8 

3540 

| 8 1 

438 

m 


In view of the fact that the values of k', k and K were subject individually 
to possible experimental errors of rb 20 per cent., ± 10 per cent, and ± 15 per 
cent respectively, the agreement is a good deal better than we had expected 
to obtain 

IV —The Effect of F h , Temperature, and other Factors 

(l) The Effect of P H —The results of a set of experiments at different Pg* 
are shown in Table Vll The Hb solutions were all prepared from the same 
sample of blood by means of the vacuum-spray method, and were found on 
examination to be completely reduced in every case The different P gi were 
obtained by adding suitable buffers to the aerated water with which the reduced 
Hb solution was subsequently mixed in the reaction velocity experiments 

In our previous paper on the rate of reduction of oxyhemoglobin (1) we 
showed by control experiments that the inter-ionic changes of oxyhemo¬ 
globin were too rapid to have any influence on the observed reduction velocities. 
A similar pair of control experiments, in which the constituents of the buffer 
were so distributed between the solutions that m one case the p^ of the haemo¬ 
globin solution before mixture was the same as the p a of the final mixture, 
whereas in the other case there was a large change, showed that the mter-iomo 
changes of reduced hemoglobin were also too rapid to affect appreciably the 
observed oxygenation velocities 

The concentration of 0 a and of Hb in the mixed fluid were in all the 
experiments practically identical, so that the effect of p B can be at once 
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Table Vll 


Timf 

W MCOIuk 

i 

im =* 6 8 

6 6 

! .. 

i 

7 7 

0 

10 

0* 

i 

i 


i 

25 5 

1 ! 


0 001 

Percentage O a Hb * 33 

29 

37 5 

42 

1 48 ! 

41 5 

0 001 

42 1 

38 

40 

48 

63 | 

54 5 

0 003 

0 004 

56 1 

| 

50 5 

i 

56 

«u 

76 

64 

0 006 

0 006 

l 

_ i 

i 

• 

60 




* w Earliest reading obtainable 


appreciated by mere inspection of the table Unlike the effect on the reduction 
velocity-constant k, the effect of p B on k' appears to be quite small, and the 
onus of accounting for the effect of Pz on the dissociation curve must fall 
mainly, if not entirely, upon the reduction velocity-constant In one respect, 
the absence of any noteworthy effect of p H is to be regretted Had the 
difference between k' at p B 7, and k' at p B 10 been well outside the Emits 
of experimental error, then it would have been possible, with the aid of the 
curve relating p B and k', to calculate the ionisation-constant for the 
dissociation of the oxylatnle hydrogen ion from the hasmochromogen portion 
of the reduced hemoglobin molecule, just as it was possible to calculate this 
ionisation constant for oxyhsamoglobm Our value of the latter, t e., though 
necessarily much rougher, agrees very closely with the very accurate value 
obtained by an entirely independent method and subsequently published by 
Van Slyke and his co-workers It would have been most interesting to see 
whether there would also have been the same agreement in the case of reduced 
hemoglobin, for which the value, according to Van Slyke, is 10~® • to 10 -8 4 
But the small effect of p B on the velocity of oxidation of reduced haemoglobin 
makes suoh a comparison impossible 

(ii) The Effect of Temperature and Light —Different temperatures were 
obtained by cooling either or both of the solutions In order that the effect of 
temperature should be at once discernible by inspection of the actual deter¬ 
minations, it was arranged that in all experiments on haemoglobin solutions 
prepared from the same sample of blood the total 0, and total Hb in the mixed 
solutions should be constant The results are summarised in Table VIII 
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Table VIII 


Kip. No 1 


Exp No 11 


Exp Nu III | 


I’ll 

Temp 

At time 

0+ 

0 00185 

0 00370 

7 4 

7° C 

Percentage O.Hb 44 

59 

75 

7 4 

12° C 


41 

05 

69 

7 4 

17 5 W C 


42 5 

60 

72 

Pir 

Temp 

l^l>* 

t^Q 002 

0 00485 

0 0077 

7 0 

3 5 

0 

41 r» 

06 

78 

7 0 

14 5 

O 

42 

03 

83 

Ph 

Temp 

/~0* 

1 

© 

1 

** 

0 00485 

0 0077 

10 

3 8 

0 

44 

50 

75 

10 

14 5 

0 

30 

63 

81 


i Earliest reading obtainable 


These figures point to the surprising conclusion that, both at neutral p H s and 
alkaline pgs, the temperature coefficient of k' per 10° C nse is bttle, if at all, 
greater than unity Two explanations of this startling result occurred to us at 
once •— 

(a) That the mixing w our apparatus was not sufficiently rapid to enable the 
reaction to be properly followed This possibility, however, was 
excluded by the fact that the lame for half-completion m the case of all 
the reactions summarised in Table VIII was always greater than the 
figure for which the apparatus was shown to be reliable in Section II 

({3) That the reaction might be a photo-chemical one, reactions of the latter 
type being often found to possess very low temperature coefficients 
(sometimes less than 1). 

This possibility was tested by means of the arrangement shown in fig. 7 
The first 2-cm length of the observation tube could be illuminated either by the 


' \ 

* \ 

ysssspr 

Fro 7 



full beam of the 600 candle-power pointolyte lamp (with the neutral-tint 
glass in position A) or by a beam of only one-tenth intensity (neutral-tint glass 
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m position B) In both cases the spectroscope and the COHb auxiliary trough 
were placed between the eye of the observer and the neutral tint-ghuss, so that 
the COHb trough and spectroscope should be only illuminated by the one- 
tenth intensity beam Spectroscopic readings on the moving fluid were taken 
with neutral-tint glass m position A , the latter was then transferred to B and 
a fresh reading taken If light had any catalysing influence upon the reaction, 
then a different reading should have been obtained In actual fact, no differ¬ 
ence could be found either at p H 7 or at p n 10, m spite of the fact that the 
procedure was repeated many times and that the observer did not know the 
position of the neutral-tint glass 

A further experiment, in winch a dilute Hb solution was equilibrated with 
N a gas phase containing about 0 4 per cent 0 2 (a) in the dark and (p) in the 
pomtolyte beam (with precautions to prevent rise of temperature due to the 
latter), showed that light also had no appreciable effect upon the equilibrium- 
constant of the reaction We have thus found no explanation for the very 
low temperature coefficient Its probable significance will be discussed again 
in Section V • 

(in) The Effect of SaUs , te , of lorn other than (H) or (OH) —Fig 8 shows 
the results obtained with two widely differing concentrations oi salt A solution 
of reduced hemoglobin, prepared by the physical method, was mixed with 
aerated tap-water containing 

(«) |LKH^0 4 +^NaOH ft, 7 4, 

<M jjg KH,P0 4 + JL NaOH + g NaCl.p H 7*4 

The difference between the two sets of values whioh wore obtained is very 
slight—barely, indeed, outside the limits of experimental error 

(iv) The Variability of Hamoglobm tn different Individuals of the same 
Spemes . —Although the hemoglobin solutions used in the experiments were 
all prepared from sheep’s blood, the value of the velocity constant V varied 
over a wide range, t6,200-1,000, thus confirming the remarks of previous 

' writers who have commented upon the specificity of each individual's haemo¬ 
globin 

(v) Physiological Application of the Results —The main physiological interest 
of the results centres round the question “ Can the combination of O a with the 
hemoglobin m the red-blood corpuscles proceed so fast as not to retard, to 
an appreciable extent, the entry of oxygen into the blood as it passes through 
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the lung capillaries ? ’ Calculations, based on the values of the velocity - 
constants obtained m this papet (which have not, as yet, however, been proved 
by experiment to be valid for the highly concentrated Hb solutions in the 
red-blood corpuscles) indicate that under most circumstances the answer to 
this question is in the affirmative The full details of the assumptions involved 
are to be given later in a paper by one of us 

V —Further Considerations in bboard to the Chemical Kinetics of the 

Reaction 

(A) The possible Existence of Aggregates m Solution —-The assumption that the 
reaction can be expressed by the equation 1 mol 0 2 + 1 mol Hb 1 mol 0 2 Hb 
was submitted to experimental verification and survived a considerable 
number of tests in Section II In order, however, that such an assumption 
should be justifiable, it is prma facte essential that the molecule both of 
haemoglobin and of oxyhemoglobin should only contain one atom of 
iron, since, as Peters (9) has shown, the number of molecules of oxygen with 
which hemoglobin can comhine is equal to the number of atoms of non which 
it contains The molecular weight of haemoglobin, in the event of there being 
only one atom of iron in the molecule, should amount to about 16,700, but 
recent measurements of osmotic pressure by 6 8 Adair* go to show that the 
molecular weight, both of haemoglobin and of oxyhaBmoglobin, in dilute solution 
must be about 66,700 Adair therefore concludes that haemoglobin and 
oxyhemoglobin must both be present m the form of aggregates, which may 
be written Hb 4 and (0 2 Hb) 4 (where Hb and OfHb refer respectively to the 
equivalent weight, t e., that weight which contains one atomic weight of iron) 
and that a partially saturated solution of haemoglobin might not only contain 
(Hb) 4 and (0 2 Hb) 4 but also contain aggregates of intermediate composition, 
ie [Hb (0 2 Hb) 2 J [Hb t (0,Hb) 2 J, [Hb,.0 2 Hb] 

Even in this contingency we oan, with the aid of a few additional and by no 
means improbable assumptions, arrive at the equation which was found 
satisfactory in Section II, namely, 

= k' (0 2 ) (Hb) - it (O s Hb) 

(i) The test described in Section I showed that the a-abeorption band of 
a single solution, which was ascertained by independent means to contain 
x equivalents of oxyhemoglobin and 100-x equivalents of reduoed hemoglobin, 

* Communicated privately to the Authors 
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was identical m position with the a-band of an optical mixture of two solutions 
containing x parts of fully saturated oxyhemoglobin and 100-3 parts of reduced 
haemoglobin respectively, for several different values of x We must therefore 
corn hide that the reversion spectroscope does give us the 

total number of “ equivalents M of (OaHb) 
total number of “ equivalents ” of Hb 

m any given solution whether these equivalents are combined together in 
aggregates or are separate from one another 
Let us take a particular case for the sake of illustration Suppose that all 
the haemoglobin is present m aggregates containing four equivalents, % e , 
that \vf may have in solution 

(Hb 4 ), (Hb 3 Ogllb) (Hb* |O a HbJ 2 ) (Hb [0 2 Hb] a ) ([0*Hb 4 ]) 

Then the total rate at which the number of equivalents of 0 2 Hb will increase 
will be given by an equation 

® =(0 2 ) U' 4 (Hb 4 ) hr^HbatO^bJ) ~f-A-' 2 (Hb a [O a Hbj,) H-F^Hb],)} 

k i \([ O t Hbi i ) + k 3 m [OjHbJa) + ^(Hbj [OjjHbJj) 

4 ^i(Hbj[OgHb])} 

provided that the chances of two or more oxygen molecules combining or 
dissociating simultaneously from an aggregate are so small as to be 
negligible Now if 

* (a) the portions of each Hb and OjHb grouping which combine together 
to form aggregates are sufficiently far removed from that part of the 
htemochromogen grouping which combines with O a And if, also, 

(b) the O t molecule must hit this sharply localised part of the hsemo- 
chxomogen grouping in order that a combination should take place, 

then it is not unreasonable to suppose that the chance of an O s molecule 
combining with an Hb 4 aggregate (which has four “ free spaces ”) is four tunes 
greater than the chance of an O a molecule combining with an Hb [0|Hb]a 
aggregate (since the latter has only one * free space ”) and, therefore, that 

as ^ = on similar grounds 
4 1 2 3 

For the same reasons it may be plausibly assumed that 

li Is Jtm hi 
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On these suppositions, therefore, d/dt (total number of equivalents of OfHb) 

- k\ (0,) {4 (Hb 4 ) + 3 (HbjfOjHb]) + 2 (HbJO.Hb]), + (Hb.[0,Hb],)} 

- k {4 ([OgHb] 4 ) + 3 (Hb [0,Hb],) + 2 (Hb 2 [0,11b],) + (HbrfO^b])} 
or d/dt (total number of equivalents of 0,Hb) 

— (0,) k\ (total number of eqmvalents of Red Hb) 

- Jb, (total number of equivalents of 0 a Hb) 

It is not diihcult to see that similar assumptions as to the relations between 
the velocity constants lead to exactly the same equation, whatever the number 
of eqmvalents present m the aggregate Nor is it necessary that all the 
aggregates should contain the same number of equivalents 

(B) The Temperature Coefficient of the Reaction -The experimental tests 
described in Sections II and IV have forced upon us the conclusion that the 
absence of any appreciable effect of temperature on the reaction is a genuine 
phenomenon, and not due to any instrumental defects It becomes necessary, 
therefore, to seek for some physico-chemical explanation of this interesting 
result 

It is true that the velocities of many chemical reactions hitherto studied ha\ e 
a temperature coefficient for 10° C of from 2 to 3, and at one time a process 
with a temperature coefficient little, if at all, greater than unity would have been 
unhesitatingly classified a “ physical ” one Recent work, in particular that 
of Langmuir (10), has, however, shown that the distinction between “ physical ” 
and “ chemical '* processes is an illogical one The measurements by Lajig- 
muir (10) of the rate of combination of CO with 0, in the presence of heated 
platinum filaments provide a close analogy with those described by us in the 
present papers Langmuir found that at temperatures between 600° C and 
800° C, and in presence of excess of 0„ the rate of combination of CO with 
0, was proportional to the presence of CO and practically independent of 
temperature His theory was that under these circumstances the platinum 
filament became almost completely covered with a monomolecular layer of 0, 
molecules, and that bvkry collision between a CO molecule and an oxygen atom 
of this monomolecular layer resulted in the formation of a molecule of CO, 
By means of Hera’s equation (derived from the kinetic theory of gases) 
Langmuir calculated the actual number of such collisions, and compared there* 
with the observed rate of formation of CO, molecules The agreement was as 
good as could be expected 

We suggest that a similar theory may be applicable to the combination of 
0, with heomoglobin It is probable that combinations between 0, and 
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haemoglobin can only be brought about by those collisions m which the O a 
molecule strikes a certain shat ply localised jiortum of the luemochromogen 
grouping m the neighbourhood of the iron atoms But if Wassume that all 
such collisions result m combinations, then it is clear that the only way m 
which a nse of temperature could accelerate the reaction would be by increasing 
the actual number of collisions per second Since, according to the kinetic 
theory of gases, the number of collisions per second is proportional to the square 
root of the absolute temperature, it will readily be seen that the temperature 
coefficient per 10° C would, on this theory, only amount to about 1 02, and 
would, therefore, be mdetectable by our present methods 
Unfortunately we, at present, know nothing of the size or the nature of the 
“ free space*” which the oxygen molecule must hit, in order for combination 
with the hemoglobin molecule to ensue Nor do we know whether the O a 
molecule must possess any special internal orientation (e g , must the Ime joining 
its two constituent atoms be perpendicular or parallel to the surface of the 
haemoglobin molecule ?) at the moment of collision It is not, therefore, possible 
to compare observed velocities with those calculated on the basis of the theory, 
as was possible m the case of Langmuir's experiments Nor has any other 
method of testing the theory yet presented itself There is, however, one fact 
which ib not inconsistent with the theory, though it has no evidential value In 
a paper to be published shortly, we have made a similar set of measurements 
upon the velocity with which carbon monoxide combines with heemoglobm 
The velocity constant for this reaction (i e , &' C o+ub) is only about one- 
fifteenth of jfc'o a +Hb at p K 7 2 and 15° C Assuming, as is generally held, that 
00 combines with heemoglobm at exactly the same spot as O a , then, on the 
above theory, if Jfc'oo+nb = 1/15 only one-fifteenth of the collisions 

between 00 and the sharply localized portion of the hemoglobin molecule 
result in combinations at 15° C* If so, then there is scope for an increase in 
jfc'oo with nse of temperature This was found to be the case Observations 
showed that i'oo+iib had a normal temperature coefficient of about 2 

Our thanks are due to the Medical Research Council for defraying in part 
the expenses involved m this research * 

SUMMAKY 

Section I 

In order to measure the velocity of combination of reduced heemoglobm 
and oxygen it was necessary, m the first place, to devise methods of preparing 
vol ovn —a. 3 B 
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large quantities of reduced haemoglobin solution and oxygenated water Three 
methods were used m the preparation of the formei (]) Thu rolling method , 
(2) the vacuum spray method, (tt) the (liemical method, eg, by means of 
ammonium sulphide In the preparation of the oxygenated water the first 
two methods were also used 

Experiment showed that the velocities obtained by causing these solutions 
to react were independent of the methods of preparation that had been 
employed 

The measurement, at different cross-sections of the observation tube of the 
velocity apparatus, of the percentage of O t Hb in solution was effected by 
means of the reversion spectroscope 

The accuracy of the method was confirmed by comparing the vafnes obtained 
spectroscopically for a number of mixtures of known concentration of reduced 
and oxyh Hemoglobin 

Suction II 

The reaction between oxygen and reduced hemoglobin was found to be 
very rapid, the time for half completion being 1/100 to 1/1000 of a second 
Stringent tests of the velocity apparatus showed that it was adequate for dealing 
with such high velocities 

The velocity constants obtained with different cow entrations of haemoglobin 
and oxygen at Ph 7 (where un-iomsed molecules predominate) and at Pa 10 
to Pa 11 (where the ionised modification is m excess) agreed in showing that 
the reaction is a bunolecular one 

Section III 

The investigation of the relationship between the two velocity constants 
and the equilibrium constant gives a very crucial test of our previous con* 
elusions and methods The filling of the tonometers with the correct gas 
mixtures required an elaborate technique which is described in detail. The 
experiments showed, firstly, that the dissociation curve (in dilute solution) is 
very closely of a hyperbolic character, and, secondly, that the quotient of the 
two velocity constants is equal (within the limits of experimental error) to the 
equilibrium constant 

Section IV 

Neither change of salt concentration, hydrogen-ion concentration nor of 
temperature was found to have any marked effect on the velocity of the 
reaction. The low-temperature coefficient both at Pa 7 and P* 10 suggested 
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that the reaction might he a photochemical one Experiment showed, however, 
that such was not the case 

In view of the small effect of P H on the oxidation velocity, the onus of 
accounting for the effect of P H on the equilibrium constant must fall mainly, if 
not entirely, upon the reduction velocity constant 

Section V 

The possible existence of aggregates in solution has been examined The 
conclusion we have reached is, that the presence of such aggregates will not 
affect the velocity of oxygen uptake so long as the part of the haemoglobin with 
*hich the oxygen combines is sharply localised and far removed from the part 
of the grouping which forms aggregates 

If in addition we assume that every collision of oxygen with this localised 
portion result* in combination, we show how an explanation of the low- 
temperature coefficient of the reaction can be explained 
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The Structure of Molecules in Relation to their Optical 
Anisotropy .—Part I. 

By R R Ramanathan, M A, D Sc , Assistant Lecturer in Physios, 
University College, Rangoon 

(Communicated by Prof C V Raman, M A , D Sc , F R 8 —Received June 23, 

1924 ) 

One of the most significant facts relating to the scattering of light m gases 
is the imperfection of polarisation of the light scattered in a direction 
perpendicular to the incident beam The late Lord Rayleigh* and Bornf 
explained this phenomenon aB being due to the optical anisotropy of the 
molecule, that is, to the fact that the polarisation induced in a molecule depends 
on its orientation with respect to the electnc vector in the incident light. 
Lord Rayleigh’s theory does not go into the question as to how the amstropy 
arises, but merely assumes that there are in each molecule three principal 
directions of vibration, along which the induced polarisations are different 
If A, B, C are the moments induced in a molecule when its three principal 
directions are respectively along the direction of the eleotric vector in the 
incident light, then the ratio of the weak component to the strong in the 
transversely scattered light is given by 

... 2(A« + B» + C»)- 2(AB + BC + CA) m 

4(A« + B* + C) + AB+BC-f CA w 

We now possess reliable measurements of the imperfection of polarisation 
m many gases and vapours, from the work of Lord RayleighJ and of Raman 
and Rao§ Recently there has been earned out at Calcutta further 
measurement of the same quantity, in a series of organic vapours, by Mr 
A. S 6anesan.|| Some of these results are collected together in Table I. 

An examination of the table shows clearly the influence of the nature of the 

* Rayleigh, 'Phil Mag,’ vol SB , p. 373 (1918). 

t Bom, ‘Verb Deutsoh Phys Oesell,’ vol 20, p. 18 (1918) 

t 'Roy Soo Proc.’A, vol. 97, p. 438 (1920); vol 98, p. 87 (1(00), vol. 102, p 190 
(1923) 

| ‘Phil Mag,’ vol 48, p 427 (1923). Measurements hare also been made by flans 
(• Ann der Physik,’ vol 88, p 97 (1921)), and J. Cabatmes (Jour, da Physique,’ vol 4, 
p. 426 (1923)) 

|| Not yet published. 
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Table I. 



Weak component 

Author 


Strong component 

Argon 

0 46 

R 

Mercury 

Helium 

Approximately complete 

R 

R 

Hydrogen 

3 83 

R 


3 6 

R and R 

Oxygen 

0 4 

R 


8 4 

R and R 

Nitrogen 

4 06 

R 

CO 

3 4 

Ramdas at Calcutta (not previously 
published) 

COj 

11 7 

R 


10 6 

R and R 

N 5 0 

16 4 

R 


14 3 

R and R 

08, 

12 0 

R (earlier work) 


16 7 

G 

Ootane 

2 7 

G 

Bensene 

6 6 

G 

CC1 4 

.. i 

l 0 

G 


R ** Lord Rayleigh R and R ■=* Raman and Rao G Ganesan 


molecule on the value of the imperfection Sir J J Thomson 1 * has made 
suggestive attempts at connecting the variation of r with the departure of 
the shape of the molecule from spherical symmetry, but although among the 
mono-, di- and tnatomic gases the value of the imperfection increases in general 
with the number of atoms m the molecule, this is by no means always the case 
For example, octane, which is supposed to have a long molecule, shows even 
less imperfection than any of the diatomic gases u the table. It is, however, 
significant that in the case of the monatomic molecules, the imperfection is 
very nearly zero, and that among the polyatomic molecules, the smallest 
value of the imperfection is obtained for carbon tetrachloride, a molecule 
in which the chlorine atoms are presumably arranged at the comers of a 
regular tetrahedron. 

The last-mentioned example suggests that a new way of approaching the 
problem u by considering the mutual influence of the different atoms 
composing a molecule For example, in a diatomic taoleoule, when the electric 
vector is parallel to the line of centres of the atoms, the resultant polarisation 
would, owing to the mutual influence of the polarisations induced in each 
atom, be greater than if the atoms were far away from each other, while when 
the electric vector is perpendicular to the line of atomio centres, the polarisation 

• 'Journal of the Franklin Institute,' vol 198, p. 748 (1983). 
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* 

would be smaller On this view, a diatomic molecule must neoessanly be 
anisotropic With molecules containing more atoms, the anisotropy will 
depend on the nature and arrangement of the constituent atoms, and it may 
well be small even with long molecules The recent success of Prof W L. 
Bragg* m explaining the double refraction of calotte and aragonite on 
somewhat similar lines makes it worth while to examine how far we can explain 
the observed effects by considering the mutual influence of the atoms. 


lhatomic Molecules 

We shall assume that each atom by itself is isotropic, and that when placed 
m a periodic electric field behaves like a vibrating doublet placed at some point 
within the atom which we may call its “ optical centre ” Considering first 
the case of a diatomic gas like hydrogen in which both atoms are similar, let 
e be the charge on each equivalent doublet, m the mass of the vibrator and 
* the displacement When the electric field E acts parallel to the axis of the 
molecule, the total electric intensity acting on one of the charges will be 
E 4 - 2«tx/d* where d is the distance between the optical centres of tiie atoms 
Hence 

+fxi — e (E + 2«* 1 /d 8 ) 


where/is the restoring foroe on each oharge per unit displacement 
When the periodicity of the electric intensity is introduced through the 
factor cos pt 


e*/m 


E, 


( 2 ) 


6X1 ~~ n* — p* — 2ety»id* 

where w* — fjm 

The electric moment for the two atoms together is 

AE = 2c*!. 

Similarly, when the electric field acts perpendicular to the axis of the molecule, 

BE - 2c*, = t—E. 

n* — p® e*/rnd* 

When the molecules are onented at random, the average value of 2es will 
be given by 

2=-(|+f)B 


* W L, Bragg, * Hoy Soc Proo / A, vol 105, p. 370 (1034) Reference may also be 
made to a senes of interesting papers by Dr Silberstmn in 4 Phil Mag.,* January, 1017* 
on 44 Molecular Refraotivity and Atomic Refraction, 1 ’ etc. 



Molecules in Relation to their Optical Anisotropy. 687 


and the refractmty 

_ f _2_._4_ 

3m l n* —• p* — 2^/md* n* — p* -f- e*/md*J ’ 

where v is the number of molecules per unit volume. Writing 


and 


4*ve* t> 

p 4 ") -R ° 


2»wP 




it is easy to put this mto the convenient form 




3 ll -R„A; 1 + fR^ 


:}• 


(3) 


The optical anisotropy which may be defined as A/B is given by 


A„ L± i M 

B I - Rah 


(4) 


We Bhall now consider a few simple cases 

1 Hydrogen -From our assumption of the isotropy of each atom, the 
molecule should have spheroidal symmetry We can therefore wnte in equation 
(!) B «= 0, and we get 

2(A 8 + B* —2AB) 

4A* + 9B* + 2AB 


Taking r for hydrogen to be 3*7 per cent and solving, we get 

A/B -1-66 or 0-543 


Consistently with our physical assumptions we adopt the first value, and 
from (4) we calculate R Q & -» 0 3047 Using this value in (3) and taking 
R to be 0-0002812 (Cuthbertson’s value for 0 486 p), we get 

R = 1-328 X 10-* 
and k = 2-293 x 10», 


leading to a value d 1 37 x 10~* cm * This may be compared with the 
value of the molecular radius calculated from mean free path phenomena 
1 34 x 10"* orn t 


* p has boon assumed to be 2 708 X 10 l * per o.o. 
t Jeans, ‘Dynamical Theory at Oases,’ second edit, p 341 
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. % Nitrogen —r= 4*06 per cent A/B = 1 -696. R^ =* 0*3169 from (4). 

Taking R to be 0*0006024 for 0*486 ft and using (8), R# == 2*832 X 10“ 4 , 
1*119 x 10* and d= 1*90 X 10~*cm. 
while the kinetic theory free path value of the “ radius ” of a nitrogen molecule 
is 1 90 x 10“* cm. 

3 Oxygen —For this gas we shall take r -89 per cent, the average of 
the values obtained by Rayleigh and by Raman and Rao 
The corresponding value of A/B — 2 211 and R 0 & — 0 4466 

Taking R - 0 000547 for 0 486/< and R 0 = 2 384 x 10~* 
k= 1 874 X 10 s and d~ 1 46 X 10~*cm., 
while the mean free path value of the molecular radius is 1*81 X 10“ 8 era 
As will be noticed, while the kinetic theory diameter of an oxygen molecule 
is somewhat less than that of a nitrogen molecule, the distance between the 
optical centres seems to be much smaller in the former case 

Trutiomtc Molecules. 

Turning now to the case of a tnatomic molecule like N,0, C0 2 , or CS 2 , we 
can calculate its refractmty and optioal anisotropy provided we know the 
structure of the moleoule, the refraotivitiea of the constituent atoms and the 
distanoe apart of the optical centres For example, in the case of N,0, let 
us suppose that the atomic centres are m a straight line, the oxygen being at 
the centre and let denote the charge on the equivalent doublet in the nitrogen 
atom, m 1 the mass of the vibrator and/i the restoring force per umtdisplacement. 
Let similar symbols with suffixes 2 denote the corresponding quantities in the 
oxygen atom Then, when the electric field is parallel to the length of the 
moleoule, the equations of motion of the charges in the nitrogen and oxygen 
atoms are respectively 

m »'i +/i*i = «i 4* —jjjf* + 

where d is the distanoe between the optical centres of the oxygen and nitrogen 
atoms. 

Introducing the periodioity of the electric intensity through the factor oos pt 
and solving for e x xi and e^e t , we get 

- _ _ Ri 1 4* hi 

11 4*v 1 -R 1 */8-2RjR*P 1 ’ 


( 6 ) 
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where 


and 


b,— 


mi («!* — p») 


Ri 


■ 

«*(«»* 


?•) 


and £ = 


2*wP’ 


«a*a = 


B n 1 +15/8 Rife r 
4«v ] - R^/8 - 2R 1 R a P ri ‘ 


The total moment along the length of the molecule is 


2«i*j + ejfy — 


2 Ri + R» + 31/8R 1 R,^ E 
l - Rtife/8 - 2R 1 R s fc* 4pv 


AB, say 


Similarly, when the electnc mtetunty is perpendicular to the line of atomic 
centres, the equations of motion are 


m i'i ~hfi&i ■*= ?i(E — 


Solving, 

, i!Ci=5 «l _1 =M1* _ 

4tiv 1+R 1 */16-iR,R^* 
and 

Jk 1 - 15/16 R,X. 

**** 4jtv 1 + R,*/16 - iR,R^* 


and the corresponding moment is 


2?!*] + c*®a — 


1 2Ri-f R,-31/16 RiRaifcp 
4»v 1 + R^/16 - iR.Raifc* 


= BE 


As in the case of the diatomic molecules the refractivity is given by 


/i*-l -*wv(£ + T*)-R,say, 

l 9Ri 4- Ra + 31/8 RiRsft , , 2Ri + lb — 31/16 R 1 R < fc m 
" * 1 - Ri*/8 - 2R 1 R,t* ^ f 1 + Ri*/1« - iRiR*** ’ ' 


and the optical anisotropy as we have previously defined is 

A/B _ 2R 1 + R, + 31/8R 1 R i fc l ± ~ 

1 1 - R:A/8 - 2R X R^* 2Ri + R* — 31/16 RjRtfc 


( 8 ) 


To calculate A/B, we require to know R lt R a and k We have no direct 
mins of determining any of these quantities, but let us tentatively assume 
that the refraotivities R, and R a appropriate to the nitrogen and oxygen atoms 
are the same as in the respective molecules of N a and O a The known 
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refractivity of N,0 will then enable us to calculate k from equation (7). The 
equation can be put in the form of a bi-quadratic :— 

A 4 R8 2 — k* (Ry8 + p8) - k* (6R8 - 3a8 + 2Ry* + 2$y) 

— k (2Ry — 2ay) + 4 (R — a) — 0, 

where 

* — 2R X + R* p = 31/8 RiRg 
y — Rj/8 and 8 —— 2R^Rg 
Taking R =10 28 X 10~ 4 (for X ® 0-48M 

R x = 2 832 X 10~« 
and R s = 2*384 X 10~ 4 , 

the equation becomes 

1874V - 402 4/!» - 389V - 1 58/ci + 8 928 = 0, 

where 

ki vm k x 10~ 4 

The only root of this equation consistent with our physical assumptions is 
k-~ 0 1460 X 10 4 , which leads to a value of d = 1 69 X 10~*cm 

From (8), 

A/B - 2 80, 

and hence r = 14 1 per cent, while the value experimentally obtained by Lord 
Rayleigh was 16 7 per cent and that obtained by Raman and Rao was 
14*3 per cent Without laying too great stress on the numerical agreement, 
it seems to show that the general idea of the method is correct 

Carbon Dtoxtde. 

We shall now take up the case of carbon dioxide. Since we have no direct 
means of determining the refractivity to be attributed to oarbon m the molecule 
of oarbon dioxide, we have to derive it from some other source We may 
take the refractivity of carbon as derived from saturated organic compounds, 
but since it is likely that even there its value is likely to be influenced by the 
proximity of the neighbouring atoms, it is better to derive it from a source 
where the influence of the neighbouring atoms vanishes In a crystal of 
diamond there is regular tetrahedral symmetry, and each carbon atom is bound 
by one electron each to its four nearest neighbours We may adopt the value 
of the atomic refractivity of carbon in diamond for our p r ese nt case, since 
here also all the four outer electrons of carbon are presumably bound up with 
the neighbouring oxygen atoms. 
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The refractive index of diamond for 0*480/* is 2*4370* and taking ite 
density to be 3 614, 


/*/-! M 

/*i* + 2 * p 


2*124, 


where M is the atomic weight of carbon and p is the density of diamond. The 
corresponding value of /** — ] for free carbon atoms at 0° C and 76 om. 
pressure is given by 


121 1 Jl016_ 

" 3 * 8 987 X 10-*’ 


where 2 016 is the molecular weight and 8 987 x 10~® is the density of 
hydrogen 

Hence R, = p* — 1 = 2*841 X 10~ 4 

Using our previous value of R for the oxygen atom from its value in the oxygen 
molecule, and making use of equation (7), we obtain the appropriate 
biquadratic — 

1663*/ — 392*/ - 322*/ — 0 865*, + 5804 = 0, where *, = * X 1<T 4 , 

in which the refractive index of CO, at N T P has been assumed to be 1 *000453 
The physically relevant root of the equation gives 

*=0 1284 x 10* rf = 1 • 66 X 10 _ * cm , 
and hence A/B = 2 42 

The imperfection of polarisation iu a direction transverse to the incident 
light comes out as 10 8 per cent, which may be compared with Rayleigh’s 
experimental value 11 7 per cent, and Raman and Rao’s value 10*6 
per cent. 

The distance between tbe optical centres of the two nitrogen atoms in nitrous 
oxide is thus 3*18 x 10” # cm , and the corresponding distanoe between the 
centres of the two oxygen atoms in CO, is 3 32 X 10~* cm Viscosity measure¬ 
ments indicate that the mean free-path size of the two molecules N,0 and 
CO, is practically the same Since the size of the mtrogen molecule is larger 
than that of the oxygen molecule, the increased distance between the atomic 
centres in CO, is compensated by the smaller size of the oxygen atoms. 


Carbon Disulphide. 

We may expect that carbon disulphide has a constitution similar to carbon 
dioxide, and if we know the atomic refractivity of sulphur, we can calculate 
* Landott-BOrnstein, * Tabellen ’ (Martens), 1923 Edition, p. 018 
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the anisotropy of carbon disulphide, and hence the imperfection of 
polarisation of the transversely scattered light in its vapour. We may adopt 
the following empirical method of calculating the refractmty of sulphur 
The refractmty of HjS for 0 486 ft, is 18 • 12 x 10* *, and since the refractivity 
of hydrogen is small compared with that of sulphur, we may to a first approxi¬ 
mation obtain the value for sulphur by subtracting the refractivity of H t 
from that of H 2 >S We thus get R — 10-31 x 10* 4 Using the same value 
for the refractivity of carbon as in carbon dioxide, 

R s =r- 2-841 X 10 * 

We do not possess data for the refractmty of carbon disulphide vapour at 
wave-length 0 486 u, but from its refractivity for 0 689 ft and its dispersion 
in the liquid state, we tan easily calculate /i s — 1, for 0 486 fi We thiu get 

R = 30 70 X 10“* 

Making a similar calculation as m the two preceding cases, 

A=7-18xl0 2 and d — 2 02 X 10" 8 cm , 
and A/B = 2 61, and r = 12*6 per cent 

The imperfection of polarisation obtained photographically by Lord 
Rayleigh in his earlier work was 12 per cent, while that obtained visually 
by Qanosan at Calcutta was 16-7 per cent The latter value is probably 
entitled to greater weight, as m this case the illumination of the vapour was 
limited to a time just sufficient for the observation to be taken, and thus the 
chance of formation of olouds was reduced to a minimum The difference 
between the observed and calculated values is no doubt to be attributed to 
the uncertainty m the values of the atomic refractivity. 

The general agreement, however, m the three cases investigated makes it 
fairly certain that a large part of the optical anisotropy of gaseous molecules 
arises from the mutual action of the atoms of the molecule. It is thus of great 
importance to extend the investigation to the case of other molecules, 
particularly in the organic region, where the influence of the structure of the 
moleoule on the anisotropy stands out conspicuously 

Summary. 

In the foregoing paper, the view is put forward that the optioal anisotropy 
of gaseous molecules, as revealed by the polarisation of the light scattered 
from them, is due to the mutual action of the doublets induoed by the incident 
light in the different atoms constituting the molecule It is assumed that each 
atom by itself is isotropic 
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From the known refractovity and polarisation of the scattered light in 
hydrogen, mtrogen and oxygen, the atomic refractivities and distances between 
the optioal centres in the molecules are deduced These distances are consistent 
with the size of atoms deduced from the kinetic theory 

The investigation is extended to the three tnatomic gases, N 2 0, C0 2 and 
CS a , and an expression is deduced for the imperfection of polarisation of the 
transversely scattered light in terms of the atomic icfractivities of the 
different atoms and the distances apart of the optical centres The calculated 

values of the imperfection are in satisfactory agreement with experiment 

• 

I have groat pleasure in acknowledging my indebtedness to Prof C V 
Raman, at whose suggestion the above work was taken up, for his kind interest 
and helpful advice 


On the Alternating Current Resistance of Solenoidal Coils * 
By S Butter worth, M Sr 

(Communicated by F R Smith, F It S —Received December 10. 1924 ) 

1 Introduction 

In a paper published some tunc ago by the present wnterf a formula was 
given for computing the alternating current resistance of single-layer coils 
m which the spacing of the wires is not too dose. Recently Mr C. N Hick¬ 
man]: has made a comparison between the measured and computed values of 
the resistance of solenoidal coils and has used the above formula • Owing 
mainly to a misconception in regard to the scope of the formula, he came 
to the condumon. that the formula could be in error by as much as 300 per 
cent. It has been pointed out, however,! that when tho formula is legitimately 
applied the discrepancy is reduced to 30 per cent 
In order to account for the outstanding difference it is necessary to extend 
the theory so as to include closely wound coils This extension has been 
made in the present paper, with the result that the difference between theory 

* The author is indebted to the Admiralty lor permission to publish this paper 
t ‘ Phil Trans. Boy Soe.,‘ A, vol 222. p. 57,1921 
X ‘ Scientific Paper Bateau of Standards,’ No. 472. 

§ 1 Phys. Rev,’ June, 1924, p. 752. 
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uud Hickman's observation# is now reduced to an average value of 7 per cent 
There are still outstanding differences, but these occur at much lugher frequencies 
than those used by Hickman, and are probably due to want of uniformity of 
current distribution throughout the coil 


2 Vrdmirwry Theory 

The following equations, which were established in the author’s previous 
paper, are required m the present investigation 
Let a long non-magnetic conducting cylinder of radius c be placed m a 
magnetic field alternating with frequency g>/2tc The direction of the field 
is taken to be perpendicular to the axis of the cylinder, and it is assumed 
not to vary throughout the length of the cylinder Let cylindrical co-ordinates 
r, 0, z be taken, having the axis of the cylinder as the axis of z , then if P 0 e <w< , 
be the rotors representing the components of the field in the directions 
of increase of r and 0 when the cylinder w absent, 


P 0 —Sr 11 " 1 (K /t sin wU -f L„ cos //()) 

[ (D 

Q„ -- 22 r n ~ l (K„ cos «0 - L„ sm nO) 

n-l 

m which K n , L s are in general complex coefficients independent of r and 0 
but depending on the form of the field The eddy currents induced in the 
cylinder by the alternations of the field introduce a disturbing field whose 
components are represented by the rotors PjC*"*, Q 1 e , “‘, such that 

Pi -= 22 4^1 ( K » mn w0 + cos m8) 

« “ 1 T 

• * c *» “ 

Qi = 2 — Xn (K* cos nO — L„ sm »0) 

«»i 

in which ___ 

X» = ~{<k (*) + l'}'- (*)} “ J .+1 (V - t2)/J*-x (V^t z), (3) 

2 * = 4jrAo»*, (4) 

and J* (x) is Bessel’s function of order n. 

The energy dissipated in unit length of the cylinder in unit time is given 
by 

W-i«S {(KJ* + (I*)*}(5) 

ft a* 1 

where (K„), (LJ represent the amplitudes of the coefficients K», L,. The 
properties of the functions have been discussed in the author's 
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previous paper The sign of <f> n has been changed m equation (3) in order to 
make it always a positive quantify If tin cylinder carries a current whose 
integral value is I we must add to Q t the term 2 T/r an«l to the energy dissipa¬ 
tion equation (5) the form 

W 8 = 2 coI* (1 + H.) = JB.P {1 + F (*)} ( 6 ) 

in which R,, is the direct current resistance of the cylinder per unit length and 
F (z) = iz'ty* 

These equations will be used to determine the losses in a single-layer plane 
system of equidistant parallel wires infinite in number— 

(a) When the wires carry equal currents 

( h ) When the wires are placed m a uniform field parallel to the plane of the 
axes but normal to the directions of the axes 
(c) When the wires are placed in a field normal to the plane of the system 
It will then be shown how to combine the solutions of these three problems 
to determine the eddv current losses m a solenoidal coil having a large number 
of turns 

3 Problem A 

Let the cylinder of the previous section be one wire of an infinite single-layer 
system of coplanar parallel wires, each carrying a current I, the distance of 
successive wires being I) Then, if the plane of the system be taken as the 
plane 0 — 0 , we have from the nature of the symmetrv 

L n = 0, K x = S 3 — = =0 

The vertical field at a point r, 0 in the neighbourhood of the wire under con¬ 
sideration, is made up of two portions, 

+ + , (7) 

and 

, ( 8 ) 

the former portion being due to external causes (that is, to the currents in the 
remaining wires), and the latter is due to the current distribution in the wire 
in question. 

Smoe the distribution is similar in each wire we may obtain an alternative 
expression for Qq by replacing r in (8) by D -f r, 2D + r, D — r, 
2D — r,.. and summing the results, noting that the fields due to wins 
on opposite rides of the wire under consideration are m opposition If 
the resulting sum is expanded in powers of r/D the expression for Q, m 
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identical in fonn with equation (7), ho that the coefficient of r* m the aeries 
must be equal to K w+1 We are thus led to an infinite senes of equations to 
determine the coefficients K % These equations are most simply expressed 
as follows — 


(1 (2 Y* - 2 (YjSg + Y*S 4 ^ Y 4 S, + ) Xa ' 
fi* 11Y 4 * 2(Y„S 4 + Y 8 S 8 | YA+ )Xi > 
|B !« - 8(TA hYA + YJB # + ) X8> 

in which 


<») 


Y 0 = 2I, Y, = - kKSIlV 
S »“ |n — 1 (c/D)*g„ a„ — l~ n -I- 2~" -)- 3“* -f 

In the name notation, if W A represents the energy dissipated in unit length 
of one of the wires, 

w L - ie> |sp jl + (8) j 4 s . (11) 

Tho exact solution of equations (9) is probably impossible We therefore 
proceed to attempt to obtain an approximate solution Taking the «w. of 
“ infinite ” frequency, for which x» — ~ It 

— «4'i ~ »F (a) R«/« , 

by (6) we have for the losses, 



W A - IRo [{1 +F( 2 )}I 2 + p(*)S(Y.) , <|n)*], (12) 

while th© values of Y n are determined from (9), m which Xa = /i - = — 1 

Equation (12) may be further simplified for this case, smcc F (z) is very 
large Then by (b) 

|j = i+«(S>)*<K (is) 

The values of Y w are found by successive approximations of (9), neglecting 
Y 4 , m the first approximation, Y e , Yg . m the second approximation, 
and so on. When the resulting values of Y n are substituted m (13) the following 
results are obtained for the case of touching wires (2c[D = 1) — 

No of approximation, 1 2 3 4 5 6 

W A /W fi 1*684 1 697 1-704 1*703 1 704 1-703. 

A similar calculation for the case 2c [D « 0*9 shows that the first approxtma* 
tion will give results within 1 per cent, of the true value. It may therefore 
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be inferred that when the frequency ip not infinite and when the spacing does 
not exceed 0*9 it ut sufficient if we neglect Y 4> Y e in equation (9). For 
“ infinite ” frequency and for any spacing the following table holds — 

Table I 

W A — loss in one wire of infinite system 
W B loss in solitary wire 
d - - diameter of wire — 2 c 
D - distance of successive wues 


r//I) 

0 1 

0 2 

0 s 

0 4 j 

o r» 

0 0 

0 7 

0 8 

0 0 

1 0 

Wa/W* 

1 000 

1 002 

t Oil 

1 034 

1 080 

1 I0H 

1 270 

1 400 

1 556 

1 703 


For finite frequencies the first approximation yields the following formula — 

W A — }R„I 2 (1 -MF) (H) 

in winch 

X -- 1 1- jjj + 6101^2 (15) 

H 0 — direct current resistance of wire 
F, </> 2 , i{/ 2 ure functions ol s tabulated in the appendix 

"a l- 9 -|~2- 2 + 3- 2 + 
ff 4 = 1~ 4 + 2~ 4 -f 3~ 4 1 = 7t*/90 

d - diameter of wire. 

D = distance of successive wires 

It should be noted that this formula will not hold for a bounded system unless 
the wire is central For non-central wires there is also a transverse field acting 
on the wires 

4 Problem H 

If the wire system carries no nett current, but is acted upon by a uniform 
alternating field parallel to the plane of the system but normal to the axes of 
the wires, then considering the components P, Q in the neighbourhood of one 
wire, these components reverse in sign when 0 increases by n, and, the plane of 
the system being the plane 0 = 0, 

K„ — 0, Lj =• L 4 — Lfl = =0 

Following the same method as in Section 3, the radial field at tbo point r, 0 
is made up of 

p 0 * Vf-V + V-f-.. » (i«) 

VOL, OVTI.—Jl. 3 0 
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due to causes external to the wire of reference, and 


Pi-^LiXi + 5 L a/»+V L ^ + 


due to the eddy currents in this wire 

Adding the fields due to all the remaining wires to the external field (repre¬ 
sented by the rotor He*"*), expanding in ascending powers of r/D and equating 
coefficients of r°, r a , r 4 to L v L 3 , L fi , the equations to find L 1( L 3 , in terms 
of 11 are found to be 

Yj = Hcfo -f |q|j & ”1** ^ 

Yj jjfex.OTA + Yja, I YA+ ) ► , ( 18 ) 

y 5 ^5 X5 (YA f YA + y„s 10 f ) 

the notation being defined by equations (10), L n replacing K ft In the same 
notation the energy W B dissipated in unit length of one wire in unit tune is 

W B ~ico S (19) 

« = i (AJ* // 

By the same procedure as m Section .1, equation (19) becomes 

W,-JF(*)H, S (¥„)•(!«)* (20) 

// - l 

when the frequency is very high, and in (18) /„ becomes - 1 Under these 
conditions it is clear from (18) that Y„/Hc depends only on t/D, and therefore 
(20) may be wntten 

W B = iF(«)R 0 H a c a /(c/D) (21) 

where 

/„\ * /V l«A* 


■Is), i (*£)' 

\D> n , \ He ) 


Solving (18) by successive approximations for Y„/H< and inserting these 
values in (22) we find for the case of touching wires (2c/1> = 1), 

/ (o/D) = 0-301, 0 344, 0-346, 0 346, 
for approximations 1, 2, 3, 4, respectively. 

For other values of cJD the method of successive approximations yields the 
following results for / (c/D) 

Table II 


djv 

0 1 

0 2 

0 3 

0 4 

/m) 

o m 

0 H37 

0 807 

0 781 
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Using only the first approximation lor finite frequencies the following formula 
is obtained from (18) and (19) — 

w.-i,- . m 


(i+W.jP’ + W'h'ra 


D 4 


in which G(;)[= J z l tjq], fa, 4*i are tabulated in the Apjieiulix, and the 
remaining symbols art* defined under equation (15) 

If equation (23) is applied to the case of “ infinite ” frequency we obtain for 

/ WD) 


'(&) 


/ 


(24) 


This first approximation formula yields values of / (c/D) which are too low 
by 8, 3 6,1 4 per cent when d[D = 0*9,0 8,0 7 


5 Problem C 

When the field is normal to the plane of the system the conditions of symmetry 
make L* -- 0, K s = K 4 = K 8 = 0 in equations (1) and (2) 

The procedure of Section (3) applied to the field Q at r, 0 yields a system 
of equations identical with (18) if the sign for x* w changed 
The method of successive approximations for the case of touching wires 
fails, the value of W tending, presumably, to infinity The method, however, 
is valid when d[D = 09 Denoting the dissipation by W c we have at high 
frequencies 

W o = iF( S )R 0 H^(c/D), (25) 

and when dJD = 0 *9 

g (c/D) = 8 95, 11 82, 12*35, 12*4(1 

for the first, second, third and fourth approximation respectively The nature 
of the oonvergency of these approximations indicates a value </= 12*5 for 
dfD «s 0*9 

For other values of d/D and for high frequency the following table holds:— 


Table III 


o i 

0 2 

0 3 

0 4 



0 7 

0 8 

0 9 

1 0 

i on 

1 06ft 

1 166 

1 326 



2 87 

4 83 

12 5 

mf 


For finite frequencies the first approximation formula is 

W ° - w : ,*■ 




3 o 2 
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this formula yielding results 28, 8, 2 per cent low when d/1) --= 0 9, 0 8, 0*7 
at very high frequencies 

It will he noticed on comparison of (21) and (25) that for closely spaced wires 
the transverse held losses are very much in excess of the tangential field losses 
when the frequency is high Also, if the spacing is so great that <P/D* is 
negligible, formulae (23) and (28) reduce to the known formula* for the losses 
in a solitary wire in a uniform field The effect of neighbouring wires is to 
reduce the uniform field losses m the case of the tangential held and to increase 
them in the case of the transverse field This is what would be inferred from 
a consideration of the physical effect of the induced eddy currents Those 
currents tend to thrust out the field from the substance of the wire, thus 
weakening the external field along the direction of the field and strengthening 
it in the equatorial plane This means that in the case of the tangential field 
the effect of neighbouring wires ih to weaken, and m the case of a transverse 
held to strengthen, the held acting on an individual wire 

h Ap'phmtwn to tfolrmidat (Unk 

Let the parallel wire system now he acted upon by a uniform held, inclined 
to the plane of the system but noimal to the axes of the wires, and let the 
system simultaneously carry a current I m each wire From the consideration 
that the radial component P of the field changes sign when 0 changes from 0 ton 
we have L> —*■ L 4 - L 6 - 0 Further, if we write down the system of 

equations correspondmg to (9) and (18) we find that these split up into the 
three sets discussed m the three preceding sections, so that the coefficients 
lv a , K 4 , K 6 are determined solely by the current I, the coefficients 
K,, J\ 3 by the transverse component of the field, and the coefficients 

Lj, Lj, Lij by the tangential component of the held Moreover, by (5) the 
losses corrcs|Hjnding to the separate coefficients are additive, so that the Iobscs 
foi tins ense are simply given by 

W-W A + W B + W C , (27) 

the values of H m the expressions for W B and W 0 being the tangential and 
transverse held components respectively Now consider a single*layer solenoid 
of any length having an extremely large number of turns An element of this 
solenoid lying between planes x, x Sr normal to the axis may approximately 
be regarded as a system of straight parallel wires (since &r is infinitely small 
compared with the cod radius), infinite in number (since m the ideal coil the 


* Butterworth, Joe, al 
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number of turns art* infinitely large) The losses ui this slice are therefore given 
by (27), the appropriate values of the field components being calculated from 
the known formulas for solenoids 

For the whole solenoid tbe elementary losses are added Tins is equivalent 
to replacing the value of IP for any element bv its mean-square value over the 
surface of the solenoid, and R 0 by the dim t current resistance of the whole 
solenoid 

Now for either component H a is proportional to P/D 2 where D is the distance 
of successive turns and the omitted factor depends only on the shape of the 
coil and position of the point considered Hence we maj write for the mean 
square value of the transverse component 4u 1 l 2 /l) 2 for the mean square value 
of the tangential component 4w J a /D® Using these in (15), (23), (26), (27), 


W = ilil j jo | X¥) | <! 

+ Y«e)} 

[n -W.jjJl* 

i K'Vgj} 

t - '/{ h + w, 

i 


If further, we write 

f W( 1 | F), 


( 28 ) 


(-2D) 


we obtain from (28) the following formula for the alternating current resistance 
R' of the solenoid m terms of the direct current resistance R — 

R'/R * «(H F) + G ((Jui f V i % ) rf*/D*, (30) 

a, p, y aro completely defined by the piocedxng equations and are functions of 
z and f//D, tending to unity when rf/D is small A table of their values is given 
m the Appendix 

The quantities u s have still to be determined 


7 Vwlnftufwn of Maqnetw Field over the Surface of a Solenoid . 

The field at any point on the surface of a solenoid has a component H x parallel 
to the axis and a component H N acting radially outwards 
Those components may be calculated as follows —If the solenoid is very 
long, then, if a thin slice normal to the axis is supposed removed, the field m 
tbe gap, due to the remaining portions of the solenoid and at points near the 
surface of the solenoid, is wholly axial and has the value 2?cnl, where I is the 
current and n the number of turns in unit length This follows from the 
consideration that the field due to the removed portion has values ± 2wwl 
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on either side, and that the value of the field when the eliee is replaced in 49 ml 
inside and zero outside the solenoid Hence 2?ml represents the field acting 
on the wires in. the slice due to the remainder of the solenoid 
Tf the solenoid is finite this field is modified by the opposing magnetic action 
of its end poles The modified field can be calculated from the known formula} 
for the field components due to a circular disc of poles For points on the 
coaxial enveloping cylinder of a circular disc of radius a and at distance a* 
therefrom these components are calculated by the elliptic integral formulae 

H = a {jr- 2Vi~PK(t)}, 

V = 2<r {(2 — A 4 ) K (k) - 2E {k)}jk, 

where K and E arc elliptic integrals of the first and second kinds to modulus 
k, and 

A 4 = 4o*/(4o s -f- a 4 ), 

a is the polar density, which in the case of the solenoid is »I, and H and V 
represent the axial and radial components respectively 
As regards the component V, this may be written V = Mo/2na, where M is 
the mutual inductance between two coaxial circles, each of radius a and having 
separation x, so that use may be made of tables of mutual mductancoa in 
computing V 

The following values of \/(l — A 4 ) K enable the value of H to lie computed 
readily It should be noted that these values represent one-quarter the field 
ootmg on the central wires when nl is unity and the length of the coil is 'lx 


Table IV —Values of k'K 


xj2a 

k'K 

sr/2fi 

k'K 

0 I 

0 368 

2 0 

1 485 

0 2 

0 506 

3 0 

1 629 

0 3 

0 767 

4 0 

1 547 

0 4 

0 902 

5 0 

1 555 

0 5 


6 0 

1 561 

0 6 

1 09ft 

7 0 

1 563 

0 7 

1 167 

8 0 

1 565 

0 8 . 

1 224 

9 0 

1 560 

0 0 

1 272 

10 0 

I 567 

1 0 

1 311 

inf 

i _ 

1 571 


8 Mean-Square Values of Field over Solenoid. 

The method for determining the mean-square value of the field is that of 
approximate integration, and has already been discussed m the author’s 
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previous paper, in which the difficulty arising owing to the infinite value of the 
transverse field at the end of the solenoid is also dealt with. The resulting 
values of and u 2 are given in Table V below — 


Table V —Values of m Formula (30) 
n -- radius of coil, b ~ length of coil 


b/2a 

0 

0 2 

■M 


0 8 

1 0 


3 29 

i n 



2 22 

i 94 


0 

0 50 



2 71 

3 an 

bj la 

2 

4 

0 


10 

inf 

u \ 

1 11 

0 51 

o n 


0 17 

0 

u s 

5 47 

7 23 

8 07 


8 73 

9 87 


Note —b/2a =*- 0, w, — tr 8 /1, b/2a — infinity, u a - n % 


9 Solenoid at very Hujh Frequencies 

When the frequency is infinitely large F and G both tend to infinity, but the 
ratio G/F tends to the value 1/2 , also oc = X, (3 = g, r = /, so that if R* represents 
the high frequency resistance of the uncoiled wire, 

A + *§ ($«!+/«,) (31) 

Using Tables I, II III the following values are obtained 


Table VI —“ Infinite ” frequency resistance of solenoidal coil 

a - coil radius d = wire diameter 
b — coil length. D = distance of successive turns 

Value of K'/R,. 


6/2o «= 


0 

0 

2 

0 

4 


6 

0 8 

, 

0 




1 


1 


8 

10 

inf. 

cf/D 










1 






■ 


■ 




1 



1 

n 

inf 





. 

_ 

. 

1 






. 






__ 

3 

41 

0< 

9 

18 

2 

17 

Tm 

16 

1 

14 

0 

13 

2 

11 

9 

8 

02 

EJ 

27 

4 

39 

3 

96 

3 

78 

3 

11 

0 

8 

6 

49 

6 

32 

ft 

96 

5 

57 

5 

23 

4 

89 

3 

91 

3 

ETil 

3 

04 

2 

97 

2 

92 

2 

82 

0 

7 

3 

69 

3 

53 

3 

43 

3 

29 

3 

17 

3 

07 

2 

74 

2 

61 

2 

51 

2 

51 

2 

50 

2 

62 

0 

e 

2 

36 

2 

35 

2 

32 

2 

29 

2 

26 

2 

23 

2 

16 

2 

15 

2 

14 

2 

16 

2 

16 

2 

22 

0 

ft 


73 

1 

74 

1 

75 

1 

75 

1 

75 

1 

76 

1 

77 

1 

8ft 

1 

85 

1 

86 

1 

86 

1 

93 

0 

4 


38 

1 

39 

1 

41 

1 

42 

1 

44 

l 

45 

1 

49 

1 

56 

1 

EM 

1 

59 

1 

60 

1 

66 

0 

s 


n 

1 

19 

1 

21 

1 

22 

1 

22 

1 

24 

1 

28 

1 

34 

1 

34 

1 

35 

1 

3ft 

1 

39 

0 

2 


07 

1 

08 

1 

m 

3 

09 

1 

10 

1 

10 

1 

13 

1 

16 

1 

16 

1 

17 

1 

17 

1 

19 

0 

1 


02 

1 

i 

1 

03 

1 

03 

1 

03 

1 

03 

1 

04 

1 

04 

1 

a 

1 

04 

1 

H 

1 

00 
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For this case the only result previously obtained has been that for a Bolenotd 
of infinite length and for which d/1) — 1 Sommerfeld* gave for this case 

R'/R, = 3 7‘5 

ft 

4 

However, as Breitf hats pomted out, there if* an arithmetical error in Sommer- 
feld’s calculation, and when this is corrected Somm erf eld’s result becomes 

R'/R, = 3 41, 

which is identical with the tabulated value 

10 Short Cods hanm/ a Finite Number of Turns 

When the coil is very short n Y = 7^/3 and u 2 = 0 If these are used in (30) 
and the formula is converted to u series formula m powers of dj D we find to 
the approximation d 4 /D* 



We proceed to find the formula corresponding to (32) when the number of 
turns is finite Let there be 2 n coplanar parallel wires, and let the wires be 
denoted — *, — n | I, — 1, 1- I, + 2 p, n 

For any one of these wires the equations of Section 2 apply, and if the plane 
of the system be the plane 0 = 0, the coefficients are zero Further, the 
coefficients K* will be different for each wire Let the coefficient K H , when 
the field is referred to axes having their origin in the wire p, be denoted by 
K n (p), and let the component Q of the field, when referred to the some axes 
and at a point distant r therefrom, be denoted by Q (p, r) From the considera¬ 
tion that the field 1ms odd symmetry about the centre of the whole system, 

Q(m)h*Q(“M). - (33) 

If this be used in equations (I) and (2) wo find 

K. (}»)-(-)• K„(~p). 

Now at a point r, 0 just outside the wire p, the field due to the currents in the 
remaining wires is by (1) 

Qo {p, r) = Kx ( p) + rK a (p) -f r a K 3 (p) •+ 

* ‘ Ann. dw Phyfdk,’ vol 28, p 000 (1907) 
t 1 Nature,* November 18, 1922. 


( 34 ) 
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and by (2) is also equal to 


ID 4 


f + 


(n-sUD-r)} 


W D -f r 1 2D + r 1 1 (» •+ p — 1) D + r W — r (w — «) (D — r) 

+ [Qx(jP - i. a + r) + Qx(/»-2,2D + r) + + Qi{—«,(» + /> l)D + r}J,„ 0 

— [Qi (p 4" 1» D — r) 4" Qi (P ~\~ 2, 21) — r) -+* +- Qi 1», (« p) D — r}|» , 

If the expression (35) be expanded m ascending powers ol r the coefficients 
of r°, r, r 2 , must be identical with K x (p)> K a (p) by (34) For the 
approximation sought we need only Iv 3 , K 2 The expansion then gives the 
equations 

21 , I , 1 t 1 


K,(y>) 


l> u - p -H 1 «--/! + - 


■+ 


" [ p 


t) 


-jL/i J 


K,(;.-2) 


|)2 S| (p ~ I) 1 .,2 


K,(l) 


K.(-l) 

.2 


0>-i) 2 ' 1> 

L K,( ») 


(« + /' I) 2 

-! Kj (p H) f Ikl£+i) |- +Jiii4} + 


>(»») 


K 2 (I>) 


a /, 

n* i 1 


)2 


(« 


7T !+I 1 ? 

1 




+ 


(37) 


(w />)* 

Regarding tho term m c 2 /!) 2 in (36) as a correction, we can use the values of 
Kj (p — 1), t*tc , as given by the fiist term in (36) in this term 
We then have 


*,(/>) b ) 

K»0») 


21 , . v 

,7 K i ) 


(18) 


in which 


1 


■ + 


1 


Pp ~ ja 


n — j> + 1 ' « - p 4* 2 ii f/i-1 

« p-i + 25 ^ + +,-^1 + ^ 4 - + 


oc~* 


Y® — 1 4- ^ + 4- 


(n 4- P - 1) 


7>* ■ (n4 p - l) a 

+ <^ 
, 1 

2* ' '' (« - ? ») 8 


1 1+l+aH 




( 39 ) 
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Using (38) in equation (5) the dissipation in unit length of wire p » 

W „-- + *§“<1^ + ]. 


(40) 


to which must be added the ordmaiy slon effect 

In the natation of preceding equation** the whole dissipation m wire p is 
gm*ti h\ 


+ + }• (41) 


For the whole system a, 2 a yi p Jf , y, 2 must be replaced by their mean values 
Let 

1 w 

* V w 2 — 1 

0C« I 


» 1 


1 « 1 /» f 

" ^ S Y #l w^ rt 

71 i « ] 


(42) 


Also let R' be the alternating current resistance and R the direct, current 
resistance of the whole system so that the dissipation is JR'l 2 
Then from (41) 

R' 

R 


- 1 + ^ (l *H £ w *ifii) + m« G gj (1 H- i v *^x^) 


(43) 


The following tabic of values of u n , v„, w n has been calculated from equations 
(30) and (42) - 


Tabic VII Values of »*, w„ in equation (43) 


« 

*« 



t 

«W*M 


2 

i 

1 

i l 

-1 

1 


1 

3 

1 600 

-0 2500 

2 375 

-O 1667 

1 050 

4 

J 800 

+ 0 2081 

3 458 

+ 0 1153 

1 061 

5 

2 014 

0 5247 

4 291 

0 2600 

1 058 

6 

2 106 

0 7604 

4 046 

0 3511 

1 054 

10 i 

2 014 

I 3281 

fl 572 

0 5283 

1 040 

20 

2 833 

+ } 9088 

8 215 

+ 0 6738 

) 024 

inf 

»*/3 

ir ? /3 

*70 

1 

1 


To interpolate for other values of n, u„ should be plotted against I In, «,/«„ 
against 1 /V n, wju^ against 1 jn Approximately w n — «»*. 

II Exact SohUwnfor Tioo-Wire Cod at Infinite Frequency 
In order to test the range of formula (43) it is important to obtain, if possible, 
au exact formula in certain cases Formula (30) can be used when the number 
of wires is infinite, and it is possible to obtain an exact solution at very high 
frequencies in the case of two turns, assuming, of coune, that these are suffi- 
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ciently represented by two parallel cylinders At extreme frequencies the 
action of the eddy currents in a system of conducting cylinders is to annul the 
field within their substance, so that ultimately the surface of each cylinder 
becomes a stream-line m the magnetic field Thus any problem on the high- 
frequency distribution of field due to currents in a system of parallel cylinders 
becomes analogous to an electrostatic problem, magnetic stream-lines replacing 
equipotential surfaces, integral currents replacing total charges, and the 
tangential field Q at any point on the surface of a cylinder corresponding to the 
electrical surface density a multiplied by iiz 

Further, when Q is known, the energy dissipation per unit area of the cylin¬ 
drical surface is identical with that for a uniform field tangential to the plane 
surface of an infinite conductor, since ultimately the radius of curvature of the 
cylinder is infinitely larger than the depth of penetration Thus if A is the 
conductivity of the cylinder and f the frequency, the steady flow of energy into 
unit area of the surface of the cylinder is Q*(//Jfc)*/l<we The whole flow tnto 
unit length of a cylinder of radius c is thus \Qf H c 2 (wRp/2)*, where 2izf t R 0 
is the direct current resistance per unit length, and Q w is the mean value of Q a 
over the surface 

Thus in the case of a single cylinder carrying current I, Q = 21/c, and the 
dissipation of energy per unit length, is IP (R 0 co/2)* a result agreeing with that 
obtained by other methods 

Now the case of two parallel cylinders carrying equal charges has been 
treated by F J W Whipple * Let the cylinders each have radius c, and let 
their axes A, A' be at distance D Let D/2e ~~ cosh a Then if B is the image 
of A' in A, B' the image of A in A', B, B' lie on AA', and BB' — 2c smh a. 
Take a point P on one of the cylinders, and let u ==• BPB' Whipple shows 
that the surface density a at P is given by 

" “ iWnK« (c0 " lla “ colil ‘“) > («> 

in which U — dn cn ——. Here g is the charge per unit length on 

7E 7t 

either cylinder, K is the real quarter period of the elliptic functions to a modulus 
k, which is of such value that 

K'/K = 2a/7t (45) 


* • Roy Sou Proo.,* A, vol. M, p. 406 (1920). 
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For the electromagnetic caw 1 q is replaced by the integral current I and a 
by Q/4n, so that 

41KU 


Q - 


(cosh a — cos u) 


Tresinh a 

By integration the mean-square value of Q is found to be 

- ii- 2 coth x(— ) -r) ~ 2 coftcch 8 a 

i \ 7t JV 2 


(46) 


(47) 


so that the energy dissipated m unit length of the cylinder is 


W = W. 


2cotha(—) — £-) — 2cosech 2 a 

\ 7C \K 2 / 


m 


where \\\ is the dissipation m a sohtarv cylinder, w - 

W s -U a ( R 0 eo/2)* (49) 

For computation from (48) note that K and E are elliptic integrals of the 
first and second kinds to modulus k Since k is only given indirectly by (45) 
it is preferable to treat k as known and calculate a by (45) The calculations 
lead to the following table — 


Table VII \ - High-frequency resistance of two parallel wires carrying similar 

currents 

d = diameter of either wire - 2c 
D = distance of axes 


h»i 1 k 

rf/i> 

VV/W, 

0° 

1ft 

0 087 

1 004 

20 

0 1715 

1 01ft 

JO 

o m 

i <m 

40 

0 372 

X 001 

no 

0 44ft 

1 001 

00 

0 540 

] 134 

70 

0 040 

1 ISO 

80 

0 774 

1 234 

HI) 

ft oo r » 

J 301 

00 

1 000 

1 333 


12 Test of Itanqe of Formula (43) 
When the frequency is very high we obtain from (43) 

** 1 + J u, ~ + ($ u>„ +1 “j •+■ 


(80) 
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In the case of two wires 


W 

W. 




and m the case of an infinite number of wnes 


W - , it 1 £ t: 1 (/' 

VV, ' 1 <7 l) J 21 l) 1 


(51) 

(52) 


The exact values for these cases are obtained fiom Tables VI und VIII 


This yields the following comparison table — 


r!/ 1) 

1 

T\\ 0 W irtiH 

Infinite m in h 


by (01) 

Exact 

1>> (f»2) 

l 0 

1 333 

1 375 

inf 

6 7 

0 ft 

1 290 

1 323 

18 2 

r» o 

0 8 

1 254 

1 2611 

(5 5 

* 7 

0 7 

] 200 

1 2)5 

3 6 

2 8 

0 0 

] 101 

1 164 

2 16 

2 J2 

0 5 

1 110 

1 117 

1 73 

1 00 


Formula (43) is therefore a good approximation throughout the whole range 
of d/D in the case of two wires, but m the case of an infinite numbei of wires 
breaks down when tf/D exceeds, say 0 0 and the frequency is \ciy high 
To include closei spacings a < oinproim.se must be made It will be 
assumed that a formula of the type (30) will moic ncaily icpresent the truth 
and that the coefficients aie such that formula (41) holds on expansion 
We have, then, 


R'/R=l | F (1+ !»,.£) + 


M„0 

IF 


i? 

D 2 


it - k*,£/4 *«.*+,£ 


(«) 


When this semi-empincal formula is compared with the exact results at 


infinite frequency we obtain the following comparison table 


rf/n 

Two win s 

# 

infinite w iren 

Kxac t 

i>v m 

Exact 

by (08) 

1 0 

1 383 

1 145 

lntinitj 

54 6 

0 0 

1 200 

1 362 

IS 2 

13 «fi 

0*8 

i m 

1 280 

h r> 

0 29 

0 7 

1 209 

1 224 

3 0 

3 0 

0 0 

1 161 

1 167 

2 30 

2 37 

0 5 

1 116 

i m 

1 73 

1 73 
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It appears from this table that if d/D is leas than 0*8 the formula is 
always within 4 pei cent of the exact lesult. 

When d/D - 0 9 the formula is 5 per cent high m the cane of two wins 
and 28 pur cent low in the case of a very large number of wires Since for finite 
frequencies the error is less, formula (5.1) should be reliable for very short coils 
for all frequencies, for any number of turns and lor spacings up to d[D ~ 0 8 
Except at extremely high frequencies it should also be applicable even when 
d/D = 09 

13 Hickman's Formula 


Hickman* has proposed a formula for calculating the alternating current 
resistance of a fairly long solenoid His formula is as follows — 


R' 

R 


— Uo/i + 


G 


K 


U 0 /2 + 


m which 


im 


U,/3 + 




u 


i/a 


G 


2a 2a 


D 3 
t tW 


r_2 


144IH 


E — V ws + 


+ 


46D 


, , D 12 

tan 1 — 
2a 

4D a 


+ 5 ] 


E — Vj/3 -f 


6 ' 6* + 4«* D 2 + 4o* 

_ d? r 2&D _ 2D 3 

24D 2 4D* 1 b 3 + 4o* D* + ia* 

71* d* 


+ ^1 

—2a 3 J 


1440 D 4 


(54) 


U^,, V* mo defined by the equation 

Q./Q,= U* + »AV*, 


m w hu li 

while 


« * y* l n M)* 

Q "~ uoltlt+s’ 

A =» TuFkoi/i 


(65) 

( 66 ) 
(67) 


a 12 k is the frequency for which the formula holds, k is the conductivity of the 
wire, d its diameter, the wires in the coil are spaced at distance D, while the coll 
has length b and radius a The formula strictly only holds for the effective 
resistance of the central wire in a system of parallel wires having the same 
number of wins as there are turns in the coil and the same spacing The return 
of this system is a similar system at a distance equal to the radius of the coil. 


* * Soientiflo Paper, Bureau of Standards, 1 No. 473. 
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Hickman gives indirect reasons for supposing that this system will give similar 
results to that for a coil 

He assumes that the loss in the central \uie represents fairly the loss in the 
whole system! so that this will limit its application to fauly long solenoids 
14 We now proceed to show the telation betwei u Hickman s formula and the 
formula developed m the preceding sections We first- simplify the expressions 
for G, K, E, making uhc of the fact that the spacing is nearly always small 
compared with the radius and length of the coil 
Neglecting D/a and its higher powers we have 


p . A 2 d 2 /, b\ 2 „ 

G -TW\ taa 'd- K -5TJT7. 




ItlOD* 


If in equation (5b) we put *X ~ — i 2 /4 it may be shown from the series for 
the Bessel functions that 

Q„ -= 2" |* J„ (x)hf (59) 

and then from (3), (4), (57), (59) wc obtain the following equat ions connecting 
the functions lJ,/„, \’ ljn with the functions <j> n , 4»« defined m equation (3) 


Ufl/, = 1+1 * 2 4'2 


^^n/i — y" U $ 2 ) 


8(^ +V) 


24 (<tf + W) 


W 0 I 2 - 


*V 1/8 = 


8(^+ */) 


24 (W+W) 


Since the values of <f>, t]i can he computed for any value of 2 , those formula) 
may be used to determine the functions U, V for values of X beyond the range 
of Hickman’s table (for at , p 104) 

By malring use of equations (58) and (GO) Hickman’s formula (54) may now 
be written — 
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when;, as in equations (G) and (2.1), 

FWS^** (62) 

while 

m 4 (tan -1 bj'la) 1 

This formula is identical with that obtained in Section (6) (equation (0) if, in 
the formula there obtained, we suppose - 0 and n, to be defined by (62) 
Now Wj ih zero if the transverse held is negligible, as is the case for fairly long 
solenoids The difference in the value of u is due to Hickman's assumption 
of two parallel wire systems as representing the solenoid In fact, if the 
methods of the present paper were applied to solve Hickman's problem, equation 
(61) would be obtained 

To prove this we note that, so far as the losses in the central wire due to the 
wires in its own system are concerned, formula (14) holds good As regards the 
losses due to the return system at distance a, these are given by formula (23) 
with Ii = 21/D tan -1 bj'2a Since the two losses are additive we obtain 
formula (61) for the high-frequency resistance of the t cntr.il wire 

It may be noted here that formula; (14) and (23) are approximate formula;, 
and that the effect of non-uniformity of the held is represented by the third 
term in formula (61) Hickman has shown that this term contributes only a 
small amount to the total loss even when d/D is of the order 0 8 The error 
in applying the simple formula 

R'/R — 1 -f F (z) + «G (z) (PjD 2 

is therefore not mainly due to non-uniformity of the held over the section of an 
individual wire, but rather to the modification of the value of the uniform 
field due to the secondary eddy currents set up in the neighbouring wires 
(See Hickman’s remarks, lor at , p 75) 

15 Comparison with Experimental Result* 

Measurements of the alternating current resistance of fairly long solenoidal 
coils have been made by Howe* and by Hickman f The conditions m regard 
to frequency and method were entirely different, Howe using radio frequencies 
and a thermal method, while Hickman used acoustic frequencies and a bridge 
method, the requisite Bkin effect being obtained by employing very thick wire 
and correspondingly large coils 

* ‘ Joura. IE E.,’ vol. 68, p. 102 (1820) 

t Hlokmau, toe. eU. 
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Howe gives results for two coils m which ratio of length to diameter is 10, 
the coils differing in regard to spacing and diameter of wire. 

The following tables show how formula (30) agrees with the observed 
values — 


Horn's Observations 


Coil 1. 

Wire diameter — 0 163 cm 
Spacing = 0 33 cm 
Turns = 62 


Coil 2 

Wire diameter = 0 264 cm 
Spacing = 0*29 cm 
Turns = 92 


ds/f 

Formula (30) 

i 

Observed 

Formula (30) 

■ 

Observed 

25 

1 8 

■m 

2 9 

2 7 

50 

3 0 


0 1 

5 5 

100 

7 1 



10 9 

150 




16 4 

200 


mam 


21 8 


It is seen that for the loosely spaced coil the agreement between theory and 
observation is very good, but in the closely wound coil the theoretical values 
are higher than the observed values 

In the latter case the loss due to the transverse field component is much 
more appreciable than in the former case Now the losses duo to the transverse 
field will be concentrated at the ends of the coil and will tend to make the 
temperature of the ends of the coil somewhat higher than that at the centre 
Since Howe determined the resistance by measurement of temperature at the 
centre there will be a tendency for the observed results to be low 

Hickman’s observations are compared with formula (30) in the following 
table. 

It will be noticed that there is a slight tendency for the theoretical results 
again to be higher than the observed values, the mean discrepancy being about 
7 per cent 

It may be noted here that Hickman’s smallest coil is very similar in shape 
and spacing to Howe’s coil No 2, but while Hickman only works up to dVf =28, 
Howe extends the observations to dy/f = 200. Throughout the short range 
of overlapping the two methods check very well, 

In view of the tendency for the theoretical formula to over-estimate the 
observed value, it may be well to emphasise that the theoretical formula 
assumes an infinite number of turns and a uniform ourrent distribution, both 
vot. ovil—a 3 D 
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Hickman's Observations 


Length = 96 cm. = 6 
Wire diameter = 0 518 cm = d 
Spacing = 0 6cm = D 


Coil diameter, 

2a, om 

Frequency ^ per 
second 

Computed 
formula (30) 

Observed, 

Hickman 

8 24 

1,000 

1 72 

1 69 


^ iHfiSMpj 

2 65 

2 00 


3,000 

3 19 

3 04 

15 8 

1,000 

1 68 

1 59 


2,000 

2 58 

2 33 


3,000 

3 13 

2 88 

22 6 


1 64 

1 55 



2 54 

2 28 

i 

3,000 

3 12 

2 84 

30 4 


1 59 

1 54 



2 51 

2 40 


3,000 

3 16 

2 75 


of which conditions are violated w practice, non-uniformity of current distribu¬ 
tion being due to capacity effects As regards short coils for which formula 
(53) should hold, we may take a case given by Lmdemann and Htiter * These 
experimenters found that, for short coils measured at a wave-length A metres, 
their results could be expressed by the formula— 



where A, B depend on the coil In the case of a coil having a diameter of 31 cm, 
a length of 1 8 cm, and wound with seven turns of copper wire of 2*2 nun. 
diameter, they give— 

A** 9*6, B = 2*14x 10 4 . 

Using these values, we find when X == 7,300 metres R = 0*112 ohm, while 
formula (53) gives R' = 0*12 ohm When X = 455 metres R = 0 55 dun, 
by Lindemann’s formula, while formula (53) gives R = 0 54 ohm For shorter 
wave-lengths the theoretical formula gives lower results than the experimental 
formula 


• * Verb. Drataoh. Phjw. OssdL,’ voL 15, p. 219 (1919). 
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APPENDIX TABLES 

Table IX —Values of fa, ijq, fa, t|»j, F (a), G (a) See formulae (14), (23), (26), 
(30), (63) a 2 = nkaxP. co/2 iz = frequency k = conductivity of 

wire d = diameter of wire 


z 


Pi 

Pi 


* M 

0 (*) 

o-o a 
o a 


z*/m 

0 0002 

**/8 

0 0312 

z*/24 

0 0104 

*7192 

0 000320 

zV«4 

0 000075 

1 0 


0 0020 

0 1215 

0 0415 

0 00519 

0 01519 

l a 


0 0120 

0 246 

0 0918 

0 0258 


2 0 


0 380 

0 345 

0 156 

0 0782 

0 1724 

2*5 

0 377 

0 0865 

0 377 

0 224 

0 1756 

0 295 

3 0 

0 500 

0 1548 

0 360 

0 283 

0 318 

0 405 

3 5 

0 685 

0 234 

0 326 

0 321 

0 402 

0 400 

4 0 

0 043 

0 314 

0 202 

0 330 

0 678 

0 584 

4 G 


0 384 

0 264 

0 341 

0 862 

0 660 

5 0 

0 715 

0 444 

0 242 

0 334 

1 042 

0 755 

>« 

i — 

z 

i -hll 

z 

s/2 _ 1 

z z* 

2 6 

Z 3 

^*-3 

4 

«/2*~l 

8 


Table X —Values of a, (J, y in formula (30) 


rf/D. 

Z — 1 

z - 2 

z — 3 

| 

0 

y 

a 

0 

a 

a 

0 

7 


1 0 

1 01 

1 02 

0 06 

1 00 

1 34 

0 67 

1 31 

2 20 

0 40 

0 0 

1 00 

1 02 

0 97 

1 06 

1 29 

0 72 

1 20 

1 99 

0 55 

0 8 



0 08 

1 04 

1 23 

0 7H 

1 13 

1 73 

0 62 

RBYB 


1 02 

0 98 

1 02 

1 18 

0 83 

1 08 

1 52 

0 68 

»iWB 


1 01 

0 00 

1 00 

1 13 

0 87 

1 04 

1 36 

0 75 

0 6 


1 01 

0 99 


1 09 

0 01 

1 02 

1 24 

0 82 

Kn 


1 01 

0 99 


1 08 

0 04 

1 01 

1 14 

0 88 

0 3 


1 00 

1 00 


1 04 

0 07 

1 00 

1 00 

0 93 

0 2 





1 01 

0 00 


1 03 

0 07 

0 1 





1 00 

1 00 


1 01 

0 99 

rf/D 

i«*4 


n 

HI 


z * inf 

cu 

0 

7 
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On the Field oj Force near the Neutral Point produced hy Two 
Equal Coaxial Coils, with Special Reference to the Campbell 
Standard of Mutual Inductance. 

By Raymond M Wilmotte, B A, National Physical Laboratory. 

(Communicated by Sir Joseph Petavel, F R S —Received December 16, 1924) 

Intrpductwn and Summary. 

When a current is passed through two equal coaxial coils so that the 
component of the magnetic fields parallel to the common axis add, there is 
a circle, mid-way between the two coils, at which the magnetic field is zero. 
At all points in the plane of that circle lying outside it, the field of force is 
in one direction, and at all joints within the circle it is in the opposite direction 
It is evident, therefore, that if a coaxial turn of wire be placed m the plane of 
the circle, the mutual inductance between the two coils will be a maximum, 
when the wire coincides with the circle, and any small change in the radius 
of the turn will affect the value of the mutual inductance only to the second 
order of small quantities 

A Campbell (1) made use of this fact for the construction of a standard of 
mutual inductance In this design two equal coaxial single layer coils formed 
the primary, and the secondary consisted of a large number of turns packed 
closely together, so that the mean circle of the secondary coincided with the 
neutral circle formed by the field of the two single layer coils By this means 
it was not necessary to measure the diameter of the secondary coil with extreme 
accuracy 

The principle was also used by F. E Smith (2) in the construction of an 
apparatus for measuring the absolute value of the ohm by the Lorenz method. 
A rotating disc formed the secondary of the mutual inductance with two single 
layer coaxial coils as the primary. Lord Rayleigh (3) had previously advocated 
the inverse system, in which the dimensions of the apparatus were adjusted 
so that a small change in the radius of the coils would have a very small effect 
on the value of the mutual inductance. 

The accuracy of the apparatus designed on the principle first applied by 
A. Campbell depends largely on the terms of the second order in the evaluation 
of the mutual inductance The conditions necessary to make the second order 
terms small do not seem to have been investigated, nor has the nature of the 
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small changes m the mutual inductance due to a displacement of the secondary 
m various directions been fully considered 
These questions are investigated in this paper, and the variation of the value 
of the mutual inductance due to a radial displacement of the secondary is 
calculated and compared with the results obtained by A Campbell for a 
particular case 

The Variation of the Mutual Inductance dm to a Small Displacement of the 

Secondary 

1 General Expression —Throughout this paper the units used are absolute 
units unless otherwise stated Coils P and Q (fig 1) are equal and coaxial 



These will be called the primary, and a single turn of radius y coaxial with 
the two equal coils will be called the secondary 
Let M* and M 2 be the mutual inductance between the single turn, situated 
at a distance x from the centre of coil P, and coils P and Q respectively 
Suppose the secondary be moved from the position MN to the position 
M' N' where MM' is of length 8r and makes an angle 0 with the axis, then 



+ • ( 1 ) 
Now the co-ordinates of M' referred to OX, OY are (x + 8®, y + 8y) and 
referred to O'X, O'Y they become (x + 8 ® — 26, y + 8 y) Hence, by putting 
M s for and (x — 26) for x in equation (1), the corresponding equation for 
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coil Q will be obtained The total change in the mutual inductance to the 
terms of the first order of small quantities is, therefore, given by 

0M, 


ll + 8M * = it* X+ 5"(®—*26) **' 


"sf 8y + ~fy 8y 


This will be zero for all values of the ratio $x/&y where 


0M 


A + 


SM* 


= 0 


and 


8M, . 8M, 


8* 1 0 (® — 26) w 0i/ 1 0y 

Since Mj and M t are similar, functions of these conditions will hold when 

t j 8M, 8M. „ f0 v 

x — b and ^ * = ■ g * = 0 (2) 

For these conditions, since M = M x + M 2j we have 

« - [f? <**>* + 0 (*»>']+[0^< 8 *>‘*» +10 <«*] + » 

If X and R are the axial and radial components respectively of the magnetic 
force at the secondary due to coil F alone, the following relations are easily 
deduced 

0M , a „ 0M 
and 2 Tty R = — ■g— 




Differentiating these relations and substituting equation (3) becomes 


“"Ml l (»!/)*-^•(^) 2 ]- 2 3 7C [3y 8y 


0R 


0'R 




If ft is the magnetic potential at the secondary 


so that 


8® 

The final result then is 


_an 

x ~‘ai 

8 R 
0® 


and 


and 


R = 


00 

* 


0*® _ 8JR 
<jy* 8®0y 


“ - ^ (i KM" - wi+1 [(^+|§|) w 
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Putting 8x — 8r cob 6 and 8y = 8f sin 6, this becomes 


8M * 2ny . cos 20 (Sr)*-f- 


sin* 0 f 3*R 


- 3 “* ,e (H|+^)]+ •} <*> 


2 The Value of SRj8x and fPR/ixiy for SingleLayer Coils —Consider an 
element of axial length 81 (fig 2) of a single layer coil of length L assumed to be 


Y Y' 



Fig 2 


a uniform spiral of n 2 turns per unit length The equivalence of this to a 
uniform current sheet was first found by Vina mu Jones (4) and later explained 
by Lord Rayleigh (5) Let R be the radial component of the magnetic force 
at a point M, due to a unit current in the helix, which is situated with its mean 
plane at a distance x from 0 Then 

pt+L/2 

R = f n,R' dl 

J*-Ul 

where R' is the radial component of the magnetic force due to a single turn. 
Differentiating, we have 



Similarly 
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If there are n t turns on the secondary, equation (5) becomes 


! = — 2nynjn a joos 20 ^ ( 


sin* 0[73R'\^ 


[(f) 




and the condition given by equation (2) becomes 


£x'<« = 0 


Alexander Russell (0) has shown that, for a coil of radius A 

2 T2AJ,, l 


R'=ir^R_i(F-B)i 

r,Lr 2 * v ' 'J 


X' « J [ 2A ^ a ~ y) + (F — E)] 


where r x * - (A -f- y) a 4- P and r 8 8 — (A — yf -f- P, E and F being the complete 
elliptic integrals to the modulus y/l — r^/rj 2 of the first and second kinds 
By means of these equations, the curves in figs 3 and 4 were calculated, 
taking the diameter of the primary as umty These curves can be applied to 
any value of the diameter of the primary, since the magnetic force is inversely 
proportional to the linear dimensions of the coils 
The anthmetico-geometric means appbed by L, V King (7) for calculbtmg 
the complete elliptic integrals can be used with convenience for obtaining 
these curves, if a calculating machine is available 
Since the terms of the third order are small, it is not necessary to evaluate 
3R'/0y to any great accuracy This can be obtained by estimating the 
gradient of the curves obtained by plotting R' against y/2A, from fig 3, at 
the required points Should greater accuracy be required, it would bo necessary 
to differentiate equation (7) with respect to y, remembering that, if k is the 


modulus, 

— | (E — F) and 


dF _ E F 
Si *(!-**) k 


The relation obtained is rather cumbersome Fortunately, the effect of the 
third-order terms is negligible in the calculation of the standard apparatus to 
which this paper mainly applies 

If the Beotion of the secondary is finite, the variation of the value of the 
mutual inductanoe from the ideal case, when all the turns of the secondary 
are concentrated at the neutral circle, can be obtained by integrating equation 



Neutral Point produced by Two Equal Coaxial Coils. 721 

(4) over the whole section of the winding A Campbell (8) and D W Dye (9) 
evaluated the effect from a formula of G F C Searle deduced for a general 



case of a coil having a rectangular cross-section m any field symmetrical about 
the axis of the coil To obtain a similar expression from equation (4) it is 
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necessary to expand the serieB to one other term, when a formula equivalent 
to that of 0 F C Searle will be obtained 
3 Comparison with the Campbell Standard of Mutual Inductance —The 
dotted lines in figs 3 and 4 correspond to the design of the Campbell Standard 
of Mutual Inductance at present in the National Physical Laboratory 
A Campbell calculated the value of 0M/3y, using the following formula obtained 
by differentiating the expression deduced by Vinamu Jones (4) for the mutual 
inductance of a spiral and a circle 

(10 > 

where ^ is the complete elliptic integral of the third kind and n 2 is the number 
of turns per unit length of the spiral The values used were A = 10, l x = 5, 
I 2 — 10, n x n % — 10,000 

Prom the curve obtained A Campbell deduced that 

^ = 0 when y = 14 683 

and 

Si —0 1077£-f0-016f» + 

where M is pleasured m millihenries and £ = y — 14 683 
From fig 3 it will be seen that 

hAR'T == 1*17 and [iA^ST * = 10-2 
L -Jo as L oy Lo as 

Substituting the above values in equation (6) and putting 6 = itj2, we have 
3M = - 0-064 (8r) J + 0-0063 (Sr)» + . 
in which M is measured in millihenries On differentiating this becomes 
3jj| — - 0- 1088r + 0-016 ($r)» + 

This agrees with the result obtained by A Campbell It will be also seen that 
the area enclosed by the dotted line in fig 4 is zero, so that the condition 
required by equation (7) holds 

If the terms of the third and higher orders are neglected, as was found 
admissible by A Campbell (8) and D W Dye (9) m the calculation of this 
standard of mutual inductance, $M varies as cos 26. This result is shown 
graphically in fig 5, in which polar co-ordinates are used, the radius being 
proportional to 8M. 
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4. Method of Finding Neutral Circle —Suppose the ratio of y/2A is known, 

the approximate value of l 1 and 1, which will make J X' H — 0 can be found 

from fig 4 The accurate value of this integral can then be calculated from 
equation (10), remembering that 



This can be made zero by adding 27 iyX 2 ' 81 , where X 2 ' is the axial magnetic 
force due to a unit circular current at / 2 and can be read off from the curve in 
fig. 4 The value of 9l a can then be found and added to l t , giving a second 
approximation to the dimensions of the primary coil The process can be 
repeated until the necessary accuracy is attained 


Conclusion 


It has been shown that, to keep the second-order terms small, it is necessary 
to make small, still retaining the condition given by equation (7) By 
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examining the curves of figs 3 and 4 it will be seen that this can be done by 
making the length of the single layer primary coils small, and the ratio of the 
diameters of the secondary to primary as large as possible 

It is not advisable to reduce the diameter of the primary m order to increase 
the ration of yj 2A for the accuracy in the measurement of the dimensions of 
the primary would thereby be decreased On the other hand, it is not possible 
to increase the diameter of the secondary to any great extent, for the condition 
required by equation (7) shows that the distance between the primary and the 
secondary would have to be increased, rendering the apparatus very cumber¬ 
some and requiring a greater number of turns to give the same mutual induc¬ 
tance This is a disadvantage, for the correction due to the self-capacity of 
the secondary becomes very important The curves Bhow, however, in which 
direction an improvement can be made, the best design depending on the kind 
of measurement to be made, and the ultimate size of the apparatus, which is 
considered convenient from a mechanical point of view 

The best shape for the secondary can be seen from fig 5 A displacement of 
the secondary at an angle of 45° with the axis produces a change m mutual 
inductance only to the third order of small quantities This could have been 
deduced o jmon, for the equipotential surface winch cuts itself must do bo in 
this case at an angle of 90° It is not, however, usually practicable to use a 
complex shape for the section of the coil, for the now errors introduced would 
balance any advantage gamed A square section will, m general, be found 
most convenient 

In the case of the Lorenz apparatus a suggested refinement, as the outcome 
of the deductions of this paper, might be to bevel the rotating discs on which 
the brushes are applied, at an angle of 45° to the axis, so that any inaccuracy 
in the location of the brushes would only affect the result to the third order of 
small quantities 

In conclusion I wish to express my thanks to Dr 6 F C Searle for his 
kind criticism 
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The Adiabatic Invariance of the Quantum Integrals * 

By P A M Dirac, St John’s College, Cambridge 
(Communicated by Prof Sir E Rutherford, F R S —Received December 19,1924 ) 

§ 1 Introduction % 

The postulate of the existence of stationary states in multiply periodic 
dynamical systems requires that if the condition of such a system, when 
quantised, is changed m any way by the application of an external field or by 
the alteration of one of the internal constraints, the new state of the system 
must also be correctly quantised It follows that the laws of classical mechanics 
cannot in general be true, even approximately, during the transition There 
is one kind of change, however, during which one may expect the classical 
laws to hold, namely, the so-called adiabatic change, which takes place in¬ 
finitely slowly and regularly, so that the system practically remains multiply 
periodic all the time In this case the quantum numbers cannot change, and 
it should be possible to deduce from the classical laws that the quantum integrals 
remain invariant This was attempted by Burgers,* who showed that they are 
invariant provided there are no linear relations of the type 

2 ^ 6 ),= 0 ( 1 ) 
between the frequencies o r of the system, where the m r are integers In 
general, however, the frequencies will alter during the adiabatic change, and 
in so doing will pass through an infinity of values for which relations such as 
(1) hold A closer investigation is therefore necessary, as was pointed out by 
Burgers himself 

In the following work, conditions which are rigorously sufficient to ensure 
the mvanance of the quantum integrals, are obtained in such a form that it is 
possible for one to see whether they are satisfied or not without having to 
integrate the equations of adiabatic motion 

§ 2 The Equations of Adiabatic Motion 

Let q r9 p r (r s» 1, 2 m n) be a set of Hamiltonian co-ordinates of a multiply 
periodic dynamical system of n degrees of freedom. The quantum integrals 
J, and their conjugate angle variables w r form another set of Hamiltonian 
co-ordinates connected with the first by the contact transformation 

2 pfdq f = 2 Jfdw r -f- dS, 

* Burgers, , Proo Amsterdam Roy. Aoad. of Sciences,* vol 20, p 163* 


( 2 ) 
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Also the p r and q f , when expressed m terms of the J r and «v» are multiply 
periodic m the w T with penods unity, and the Hamiltonian function H, when 
similarly expressed, is a function of the J r only 
Regarding S and the q f as functions of the J r and «v» we have 



The first of these equations shows that S is equal to a periodic function of the 
«V» plus terms of the form —E (J f + «,) w r , where the a, are independent 
of the w r The Becond now shows that the (J r + oO are independent of the J r 
The (J r + ot,.) are therefore constants, and can be made zero by a suitable 
choice of the arbitrary constants that may be added to the J r , as shown by 
Burgers This makes S consist entirely of a periodic function of the w r 
A change in the condition of the system is represented mathematically by the 
continuous variation (from % to Og, say) of a parameter (a) occurring in the 
Hamiltonian function H, the Hamiltonian equations remaining valid, though 
H may involve a An adiabatic change is the limiting case when a tends to 
zero in such a way that 

afa -> 0,* 

which makes 

dajda 0 

With (a) varying, equation (2) must be replaced by 

Zp r {dq t ~^Zadt)='L3jw r + &- 

This gives 

S pMt - - 2 J/K - H it +dS 

where 

Hence the transformation from p„ q„ H to J r , to,, 3 is a contact transformation, 
so that 



For small values of a, H oan be expanded m powers of d Thus we can put 

H » Hq + sH]. 

* This relation cannot hold at the ends of the range of (a) from «| to ttp but we may 
make the interval# of (a) during which it doee not hold as small at we please. 
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Here Hq is the value of the Hamiltonian function when (a) is constant, so that 

_3Hfl-n 8H,_ to 

as£-°’ 0^~ Wk ’ 

where the co K may be considered as the mstantaneons frequencies 
Let 


so that 


H-H ft 


H x , being a function of the p r and q r} must be a periodic function of the te r 
of penod unity Hence F is also a periodic function of the w r of period unity, 
so we can write 

2reF — m „ C M( mjl sin 2 tc + m t w t +.. + m„w K + y W| ,J 

— 2 m C m sin 27t (W m + Y«), (4) 

say, W m being equivalent to and the summation being taken over all 

integral values of m that make W m positive The coefficients C m are functions 
of the a and a We shall require the senes Sw K C m to be absolutely and 
uniformly convergent, as is the case in general with continuous forces 

Equations (3) now become 

4 8F 3F 

Jk = *3< WK = b> *~ a ZT K ' 

which may be wntten, when a does not vanish, 

djg 8F 

*as _ 2s - JE. (ti 

da a 0J K 

These are the exact equations of adiabatic motion Burgers denved them 
on the assumption that H does not contain a explicitly, but pointed out that 
it may be sufficient to assume that H involves a only through higher powers 
than the first * The present method shows, however, that such assumptions 
are unnecessary, as 8H/8d can be absorbed in F. 

§ 3 The Conditions for Adiabatic Invariance. 

Suppose for definiteness that a is positive throughout the range of (o) from 
«i to a a , except at the ends, where it vanishes. Equations (4) and (5) show that 


* Loc, otf., p. 169. 



728 


P. A. M Dirac. 


bo that the dJ K jda remain bounded as a tends to zero Hence the J K » and 
therefore also the C ffi , dC m jda, drf m jda, and <fa) K /da, are also bounded. 

Let a! to a' + Ba bo a small interval of the range a x to a# ultimately to be 
made to contract to zero about a certain point a 0 Integrating equation (5) 
through this interval, we get 

/•a'+ta py * * pa'+aa 

8J k =J m K C m cos 2tz (W m + yj da 

® p« +8a 

= S m ?n K C w | cos 2n (W m + y m ) da + $a «(8a), (7) 


where c (r) is used to denote a quantity which tends to zero as % tends to zero. 
The C m m (7) are the values of the coefficients for the point o = % and the y m 
are also supposed to have their values for this point 
Let M be a large positive number, ultimately to be made to tend to infinity, 
and let tn$ denote the largest numerical value of the m’s in any specified set 
We can divide the scries on the right-hand side of (7) into two parts, one com¬ 
prising only those sets of nC s whose m 0 is Icbs than M, and the other comprising 
those sets of m’s whose tHq is greater than or equal to M This second part 
tends to zero as M tends to infinity, on account of the absolute convergence of 
the senes Swr C m , and so it must be of the form 8a e (1/M) Thus * 

M pa'+ta 

&Jk = Em Cm j COS 2^ (W w +Ym) *»+&»« (&») + &»« (1/M), 

so that we are left with only a finite senes with which to deal 
Consider now the contribution to 8J K of a set of m’s for which 


tfWm 

da ^ r> 


(«) 


throughout the interval 8a, where ij is a small positive quantity which will 
ultimately be made to tend to zero in a certain way We have 

j*a'+4a 

«i K Cm cos 2n (W m 4- Ym) da = ♦% C m 
J«' 


Now 



* 

Ja' 


+ * [cos 2* (W m + Y«) 


<PW n 1/iW, 


da* I ('da*, 


from (6) and (a) 


Sk 


\d da d* 


d 3F\ 
dadjJ ' 
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This may be put equal to 

a*r 


as 


d 3F 
da 0J K 


+ 


0*F da 


, y r a a F <u t a«F fSs 0fu 

L0Ji3J K da **" dwt 0 J K \« 0J t /J 


0«0J K ' 0«0Jk do 

Suppose (a) increases by A a while W m increases by 4 During this time 
I dW 

1; —j- 2 * cannot change by more than [e* (tf/tf) 4* e m (ifa/o 8 )] Ao, while 
da 

cos (W m + Ym) changes sign Hence the net contribution of two successive 
half-cycles to the integral we are evaluating must certainly be numerically 
less than 

/% C,„ [e m (if/a)'+ t m (ifd/a*)] A a 

Also, the fractions of complete cycles left over at the ends of the interval of 

I dW 

integration contribute terms that cannot numerically exceed m K C t(1 — 

< da 

which is of the form % C m e w (yj/ 8a) 8a, from (a) This gives 


ra'+Sa 

% c m cos 2n (W m -f- y.») d« 

Jrv 


< »»K C m So 
fc« (>]*/'*) + e,„ (/fay) + e M (»;/&»)) 

The sum of the nght-hand side for all sets of m’s satisfying (a) and having 
trig < M is of the form 

8a [e (if/a) + e (ifa/a 3 ) + e (ill8a)], 


owing to the* absolute .convergence of the series £ m K C m , and to the fact that 
the e»’s tend to their zero values uniformly with respect to the w’s Hence 
we have 

^ - S. m* C m 1 £ + *cos 2k (W w + yj da 

4- c (8a) 4- e (1/M) 4 e (if/a) -f e (ifa/a*) c (tj/So) (8) 
where the summation need include only those sets of m’s for which »t 0 < M and 
for which, at some point in the interval 8a, 



or for which 

| S Mr <a r I S mja/t) < Wafa, (0) 

the terms involving PF/0J, being negligible. 

We can choose ij to tend to zero with d in such a way that each of the quantities 
dfa, rfja and tfaf/fi tends to zero, this being possible since aja tends to zero 
We can now make 8a and 1/M tend to zero so slowly that tj/So, afa8a and 
VOL OVII.—A. 3 E 
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tend to zero In this way all the e terms m (8) (whose sum we shall 
denote simply by e) tend to zero, and also ajrfia and the nght-hand side of 
(p) tend to zero 

We may assume that the J K tend to certain limiting values J oK at each point 
a — a 0 * Throughout the interval 8a the <o K muBt he within certain regions 
surrounding the values <o oK that* they take for J K — J 0K , a - which regions 
ultimately contract to zcto There may be sets of m 9 s winch make — 0 

and these, if they exist, must be included in the summation in (8) Anv other 
particular set of m’s originally satisfying ((J), m K * say, must cease to do so sooner 
or later dunng the limiting process, since 

|2r»» k ‘co k | - !-k»'k'°ukI 

at all points in the interval 8a, and thm will ultimately lie greatex than MVr/q 
Hence we may choose M to be alwajs suflw lcntly small to exclude all such sets 
of m*B from the summation m (8), while at the same time M tends to infinity 
dunng the limiting process So the only sets of //#% that need lie included arc 
those which actually make Ew r <o r — 0 when a n Q and J K - v 

For any of these miluded sets m Y say, w e have 

8Z r w/ w,«. 2,<- 3 ^ 8 a f S fK »«,* |^8J K + 8« e(8») 

-2, m> ^ 8« + 2 rK mf C„ 


r; 


cos 2it (W m -f- y») da -f c . So 


1 Mi'+ta 

Now — I cos 2 tt (W„, + Ym) rfa cannot numerically exceed unity, and may 
8oJa< 


therefore be put equal to cos o m Thus 

— 2, 1 W,* + SfK m r gj- 7 2 Bl tn K C m 008 o m +6 


Suppose 


2 f m,' 


,3« f | 


3a 


> 2 * 


C*S fS « It m r ‘!g 


(») 

( 10 ) 


* If they do not, thou wo could always choose a subsequence of the a’s which makes 
the J K tend to certain limiting values J K ' (function* of a) at an infinite enumerable 
everywhere dense set of points, in which case it must also make for any inter¬ 

mediate point, on account of the continuity (uniform with respect to a) of J x The 
method of the text would now show that these ,7/ are constants In the same way 
we could choose another subsequence of o’s which makes J x J v " not always equal to 
'V, and the J K " would also have to be constants This is impossible since, initially, 

V-J." 
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when a ^ <?<, ami J K J 0K With this condition there is a lower bound b n 
to the value of 18S r w/<o r /w u * 8a \ independent of the c in This makes 

| S'SrW/w, | > m 0 *b t 8'a 
where 8'a denotes any interval foi which 

8'rt -*0 and ij/8'a->0 

these l>eing the only restrictions to which Sn m equation (9) is subject Thus 
2 r m/o) r satisfies the inequality ((3) only during a small sub-interval whose 
extent cannot exceed any 8'a tor which 

M u \S'a> 2 (m^ajti, 

j e, whose extent cannot exceed 2a j(m^) Xj b,t\, as this value for Xa satisfies 
the above restrictions It is only during this sub-interval that 

jeos 2 tt [W (/»*) + y (m*)] da 

is of the same order of magnitude as the range of (a) through which it is taken 
Hence, 

Wjc'C (m‘) f cos 2 it [W (to*) + y (»»’) J da = ■ — - c a («/>)&*) 8a 

J a' 0, 

plus other c terns like those already included in (8) 

Summing this expression for all the sets of m’s left in (8) on the assumption 
that the inequality (10) holds for each of them, we get 

m 

8a s 8a) 2 «n K C m Jb m . 

This senes may be divergent, since the b m may tend to zero as the m's tend to 
infinity We can avoid this difficulty by using the fact that there is no 

limitation on bow slowly M tends to infinity We may make the finite senes 

K 

SfHit C m /b m tend to infinity more slowly than c (afi\ 8a) tends to zero (however 
slowly that may be), so that their product tends to zero, and may be put equal 
40 c[«/(M)/v)«o] 

Hence 

j* - «(8a) + c (1/M) + c (VAO + « * 8 ) + «fo/*») + « [«/(M)/ij*a] 

and this tends to zero if first a and then 8a are made to tend to zero, the arbitrary 
q uantit i es yj and 1/M tending to zero in a suitable maimer. So the Jk are 
constants in the limit provided, whenever a relation of the type 

2, m/ « r = 0 


3 e 2 



782 


P. A. M. Dirac. 


holds for a = Og with integral mf, and the corresponding coefficient C (m‘) 
does not vanish, the inequality 

_ |o„ 

is satisfied, where the summation with respect to the nC s refers to all those 
sets of for which 

2m r <*)y =- 0 

when a — a 0 

The maximum value of 

| 2,1 % C„, cos 2n (W„ + y«) | 

for all values of the tv 9 s will in general be less than 

Em | C m 2 fK WK»l/g~ 

If this maximum is evaluated for any particular dynamical system (it cannot 
easily be done in the general case) and substituted for the right-hand side of 
(10), less stringent conditions for the adiabatic invariance will be obtained 
If the improved conditions are not satisfied, the J K can vaiy with suitable 
initial values of the phases of the motion, and will do so m such a way as to 
make Ew r ' <o r remain equal to zero while (a) changes by a finite amount 
As this contradicts the postulate of the existence of stationary states, one 
must conclude that m these cases the motion cannot be completely described 
by the use of classical mechanics 

If, however, there are relations of the type Ewiyto^ 0 holding identically 
for all values of the J’s, it is possible to reduce the number of J’s and »’s 
necessary to describe the system and to replace them by new conjugate variables 
Xf and & which do not enter into H Equations (5) and (6) are stall true, the 
only difference being that the C’a are now functions also of the «’s and (ft 
It is easily verified that the dx/da, dp/da are hounded, and hence the same 
method applies to show that the reduced number of J’s are adiabaticaliy 
invariant 

§ 4 The Application of the Condition*. 

As there is an infinite number of inequalities to be satisfied for any variation 
m (a), however Bmall, the conditions would not be very useful unless it were 
possible to prove all of them except, perhaps, a finite number by general 
arguments. This does not seem to be possible for the genual case of systems 
of more than two degrees of freedom 
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For ByBteraa of two degrees of freedom, however, there is only a finite number 
of values of (a) for which 

toj + aicda-” 0 and ^(co 1 + as<*) a ) = 0 

at the same time, x being a rational or irrational number, since there are two 
equations to determine the two unknowns (a) and x In any closed interval 
of (a) which does not contain any of these values, there must be a lower limit 
to the value of 

0 1 
g- (m 1 0> i + W 26 ) 2 )/w 0 j , 

where (a) and bavo values which make «? 1 co l + m % co a = 0 , otherwise 

there would be an infinite sequence of values of (a) and which make 

3 

m 1 (o 1 -(- ~ 0 and ■=- (m 1 co 1 + w 2 co a )/mo 0, 

da 


and the limiting values would give one of the points we have excluded 
whenever 

+ m 2 "o> 2 = 0, 


we have 


I 0 

(m/+ »i 2 'w 2 )/m 0 ' 


> f 


Hence, 


say, so that the condition 

~ (nij’to, -f j > 2,, | C m S r g. t ^K n b l 1 

is satisfied if 

( 11 ) 

I «!# 0J K 1 

For any given £there can be only a finite number of values for w/, m t ’ which 
do not satufy the inequality (11), since as \m{\, |»t a *| tend to infinity 
the in’s included m the first summation in (11) also tend to infinity, so that 
the nght-hand side of (11) tends to aero Hence m any interval of (a) which 
does not contain any points at whioh 



there is only a finite number of points at which the J’s may not be constant 
The same result is true for a system of n degrees of freedom provided the 
C m , of the Founer senes vanish for all but a finite number of 
values of the suffixes m* «i 4 ... The proof is the same aa before, except 
that the factor (m^ + m^,) must be replaced by 2»v» r , where . m. 
are restricted to have only values for which C Wl m , does not vanish 
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This case includes all the systems usually met with in the Quantum Theory, 
the vanishing of the 0’s for certain values of the suffixes manifesting itself by 
selection principles which allow only a finite number of changes for each of 
the quantum numbers except at most two of them The quantum integrals 
of such systems are invariant under any adiabatic change except at a finite 
set of points where 



ci> and a), being the frequencies corresponding to the quantum numbers whose 
changes are unrestricted, and at another finite set (or possibly infinite enumerable 
set tending to points of the previous set) where relations of the type £m/e r = - 0 
hold 

The writer is much obliged to Mr R H Fowler for suggesting this investiga¬ 
tion, and for his help during its progress 


On the Theory of Elastic Stability 
By W R Dean, B A , Fellow of Trinity College, Cambridge 

(Communicated by Prof G I Taylor, FRS—Received December 20, 1924) 

The object of the present paper is to derive equations that are adequate to 
decide questions of the stability under stress of thin shells of isotropic elastic 
material Equations for the same purpose have been given by R V Southwell,* 
who used a method that is closely followed in a part of this paper 
Such equations must contain terms that may be, and are, neglected in 
applications of the theory of elasticity to problems in which the stability of 
configurations is not considered The truth of Kuchhoff’s uniqueness theorem,t 
which has reference to the ordinary equations of elasticity, in which powera of 
the displacement co-ordinates above the first are neglected, is sufficient proof 
of this statement In practice it is generally sufficient to retain only the 
first and second order terms,$ and no terms of higher order are considered 

* “ On the General Theory of Blastio Stability,” * Phil Trans.,’ A, vol, 218, p. 187. 
til H, Love, ' Mathematical Theory of Elaetieity' (3rd Edition), |118 
t There are exception* to this Of, a paper by J Prescott, ‘ Phil. Mag.,’ vol. 48, p. 07 
(1022), which, (hough not immediately concerned with elastic stability, obtains equations 
which can be applied to this theory See also f 0 below. 
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here To obtain such equations an extended form of Hooke s Law is necessary ; 
the extension made by Southwell* is used in this paper There are then two 
methods available for the derivation of the equations Either we may obtain 
the three conditions for the equilibrium of an elementary volume of the 
substance by considering the forces acting upon it, or wo may calculate the 
energy of strain correct to the third order of displacement co-ordinates and 
deduce the equations by variation of this function The first method has 
been used m one place here, as it would appear to be the simpler m the 
particular case of a plane plate, in which only one of the equations, and that 
the simplest, is required However, the stability equations for a cylindrical 
shell are also obtained, and then all three equations are necessary The 
derivation by the first method of each one of these is a laborious matter, while 
using the second method there is only one calculation, that of the strain 
energy function, to be made Consequently, for this purpose, as in general 
the second method seems to be preferable 

The equations that arc obtained by either of the methods outlined above 
lefer in the first instance to the co-ordinates of displacement of any point of 
the shell Yet it is dearly desirable to have instead equations which connect 
the displacements of points only of the middle surface, for equations of this 
type will be simpler in so far as these displacements are functions of two 
variables only, while a knowledge of the behaviour of the middle surface is 
evidently sufficient to decide a question of stability What is wanted, in fact, 
is a method of reduction of equations involving the displacements of all points 
of the shell, to equations involving only the displacements of points of the 
middle surfaced precisely similar to that used m the Theory of Thin Shells J 
The assumptions used in the reduction by this theory, however, are such that 
it is not clear how they can be used, or extended, to effect the reduction of 
second-order general equations that is required here 
Consequently, no use of them has been made It is merely supposed that 
the displacement co-ordinates of any point of the shell can be expanded m 
power series of the normal distance of the point from the middle surface 
Second-order shell equations can then be deduced from the general equations 
by using the boundary conditions at the two faces of the shell. The method 
will in the same way reduce general equations of the first order to the cor re- 

* Jjoc ai , p 102 

t It will be convenient in whet follows to call equations of these two types « general ” 
equations and M shell ” equations respectively 
t Love, op cit , chap. 24 
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spending shell equations The assumption, therefore fundamental, as to the 
expansions of displacements may exclude some problems from the range oE 
the method, but it does not appear likely that m elastic stability, where 
attention is of necessity confined to a consideration of the simplest types of 
stress, there will be any difficulty on this score Moreover, the equations in 
their final form contain no explicit reference to the assumption, so that they 
may be, and certainly in first ordei problems often are, valid beyond the limits 
that might appear to be imposed The equations thus obtained are not 
here Applied to any new problem, but as it appeared desirable to check the 
results of a now method by a comparison with knov*n tormuho, the stability 
of a tubular strut has been briefly considered The condition for instabilit} 
in a symmetrical mode of distortion has been deduced by Southwell from 
general theory, and in other modes from the Thorny of Thm Shells * 
Equivalent results are obtained in each case by the methods of this paper 

The Strain Enerqy FunUion 

2 We proceed to develop a method of finding in a suitable form the strain 
energy function of a thm cylindrical shell The energy of strain is a quadratic 
function of the components of strain, which ordinarily need only be evaluated 
correctly to the second order of displacement eo-ordmates This accuracy is 
not sufficient if problems of stability are to be considered, and a more exact 
determination demands a complete revision of the usual processes of evalua¬ 
tion In the first place an extended statement of Hooke’s Law is necessary, 
as in its usual form it is not framed precisely enough if squares and products 
of displacements are to be included. We take that statement given by 
Southwell | 

In a distortion of any magnitude of an elastic body there are associated with 
each point of the body three linear elements orthogonal both before and after 
strain,$ and these elements undergo stationary extension, as defined below 
If a parallelopiped is constructed with these elements as coterminous edges, 
only normal stresses will act on its faces after strain, and if relations are 
assumed between these stresses and the corresponding strains, called respec¬ 
tively principal stresses and principal strains, they are sufficient to determine 
stress m terms of displacement completely The extended form of Hooke’s 
Law is that principal stresses and strains in a distortion of any magnitude are 

, * Zoo. oil*, pp. 227-236. 

f Zee. ct&*f p 123 

t Love, op. at , Appendix to ohap 1 
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connected by the usual equations , that is to say, if the principal straws are 
extensions e v f 2 , e 3) and the corresponding principal stresses are S x , S s , Sj^ 
then 

S, - StiCj + X (e t f e* + c 3 ), etc , (1) 

with Lame * notation for the elastic constants 
Extension m defined as the ratio of the increase in length of an element to its 
length before strain, and stress as the total action over an element of surface 
divided by the area of the element before strain The energy of strain per 
unit volume of unstrained matenal, W, is then given by the equation 

w = - (<*, <, I (»)“* — ('Vj + Vi + Vi) (2) 

With these assumptions and definitions the strain energy function of any 
elastic body can be calculated to any degree of accuracy that is required 
We confine attention to a thin shell of uniform thickness of which the middle 
surface is generated by parallel straight lines The position of any jxunt P 0 
of the middle surface is specified by a, the 
distance of Po, measured along a generator, from 
an arbitrary hne of curvature and by (3 the 
distance of P 0 , measured along a line of curvature 
from an arbitrary generator p, the radius of 
curvature of the normal section of this surface 
perpendicular to the generator at any point, is 
a function of (1 only * The position of any point 
P of the shell is specified by drawing PP 0 normal to the middle surface, then 
if the length P 0 P is z, the position of P is given by the orthogonal curvilinear 
co-ordinates «, (3, 2 , as m the accompanying figure 
3 We have first to find an expression for the extension of a linear element 
under strain Let the displacements of P, (a, (3, z), be u, v, w with regard to 
«, (3, z axes at P , these axes being the normal to the middle surface through 
P, (s), a line through P parallel to the generators, (a), and a third perpendicular, 
((3) , u» t, w are then functions of «, (3. z Taking a neighbouring point F, 
(# + Sec, JJ + » -f- tz), let the length PP' be r, and let its direction cosines 

with regard to a, p, 2 axes at P be l, m, n. The displacements of F are 

w + + gjj 8(3 + vg 8s, etc., 

* AMxm flk the only application in this paper 11 to a problem wherein a constant, 
other applications an meditated in which is a function of fi. The s imp li fic ation in 
the work if p is supposed oonstaat is very slight. 
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along a, (3, z axes at P', while to the first order of r 


8x = Ir, 8|3 = X-* 8z — nr 
p —r 

The angle between the z axes of P and F'is to the same order mr/(p— 2 ) Thus 

the co-ordinates of P' after strain with regard to a, (3, z axes at P are 



The co-ordinates of P after strain are «, v, w, so that denoting by r (l + e) 
the length of PF after strain, there results 




8 ? 
p dv 
P — 2 3(3 

3 «> 


» \ , 3» I 2 

■ P — > 1 -sf 


+ [ , 5 + “( I + 


( 8 ) 


This expression gives e, the extension of a linear element, and showb that 
(1 + «). the ratio of the length of the element after strain to that before, is 
inversely proportional to the central radius vector of a quadric in the direction 
of the element before strain The equation to this quadric can be written 

V {$, vj, 0 — const, (4) 

if F (l, m, n) denotes the nght-hand side of (3), and the f, /), £ axes coincide with 
the «, (3, 2 axes at F But if e t , e 2 , e a are the principal extensions at P we can 
also wnte the equation 


(1 f e x ) a X* + (1 +• c,) a Y* + (1 + <*,)* Z 2 - const. (5) 


the X, Y, Z axes being through P and m the directions before strain of the 
linear elements that undergo principal extension A comparison of equations 
(4) and (5) gives relations starting from which the expression (2) can be put 
in terms of «, v, w correctly to the third order of displacement co-ordinates 
In the first place X (1 + c,) 2 is equal tq the sum of the coefficients of £*, tj* 


* With a proper choice of the sign of p 
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and l? in P (£, > 5 , £), Subtracting 3 from each of these expressions and 
squaring, 

4(5> l )* + 4(Se j )(5>V) 



on each side terms of order higher than the third in e v e a , or in u t t\ w 
have been ignored Tlie equation puts (£cj ) 2 m terms of % v, w, but for some 
terms of the third order in e v e z , To evaluate the latter to our approxima¬ 
tion it is clear that only relations of the first order in ft, t\ w are required Thus 
we may use 



two of the invariants of the ordinary theory of elasticity Hence finally 



(8) 
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2 e t Cg is similarly expressed in terms of u, v, w. Evidently £[(1 + **)• 
(1 + e*) 9 ], the second invariant of quadrics (4) and (5), can be expressed in 
terms of u, v, w, while to our approximation 

4EcjC 8 = 3 + 2[(l + e 2 )*(1 + e*)'} -22(1 + e,) 9 - 2 (2eJ (2***) + 6e lV * 

Thus we have £*veg in terms of u 9 v, to, but for some terms of the third 
order in the principal extensions As above these may be evaluated by 
(6) and (7) together with the third invariant of the ordinary theory, 


(hi / p ( 

W 3 ^(p“^ 


— / P dv _ w \ ?w 

p— Z' ?Z 


, ,/3u , p 3w , v \ /3m . r)w\/do. p 3a\ 

+i 's;' r 55 + —J >sr+s) l s; + 5 p/ 

h— 2_f ~ j (—£- ^ (*r+1^) 1 

4 3a'rz p —«3p p— z 'p—z3|J p—z/\3 z ox! 

, 3w fdv , p 3u \* 

*3zl<fe + P -*3p/ 


There results 


42e 2 e a = 4|7-£-^- ii-)^ + |f ^ + ^/-£_^i 2L\ 

” L\p—z3|3 p — z'l)s cte <5a^3a\p— zSp p—zl 

+ (gf) + (l) + (^bi| + ^b)] 


/ p 3i> 

J£_) 

\p—* 3p 

p~zl 


+2 sf[(^si) +(e) + (|D + (p"^^ + ^)*] 

_ | |r -I_S_ |*f? 4 - — + —E— §** -h 12_ *-)%> 

Loz p — *3p p — z p — * 3{j oz~ \p—sop p—*/3* 

f3u . 3w , 3u 3u , 3e 3v , 3w Swl* 

-Lsr+sr+a; 5? + 3i3’s + ssr^-J 

- 2 ris + -£-§“ir|“ —£_ +§£(«£— § 2 .— 2 L\ 

L5#^P-z3|}jL3* p-2 3p T 3«\p-*3| p-*/ 
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Using equations (8) and (9) we have from (2) an expression for the strain 
energy function correct to the third order of «, v, w By variation three 
conditions of equilibrium correct to the second*order of the co-ordinates of 
displacement can tie derived These are, of course, general equations, they 
are not needed m the deduction of shell equations, so that as they are compli¬ 
cated they are not set down here 

The Boundary Conditions 

4 The reduction of general equations to shell equations is effected by means 
of the boundary i onditions at the faces, z — ± A, of the Bhell 

It happens that it is not necessary to calculate these conditions to the 
second-order in full with the strain energy method first-order boundary 
conditions can be used, the extra terms of the more accurate conditions dis¬ 
appearing on substitution, while with the other method it is only necessary 
to know the form of the second-order conditions 

It is supposed in what follows that the faces are free from all external 
surface forces * We write cut, pp, tz, pr, zet, and ap for stresses referred to 
the actual (strained) elements of area upon whioh they act, and referred also 
to (a, p, z) axes at the point («, p, z), to which point («, p, z) is displaced 
by the a tram. Thus 55, for instance, is the stress acting in the direction 
of the si axis of (a, p, t) upon an element of area normal to this directum, , 
where by stress is meant action divided by strained element of area Second 
order expressions for these stresses are not needed , to the first order they 
are of course known 

Suppose now that any point P of either face of the shell is displaced by the 

* Tbit U done as no problem it ooniidered here, or is contemplated, in which the oontrary 
is the owe. It is pointed out below, ft, that so loss ci generality is involved 
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strain to Pj, which will be m the corresponding surface of the strained shell 
The direction cosines of three orthogonal elements through P lf two of which 
are m the strained surface, are required to the first order They must be 
referred to a, (3, z axes at The linear elements through P, whose direction 
cosines are (1, 0, 0) and (0, 1, 0) before strain, go through P t and lie m the 
surface after Btram A common perpendicular to these elements after strain 
gives the normal to the strained surface at P 1 Hem e we find that the direc¬ 
tion cosines of an orthogonal set are given by the scheme 







a 

p 

&■ 

1 

i 

dv 

dw 

i 

3a 

doc 

) 

3v 

l 

p dw 



P - Z 0(J 

3 

i 

I 

p 3 w 
P-2 3p 

! 

L 


the element denoted by 3 being the normal to the strained surface at Pj 
The conditions that there should be no action upon either face of the shell 
may now be written down at once These are 


and 


— 2p dw— 3u> — 

— p It - - Se — dip— „ 


- 3w — —3o— p 3 «i— 

which are correct to the second order of w, v, w 


00 ) 


The Stability of a Plane Plate . 

5 Sufficient information has now been obtained to reduce the strain energy 
function to terms of the co-ordinates of displacement of points of the middle 
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surface of the shell, and hence to determine the shell equations But it is 
also possible to write down the conditions for the equilibrium of an element 
of volume, and reduce them to Bhell equations This is the first of the methods 
mentioned above as available The work with the cylindrical shell considered 
hitherto is long, but in the case of a plane plate it is greatly simplified The 
equation for a plane plate is, therefore, deduced m this way, m part as an ex¬ 
ample of the method, but more particularly because the process of approxima¬ 
tion is exactly the same as that in the general case of the cylindrical shell 
Consequently, the work in the latter instance can be set down more con¬ 
cisely after an easier problem has been handled by a similar procedure 
We take the middle surface of the plane plate in its unstressed configuration 
to be the r y plane, and any normal as the z axis All co-ordinates are referred 
to these fixed axes Suppose that any point ( x , y, z) of the shell is displaced 
by the strain to (5, y, z) Then the condition that the force in the direction 
of the z axis on an clement of volume should vanish* is 


?y 



(H) 


The stresses that occur in this equation are defined exactly as are those above 
It is easy to see that to the first order of u, v, u\ 


& L __ 3u\ jH __ dv 0 _ vw ? 

cl* \ cte/cU ?srrty vxdz’ 


etc 


( 12 ) 


After calculation of the stresses to the second order, the general equation 
can be written down, but- it need not be given here as the approximate shell 
equation can be derived directly 

Suppose that u f v, w can be expanded m power senes of z } so that 
M = M„ Ml* +«2*®+ . 

t> - r„ | Viz | vjr i 

and 

w — w 0 •+ **i* + w a* 2 "f > 


where % % w 0 , and the various coefficients of powers of 2 are all functions of 
x and y v 0 and w 0 are evidently the co-ordinates of displacement of a 
point of the middle surface of the plate With these values of u, v, 10 , we may 
reduce the left-hand side of (11) to a power senes m t , the equation must be 


* Of. Southwell, loo ctl, p 100, also for equation (12) below 
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satisfied for all values of 2 , bo that in particular the term independent of 2 in 
this expression must be zero. The resulting equation is 



where, for instance, (zi) 0 stands for the term independent of 2 , and (at), 
for the coefficient of z, in the expansion of 2 ? Equation (13) is not yet a 
shell equation, owing to the appearance of such terms as tq, w l , to elim¬ 
inate these the boundary conditions are used For a plane plate equations 
(10) reduce to 


— hw — — 

zz-2^yz-2*£zx = 0, 

(id 

— 3 w ,— — dv —- 3 w — 

(15) 

— 3w.— —, — dw — 

(16) 


each condition holding for 2 = ± h 
Therefore there are six conditions of which 



-- 5 (*)• -^(®y)i-^f Gw)«] + * 0, (17) 

derived from the two equations from (16), is typical These equations need 
only be used for the reduction of terms of the first order, for the others, 
simplified forms of these conditions, obtained by ignoring the second-order 
terms, are sufficiently accurate Further, first of all we calculate a first 
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appro xim a tio n to the equation (13) by ignoring A*. For the redaction at the 
second-order terms, then, we have the simple equations 


(X + 2n)<»i + 

(18) 

(X + 8|») H+ *(-jjf + ’jjjf) “ 0. 

(19) 

•*+%> -»• 

(20) 

2 n+^ -a, 

(21) 

"i+§? “«• 

(22) 


(23) 


These equations can also be used to simplify the mote accurate boundary 
conditions (14), (15) and (16) For example, in (17) the terms (zz) 0 and 

^j?(*x)o can both be ignored, by reason of equations (18) and (22), the other 

boundary conditions can be similarly dealt with. 

In finding the first approximation, then, even for the reduction of terms of 
the first order, we have only to use the relatively simple equations 

(2a) 0 «* («) l «0, 

ft. - ^ Gy)o - ffl. = o. 

and 

«.-!?«. - <*>. * ° * 

the other two conditions are not needed. 

Again, what has been said as to the reduction of second-order terms shows 
that the first approximation to (13) is to be obtained from 

& (**)«+3^(y*)o+(«)i-o. 
which by the conditions above is reduced to 

IH? (“>•+1? <*•} + 5^ ,(S),+ ^ <“*>•] “ 

VOL. ovn.—A. 


0 . 
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All terms in this equation are of the second-order, so that the final reduction 
to terms of tig, t> # , v> 0 can be effected by equations (18) to (23) The resulting 
expression is 



If a second approximation were required with complete accuracy it would 
present some difficulty, but it is possible to justify a pottenon in practical 
problems of elastic stability the neglect of terms of the second-order of displace¬ 
ments when multiplied by A* Hence, what must be added to the left-hand 
side of (24) is merely the term in A 2 which appeara m the Theory of Thin Shells,* 
that is to say. 


The shell equation is finally 



a denoting Poisson's ratio. 

The equation of stability follows immediately from (25). Let the plate be 
stretched by external forces acting in its plane, so that the displacement of 
any point of the middle surface w (tig, <^, 0). If the equilibrium of this con¬ 
figuration, called the “ equilibrium configuration," is “ neutral," there will 
be a neighbouring configuration of equilibrium, the “ distorted configuration," 

* Thu expression osa be obtained by the general methed of tbit section without trouble, 
or it domes Immediately from equation ( 82 ) below. 


4 -lM*+P) ftsy.w 
3(X + 2p) 10 
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In which the displacement of a point of the middle surface ib (tig, v# v>') 
to' must satisfy the stability equation 

T^-Bffife + «S , )+ 1 f 2 y(fe+^)] 


Then 


~Ty\%( a ^ + ? ^y 


1 — a du>‘ 


2 




= 0 , 


( 26 ) 


and certain boundary conditions which need not be considered here. The 
condition that there should be a non-zero solution w' with these properties 
determines the “ critical ” values of the external forces , if these are exceeded 
the plate will collapse 
The equation (26) can be written* 


dv.v-Kt, 



(27) 


where T 1( T a , and S are stress resultants! in the equilibrium configuration 
In the general case the stability of an equilibrium configuration («„, t> # , te 0 ) 
is examined, and three shell equations must be considered The equilibrium 
of this configuration is neutral if there is a neighbouring configuration (% -f 
v 0 -f v', w Q -(- v>‘) which will satisfy the eqmhbnum and boundary conditions 
By subtracting the shell equations for the two configurations we have three 
equations containing terms of the types u, u^u', and u'K The latter terms 
can be neglected, for, from the nature of the case, the absolute magnitudes of 
v\ and w‘ can never be obtained, these quantities can therefore be supposed 
so small that their squares and products are negligible Consequently, u 
general the stability equations are linear in v' and w', the coefficients being 
functions of v 0 , and 

The simplification m the case of a plane plate comes from the fact that the 
question of stability arises only in connection with equilibrium configurations 
m which the middle surface is plane It is then found that one stability 
equation contains only w', if we take as the distorted configuration 
(Ug ■+■ u', v 0 + v, w'), while the other two contam only u' and o' There are 
therefore two distinct modes of collapse, and only one of these—that which 
is determined by the stability equation found here, and which is accom¬ 
panied by the familiar buckling of the middle surface—is of physical interest | 


* Special oases of thu equation have recently been considered by Southwell and Shan, 
‘ Roy. Boo. Proc ,* A, vol 105, p 582, and by the writer, * Boy. Soo. Proo,’ A, vol. 100, 
p. 288. 

t Tba notation it (bat need in Love, op. at., chap. 22. 

* See f 8. 


8 r 2 
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The Reduction of the Strom Energy Function 
6 Returning to the general case, we have now to express the strain energy, 
given by equations (2), (8) and (9), in terms of tig, v 0 and w 0 by means of the 
boundary conditions (10) Supposing, as m §6, that«, v and w are expanded in 
power series in z, an expression for W can be found of the form 

W = W 0 + W 1 z + W t z , + , 

the energy of the whole plate is then 

JjiMpj* (l-^tW t + W,s + W*» + )dz 

It is proposed to evaluate this, neglecting terms in A 4 , terms of the fourth and 
higher orders of displacement co-ordinates, and terms of the third and higher 
orders when multiplied by A a . Tins accuracy is sufficient for most stability 
problems. 

We have, then, to find W' given by 

W '" W » + T (Wf “Wi/p). ( 28 ) 

terms of the third order being neglected m Wj and W 2 The calculation is 
divided into two parts. Fust are obtained the terms not multiplied by A*, 
the deduction of the others is a problem in the ordinary theory of elasticity, 
and does not demand the special accuracy of the results given above. It may 
be remarked that there is no a pnon reason to suppose that W 0 does not contain 
terms in A* as it will involve, for instance, terms in u v v x and w x , and for the 
reduction of these to Uq, v 0 and w 0 , conditions similar in form to (17) must be 
used. As pointed out below, however, W 0 does not m fact contain such terms, 
and this circumstance simplifies the reduction considerably. 

W 0 is calculated exactly as is equation (24) above. For the reduction of the 
thud-order terms we have the simple boundary conditions 

(£)o = («)i — o, 

(R = (jS)i — o, 

and __ 

(«0o - (**)i = 0, 

the stresses being reckoned to the first order only, and these equations can be 
used to reduce the more accurate boundary conditions (10) to 

(®)o “ (»)i “ 0, 

(P)s“|§f(^)o-^(iP)s- 


0, etc. 
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The only one actually required is the first, which can be written 

(X +2(i) w, + ++ F — 0, (29) 


where F is an unknown function of the second-order m u 0 , u 1; etc. 

Simplifying the third-order terms of equations (8) and (9) by the simple 
boundary conditions, we have 



Using (29) to put uq in terms of Uq, v 0 , w 0 in the expression for W 0 , it is found 
that the unknown function F disappears, there is therefore no need lot the 
complete second-order boundary condition, a circumstance that reduces 
considerably the algebra that would otherwise be necessary 


The final result is 
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This represents in the first instance a first approximation to W 0 obtained 
by neglecting terms multiplied by A*. It remains to find the terms in A*. 
The result in this case is known, so that onlv an indication is given of the method 
of reaching it by the processes of this paper The terms of the third-order can 
be ignored throughout, and we have merely to express in terms of u* e^ and w 0 
the coefficient of A® m 

W„ + | 2 (W 2 - W./P), 


by means of six boundary conditions such as 



This can be done by successive approximation, the process being simple because 
it is found that upon combining the various terms none of the functions u, v, w 
Appear with suffix greater than 2. 

Were this not the case (as it is not if the alternative method of §5 is used for 
a second approximation), it would be necessary to use the relations that can be 
derived from general equations by equating to aero the coefficients of the various 
powers of z, to reduce the suffixes 
The final expression* is 


w >“ -?)*- 2 £(!H) + 4 +W 

+(yfr 2 . ^± tf)|H+_ "Y| 

Voqt/ L X + 2fi cot X + 2fjAo|S p J 

. tt r- - si ^ i. . 1 m 


, /3w 

+ ls? 


+?)■[' 


X 0M 
X 2fi 3a 


, 2(X+p.) /9t? v> 
X + 2p \3ja r 


?)] 


+ 


5«\5p^p/\5*^5p/^4(x+2tt)\3« 5| p/\3« 5p/ 

oxS r* % i .. 




»i*i 


+ JTx+s?) {*• + xTiil ( ** + *^} I? (,<+ 

+ a(x+5i») {*• + r+si» + *■*} 3p (<1+ *■* 

, xfi a* , , v, 


* From this point onward* the suffix 0 he* been dropped; ail oo*ordinatea at displacement 
ace of points of the middle surface. 
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+ _3*±2J* J 

T 2(X+2p)p , \ 


« a 4 


X 

X+2|i 



P 


(6X+4|a) (*, + *,) 
2 (X+2{*) p 



X 

X-(- 2(jl 



In the &* terms is used the notation o! the Theory of Thm Shells, 


* l ~dx t 


dv w 


CO : 


dv , du 

£ + 5p> 


„ _ d*w d(dw,v\ d/dw,v\ 

'.-5^ + ;). r ~rM + i> 




The result (except for the third-order terms) is equivalent to one given by 
Basset * 

The discussion has been limited for simplicity to the case in which there is no 
action on either face of the shell, but were such actions to exist no essential 
alteration m the procedure would be required The expressions in equations 
(10) would then be equal to functions of the surface tractions, and therefore of 
« and {3, and of the displacements of points of the surface f The successive 
approximations could be made in exactly the same way, and the only difference 
would be that m the equations obtained by the method of §6, and in the strain 
energy of the present method, terms depending on the surface tractions would 
appear It is true, as pointed out by the late Lord Rayleigh, J that if there are 
surface tractions no form for the strain energy entirely m terms of the displace¬ 
ments of the middle surface is possible, but for most purposes this does not 
constitute a difficulty, as the equilibrium or stability of configurations under 
gwen systems of external force is considered 


The Shell Equations. 

7. In a position of equilibrium 

W'dotdp 

tafam over the middle surface of the whole shell must be a minimum, so 
that 

j|*W'd«dp - 0, 

* ‘Phil. Tmum.,* A. vol 181. 
f Of. SonthweB, toe. eft, p. 818. 

X * London Hath. Soo. Proo.,’ vol 80, p. 878. 
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where 5 denotes an arbitrary variation of u, v and tv. Thu equation can be 
written in the form 

jj (A»« + BSi> + C $iv) dadp + jj(|^ + |j?) dot dp - 0, 


where A, B, C are functions of u, v, and tv, by such relations as* 



The second integral can be transformed into line integrals along the edge 
of the middle surface, from which the boundary conditions at the edges can 
be obtained. These are not usually of importance for a theory of elastic 
stability, and need not be considered here.f 
The shell equations are given correctly to the second>order of u, v, tv by 

A = B = C = 0. 


Written m full these equations are 
3 rdu 


d rdt< 

5aL<5a 


l + a/3t; 3«\' 

IS “35/ 




+‘ 

+ 


, i/0w\ # , /0» to , , I'Bto , «\*l , : 

+1 (s/ +, ’{3p" + * , SpVf + ' 

Jflf a 0* / , _ \ i a 0® / , — \ 

3+2 (1 - a) (Cl + ***) + 2 (1 - a) ^‘ 4 + ^ 

57+7) £?' 1,1 + ^ +\ £3 $' + 

, 0 flj-O/0O , 0U . 0tV/0iV , V\\ 

+ 5pl - j - l5; + 5p + 5;(55 + ;)j 

_i±»/|y_8«\/0« + 35_«\ ** 

4 'S 5p/\3«^5p pJ •' 

+ ?{87i^£5pk + ^ + ^”(?+)}] -# - <"> 

* 8*e Love, 1 PhlL Tran*.,’ A, vbl, 179, p. SU. \ 

f for inaUnoe, in the problem of the tubular strut ozsminodjMow, ft to iupnotieeMe 
to find the condition for the oollapae of a strut of length 1unfite given end conditions. 
What is done is to find the condition that a distortion of w*ve-kngi|J »ay be maintained 


in an indefinitely long tube. 
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3 r i-« fdt> i_3« , 3w/3 to , v\l , l + o(Bv 3t*\/3 u , Bp »\ 

sL~ls + 3p + sl3p + 'p// +- rls _ ?pAs + 3p~';] 
+ S Wb) CTp (tl + ‘* )+ ’ L F 5 ^''j)}] 

+1[|- ? ++ -P'+»(1=+* ( ^*}+^ ^ -li)* 

, ** f 0 3 * , , . , , or 3 * / , _ x 

+ 3 \2 0^ ^* (61 + ^ + 20^) ( ** + ^ 
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I g - a * fc I rn I 1±£ t» + qC l 

+ 2(l-ff)3p*' l+ * ) + 23«^ + (1 -<t)*‘ 


+ (i + <r)^ 


p* 

2 + g *, + K, 


'}] 


and 


p 2(1—g) p 

lfl —oBwtBv . 3«\ , /3*g , v\iBv w, 3«. 

■;L~s; t s; + ^/ +( sp + pA^“p + '’s;) 
~y{^ ( ‘ ,+ ' , * ) + (1_ '' ) ( 2 S _ lp' 


+ (<ei + ^ + (1 “ ff) ( 2 ^ ~ Iff) 


, a-3o* 3*, , > 2+0 3*, , . , 

+ 2(l-a)pS? ( ‘‘ + ^ _ 2(l-V)p5?(*- + «.> 

_ J±1 _ kz£ _|L./2\1 

2 (i-g) 5 p«\ p > 2 F^FpVJ 

_ | f|2£f |9« + ff (|2 _ »ft 4 . hlE (|!£ + (|* + Ml 

3aL3* \3«^ 'Fp ?/) 2 \Fp ^ p ' 'Fa^ Fp/J 

3 T/3w 1 v\/Bv w 1 _3«\ , 1 — oBw/Bv , 3«Y1 

- spUsp + ;Asp _ ; + ’ si + “sr Is; + sp f J 

-KI-f^^+’ls+Ksn+H 2 ®-^’ 

+^f<*‘ + ^ + f^P + F^. *¥* 

+»+*?- 2stvr fl-* < 22 > 
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a as usual denotes Poisson's ratio, it has been found convenient to use the 
elastic constants X, ;x in the intermediate stages, though the equations them¬ 
selves are simpler in terms of a. 

From these equations as in §5 the equations of stability of any known 
configuration can be immediately set down 
It will be seen that the complexity of the equations iB not due to the second- 
order terms, which are comparatively few and m the mam symmetrical, but 
to the terms in 5* The theory of thm shells simplifies the latter considerably 
by physioal assumptions, but it does not appear possible to simplify the equations 
above on mathematical grounds in the general case. However, in a definite 
problem it is probable that it would be possible to see without difficulty which 
of these terms were important, and avoid unnecessary labour as is done m the 
problem considered below. It is not, therefore, thought worth while to abandon 
a process of approximation which, though unnecessarily accurate in some 
cases, is at least definite, in favour of one which it is legitimate to describe in 
the words of Rayleigh* as of “ ill-defined significance ” 

Examples of General Theory 

8 It has been remarked m § 5 that a plane plate in a configuration of 
equilibrium m which the middle surface is plane, can collapse m either of two 
independent modes, of which one only is of physical interest f The result of 
this is, as has been Been, considerably to reduce the work necessary m a problem 
of stability. It is of interest to show that this is the case from equations 
(30), (31), and (32) From them the corresponding equations for a {Jane plate 
can be deduced at once They are 



+*/i («,«)-<>, (33) 

1 [*Lz£( £ + £s+1«? +1±£( |s - §HVfS+M| 

5*L 2 \5* 5®Sy/^ 4 \33 



+ *Vs(M-0, (34) 

* hoc. oU., p. 874. 

t This was first pointed oat by SoathwsD, Joe.*#., 
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Sx 



In equations (33) and (34), («, v) and f t («, v) axe functions linear in u 

and v (35) is in agreement with equation (25) obtained by the alternative 
method. It is easy to see that if m these equations we substitute first («, v, 0) 
and then (w + «', v -f v, «/'), the displacements of the equilibrium and 
distorted configurations respectively, and then subtract the two sets of equations 
ignoring terms above the first-order in v and to', the first two equations 
contain only u' and v', and the third only to' Consequently two independent 
modes of oollapse are possible. 

There is one point of importance The condition that there should be a 
non-zero solution of the third equation will evidently require in general the 
strains such as dujdx in the equilibrium configuration to be of the order of hK 
If instability in this mode is to appear before the breakdown of the material 
itself, if, that is to say, a theory of stability is to have practical value, the 
strains in the equilibrium configuration, and consequently h*, must be very 
small But these are precisely the conditions that the approximations used 
in reaching (35) should be justifiable, for m this equation we have neglected 
terms Bimilar to those that appear when multiplied either by a displacement 
or by A a . Consequently the condition that this instability should be possible 
in practice, is the condition that equation (35) should be competent to determine 
when it will take place 

The position in regard to instability of the other type is entirely 
different From equations (33) and (34) it is clear that in general a 
non-zero solution in u' and «' cannot be obtained with small strains; the 
strains must be of the order of the coefficients of the terms in «' and e' 
alone. This result regarded as a first approximation shows, however, that 
there is no ground for neglecting any order of displacement co-ordinates, and 
there is no reason to suppose that further approximations would alter this 
conclusion as to the order of magnitude of the strains. This type of instability 
is than of no practical interest, and it is therefore a matter of indifference that 
suffioieutly accurate equations would, m the general case, be impossible to 
obtain,* The theory of the stability of plane plates », therefore, in the 


* With the simplest types of stress there is, however, no difficulty. 
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fortunate position that it is only adequate to deal with problems that an of 
practical significance 


The Stability of a Tubular Strut. 

9 As a more interesting example the stability of a tubular stmt is briefly 
considered This problem has heen solved by Southwell.* using in the case 
of distortions of axial symmetry his general theory of stability, but in the case 
of distortions of any type, the theory of thin shells The general case, then, is 
here considered for the first time without the latter theory 
The equilibrium configuration of a long circular cylindrical shell in com¬ 
pression due to end thrust is given by 


u — 0a, v = 0, to = o0p. 

0 is a constant and so, in this problem, is p These displacements will evi¬ 
dently satisfy the shell equations If the equilibrium of this configuration is 
neutral and a symmetrical distortion of the shell is liable to take place, the 
shell equations can also be satisfied by the displacements 

u = 9a + u', v =* 0, w = O0p + to. 


where u' and v' are mdependent of {S. Subtracting the shell equations for the 
two configurations, and ignoring terms of order above the first in u' and to\ 
we have the two stability equations! 

8 f3u' aw , A* f a 0* /0u' aw'\ 

sLx; _ T + 8 \2(r^3 


+ 


a 0 a /0t»' w' \ , o (1 + o) ( du «A 
2(l-o)S5\55 p/ + (l-o)*p*V 5£ p/ 


and 


, 2 - 20 - 80* 0*w'n 

■*' 2(1—o)p ‘357 J 


0 , ( 86 )« 


*«[8V , 2-3o« _0* /0«' _ w’x 

3 L 0«« i ‘2(l-o)p0a«''5« p/ 


2 + o 3* / 

2(l-o)p55\ <, ‘3« p/J 



3u' 


w' I o 3* (du aw' \ 

P 3 (2 (1 — o) 3a*V3a ~ p / 

, l + o („Qu' u/\ o(1 + 2o) Saw'll 

+ (i-o)*p*\ "3a “* p/ 2(i-o)p'35r/J 


0. 


* Lot. oit„ pp. 227-236. 

t Equation (31) ia satisfied identically by both sets of displacements. 


m 
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Writing 

«' ss* U sm 22, * 

and P 

w' = Woos 2*. 

P 

when U and W are constants, the condition for a non-Eero solution of the 
equations can be written down at once in determinant foim As a first approxi¬ 
mation ignore the terms m A 2 in (36) and (37), then 


so that 


± + 9(l-«*)£ 


e = -± 


As a result, q must be large if the stress is to be one of practical interest. The 
next approximation, in which the terms in A 2 are included, is therefore written 
m the form 

_a + E^+F^, I + 9a-<fl^ + H J ij: + G^+l¥ 

p p p p p p p p 

where A, B, C, . are non-dimensional constants independent of q. 
Further, let 

and evaluate the determinant to order A 2 

Then V+ » - (Lq* + Mj« + N), 

when L, M, N an further constants independent of q. 

The final form for 6 is then 

9_-I-^ + M + S) l 

the wimwswi value of’8* for all values of q is given to a first approxi¬ 
mation by 

6--7VE. 

* This correspond* to the minimum thrust that will cause ooflapse u the mode oon- 
sidsnd 1 only this minimum value is of praotioel importance. 



758 


W B. Dean. 


where 


H 


3 (1 — a*) 

With this value of 8 we arrive at the known formula for the minimimi total 
thrust, S, that in a strut of any radius will cause this type of collapse, 

S = SjcEA* \/- 


1 


3 (1 — a 9 ) 

To consider any type of distortion, the configuration adjacent to the equili¬ 
brium configuration must be taken to be 

u = 0a -f u', v = v', w — <r0p + i o ', 
v', w' are now functions of « and (3 

Forming the stability equations in the usual way, the only terms in 0 are 

*- - * - 

— (1 — a*) 0 in the first, second and third equations respectively. 

Setting in these equations 

«=»UsmZ5sin*§, 

P P 

„ = Voos22cos*e, 

P P 

w = W cos 2? am ^ 

P P 

a first approximation to 0 (ignoring A*) is found from the determinant 


and 




«2 



-k 


-c? , k 1 + (1 — «*)0J* | 

Expanding and ignoring 0*, we have 

ft -*)! 1 -?*) [ g 4 + g *6 {** + 11 ) + 2 * y +^ 2 *+ J 4 }] - 0 . 

It is assumed that k is not sero,* as this case has been already discussed. 

• The forms assumed for v', w* we not valid ifiaO. 
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Accordingly, g* must now be small if a stress of practical interest is to canrfe 
collapse As a first result then 

A — g* ' 

0 A*(** + l) 

It is next necessary to find the various types of terms in the expansion of 
the determinant to order A®, the coefficients are not in the first instance 
required. It then appears that the minimum value of 6 for given k (which 
must be integral) corresponds with a value of q which is such that 6, <f and h 
are small quantities of the same order The determinant contains no terms 
independent of, or linear in, these three quantities A first approximation to 
0 is therefore obtained from an evaluation of the determinant to the second 
order of these quantities The terms m q 4 and fig* are known, none in 0A or 
g*A can appear, so that only terms m 0* and A* remain to be evaluated There 
are physical grounds for ignoring the terms in 6 s , and some mathematical 
grounds Completely to determine them would of course require a revision 
of the preceding work, so that the shell equations should contain the relevant 
terms of the third-order However, some of the terms in 6* already appear 
and are multiplied m every case by the square or higher power of q , this is 
also the case with those that arise m third-order shell equations which have 
been found in a special case for another purpose It has therefore appeared 
impossible that these terms could affect the result, and they have not been 
calculated in full The A* term is readily obtained. Writing the determinant 


1-a 


k*~q * 


I^Wa*’, 


1 4 £ ‘«- 


l+o 


kq- 




A*- 




2 * 4 ' T 


*?+C~ 

-*+G-! 


-o?+ H p 


k + l ? 


A» 


,l + (l-o*)V+J - 4 

9 

where A, B, C, ... are constants, the term m h 9 is seen to be 
_ I 1 .r «?..£ £ (F - AQ + AI - A*J). 

2 p* 

In this expression only that part of F, for instance, independent of q is 
required, and this must come from the terms in v' not differentiated with 
regard to a in the second stability equation. 

The final result is 

!=£[(! -o 9 ) q* + (I — <r*) 0g 2 A* (» +1)+ - 0. 
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The minimum value of 0 is given by 

V3(l - or«) p’ 

the corresponding minimum total thrust, S, that will cause instability in the 

mode defined by k is _ 

S - 8kEA* a/---, 

#+l v 3(l-o*) 

verifying the result given by the * Theory of Thin Shells.’* 


On the Fluorescence and Channelled Absorption of Bismuth 
at High Temperatures. 

By E. Rangadhama Rao, M.A, Madras University Research 

Scholar 

(Communicated by Lord Rayleigh, F.R.S.—Reoeived January 2, 1025) 

[Plats 12) 

In a paper recently communicated to the Royal Society, experiment* dealing 
with the absorption spectra of several metals were described, in which it was 
found that bismuth vapour shows both lines and bands in absorption. The 
banded spectrum consists of three groups of bands, each group consisting of 
a number of bands degraded towards the red, the group of bands in the visible 
region appearing at high temperatures 

In the above experiments it was hoped that by raising the temperature of 
the absorption chamber sufficiently high, and raising the absorption in the 
lines of the several bands, it might be possible to detect a fine s tr uct u re in 
some of these bands. Accordingly, the author modified the furnace pre¬ 
viously used so as to blow through it a larger quantity of comp re s s ed air, and 
succeeded finally by using ooke and this furnace to obtain a temperature of 
about 1800* C. to 1600° 0. At this temperature the vapour emitted a 
fluorescent radiation orange yellow in colour. 

In these experiments the spectra were photographed by a Hilger glass 
spectrometer of the constant deviation type. To obtain the fluorescence and 
absorption speotra in juxtaposition, the slit of the collimator is provided with 

* Southwell, 1 oe. at, p. 235. 
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a slotted diaphragm by which exposures were given of both the fluorescence 
and absorption spectra, without moving the photographic plate. 

Fig 1 (Plate 12) represents the photograph of the fluorescence and channelled 
absorption of the vapour at this temperature, and the author succeeded in 
photographing about 20 of these fluorescence bands, the approximate wave¬ 
lengths of 16 of these are given in the table below, along with the wave 
numbers It will be seen further from the photograph that the fluorescence 
spectrum is more or less the exact complement of the absorption spectrum in 
this region When examined by a mcol, the fluorescent radiation did not 
exhibit any polarisation 

Fig 2 represents a section of the absorption spectrum at the high tempera¬ 
ture In contrast to the bands in the ultra-violet, some of these bands show 
a distinctly line structure According to Bohr’s theory of band spectra, there 
seems to be little doubt that these bands correspond to triple quantification of 
the electronic, atomic and molecular motions of the bismuth molecule, and it 
may be that the large moment of inertia which we may suppose the bismuth 
molecule to have, leads to a small frequency interval between successive 
members of the line series in the bands Further, the senes consists of a large 
number of these members crowding together at the head 


Table 1 —(Fluorescence Spectrum ) 


X 

ax 

V 

Ay 

0533 0 

_ 

15,307 

. M 

6464 5 

68 5 


162 

6380 0 

76 5 

16,652 

183 

6319 6 

69 5 

IS,824 

172 

6248 5 

71 0 

16,004 

180 

6187 5 

61 0 

16,102 

158 

'6117 5 

70 0 

16,347 

185 

6062 0 

65 5 

10,523 

176 

5991 5 

60 5 

16,690 

167 

6940 5 

51 0 i 

16,834 

144 

5886 6 


17,005 

171 

5681-5 

49 0 

17,148 

143 

5776 6 

55 0 

17,312 

168 

5726 0 

50 5 

17,464 

152 

5680 0 

46 0 

17,606 

142 

5640 0 

40 0 

17,730 

124 


Electrical measurements of inelastic impact potentials and of ionisation of 
this element recently made by Ruark, Mohler and others* indicate that the 

* 1 Scientific Papers of the Bureau of Standards,* No. 490 (part of vol. 19), 
pp. 463-486 (June, 1924). 
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excitation potential is 1 *9 volts It is well known that the elements of the 
Fifth Group are polyatomic m the vapour state. The existence of the fluores¬ 
cent banded spectrum m the above regidn indicates that banded spectra axe a 
criterion for the presence of molecular radiation processes, and that the critical 
potentials of elements, which are polyatomic, are probably related to the 
molecule, and that the radiating systems here involved are molecules instead 
of atoms, so that, in addition to the energy associated with electrons, two other 
types of energy may be radiated due to the oscillations of the nuclei and the 
rotations of the molecule about its centre of gravity It may, therefore, be 
assumed that the cntical potentials of these elements correspond to the band 
spectra 

Further, these fluorescent bands are shaded towards the less refrangible aide 
Theoretically, these bands, therefore, correspond to a decrease m the moment 
of inertia of the molecule, a8 a result of the change in the molecular configura¬ 
tion involving a decrease m the internal energy 

I am deeply indebted to Prof A L Narayan for his continued interest 
and help. 


A Note on the Absorption of the Green Line of Thallium Vapour. 

By K Rangadhama Rao, M A, Madras University Research Scholar 
(Communicated by Lord Rayleigh, F.R.8.—Reoeived January 2, 1926 ) 

[Plats 13 ] 

Investigations on the structure of spectral lines indicate that lines of heavy 
metals like mercury and bismuth are generally complex in structure. The 
constitution of mercury and bismuth lines has been studied by several 
physicists, who have established the complexity of these lines 

Recently Metcalfe and Venkatesaehar* described a senes of interesting 
experiments on the absorption of X5461 by luminous mercury vapour, 
where it was found that all the satellites of the green line were strongly 
absorbed under suitable conditions and that the ratio of emission to 
absorption was fairly constant for all lines except — 0*287 A.U. 

* ‘ Roy Soe ProcA, vol. 100, pp 149-166 (1991), and rol. 105, pp. 620-681 (1984). 
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Absorption of Green Line of Thallium Vapour , 768 

Numerous investigators studied the structure of the green hue X5350 of 
thallium, notable among them being Michelson, Fabry and Perot, and Barnes, 
and found it to be complex in structure In 1892 Michelson investigated the 
structure of this line by means of visibility curves, and found that the line 
consisted of two components, each of which was double In 1899 Fabry and 
Perot investigated with their interferometer the structure of the same line 
and found that the line was triple, being composed of one bright and two 
weaker components, both of them being of the same intensity and lying on 
the red side, their separation being 0*02 A U and 0 12 A II respectively In 
1904 Barnes also studied the structure of this line and found that it consisted 
of the mam line and two satellites, with a separation of 0 04 A U and 0 1 A XL, 
the intensity of the first satellite being three times that of the latter 
In a previous paper* an account has been given of the experiments made by 
the author in collaboration with Prof Narayan on 14 Absorption and Dispersion 
of Thallium Vapour/* where it was found that l7r a — 1 iz v corresponding to 
the first resonance potential, was not absorbed by the non-luminous vapour, 
and that the vapour exhibited anomalous dispersion more prominently at 
X 3775 (la — l7t a ) than at X 5350 (I a — Ttj), which is quite in keeping with the 
view that 1tc 2 is the ground orbit of the valence electron of the element 
From considerations based on the absorption of X 5461 of mercury, it was 
thought that a more detailed study of the absorption of the green line of 
thallium would give interesting information Further observations on the 
absorption of this line were therefore undertaken As a preliminary to this, a 
cursory examination was made of the structure of this line 
In studying the constitution of this green line a glass Lummer-Gehrcke plate 
of resolving power about 300,000 for X 5350 and a Fabry-Perot 6talon (thickness 
of air layer 10 016 mm ) were used. The source employed is the radiation from 
a vacuum tube through which a condensed discharge was passed from an 
induction coil between thallium electrodes In order to avoid the necessity 
of knowing the order of the diffraction jiattern in finding the separation of the 
satellites from the mam hue, and to make a more accurate determination of 
the intensities of these satellites relative to the main line, photographs eon* 
taming the diffraction pattern on either side were obtained with the Lummer- 
Gehrcke {date. In these experiments the radiation constituting the green line 
was isolated by an auxiliary spectrometer 
Fig. 2 (Plate 13) is a reproduction of the diffraction pattern obtained with 
the Lununer plate With the resolution attainable by the plate it is found 
♦ 4 Roy Soc. Proo^' A, vol 106, pp. 506-601 (3924). 



764 


K. R. Rao. 


that the mam line is a close doublet, and is accompanied by a satellite with 
separations 116 A. 

The resolving power of the plate is hardly sufficient to show the other satellite, 
but the photograph taken with the e talon (fig 3) clearly showB the existence of 
the other satellite also 

The formula used in this experiment m measurmg the fringe pattern obtained 
with the Lummer plate is the same as that used by McLennan, 

AX= * W. 

//.* n* 


where the denominator is the difference between the squares of distances of 
two mam-hne fringes from the central line of the pattern 


a m —*■ Distance of main-line fringe from the central line of the* pattern 
a, —► Distance from the central line of a satellite fringe of the same 

order 

d Xn..„ —*■ Change m X causing fringe of the mth order of the system 
of fringes due to (X + dX) to coincide with fnnge of the 
(m *f l)th order of X 

In the absorption experiment, careful preliminary eye observations were 
made with the source of radiation the same as that used above, the resolving 
instrument being the Lummer plate The column of absorbing vapour was 
contained at a low pressure m a seamless steel tube about 2 feet long with a 
plate-glass window at either end As the temperature of the vapour was 
raised gradual absorption of the central doublet commenced at about 600° C, 
and it was completely extinguished at about 800° C while at this temperature 
the satellite was but very little absorbed With further increase of tempera¬ 
ture the absorption of the satellite took place till it was complete at about 
960° C Attempts to take a photograph when the mam component alone was 
absorbed did not succeed, as it was found difficult to keep the vapour steadily 
at the temperature for the prolonged time of exposure necessitated by the 
presence of the very feeble satellite alone in the field, and, further, any slight 
alteration m the temperature would result in a reappearance of the central 
doublet or the absorption of the satellite also 
For photographing the spectrum m the stage of complete absorption of 
both the mam line and satellite, the experiment was repeated with the source 
so modified as to give a sufficient continuous spectrum whioh would serve 
as a background on which the reversal could be obtained with clearness A 
condensed discharge between thallium electrodes in hydrogen was found to 
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serve the purpose well The photograph taken under these conditions is 
reproduced m fig. 1, where the absorption bands are found to exactly correspond 
with the emission pattern 

It ib interesting to note that the absorption of the satellite commenced 
practically when the absorption of the mam line was complete This shows 
that although, according to the Quantum theory, the ratio of the number of 
atoms affecting the absorption of the main line and the satellite may be supposed 
to be constant under all conditions, it may be that the position of maximum 
absorption for the composite line would, on account of the exponential law 
of absorption, shift somewhat with the varying number of atoms taking part 
in the absorption at different temperatures 

As values of the intensities of the satellites relative to the mam line are not 
generally in good agreement, attempts were also made to determine the inten¬ 
sities For this purpose spectra taken with the Lummer plate and 6talon were 
used, the method adopted being exactly the same as that previously used by 
Narayan for comparing the intensities of the satellites accompanying the lines 
of the principal Senes of Potassium and described in detail elsewhere * As a 
result of observations made on a number of plates it was found that the 
intensities of the satellites relative to the main line are 0 2 and 0 75 for 0*024 
and 0 116 A, respectively 

I am deeply indebted to Prof A L Narayan for his continued interest and 
help 


* *Proc Phys Soo (London),’ vol 36, Part 1, p 15 (December 15, 1923) 
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S. 8 HOUGH—1870-1923 

Sydney Samuel Hough was born at Stoke Newington on June 11, 1870 
He was educated at Christ's Hospital and at St John’s College, Cambridge 
After graduating as third wrangler in 1892, he was awarded a Smith’s Prize 
in 1894 for his Essay on the oscillations of an elhpsoidal shell containing fluid, 
and in the following year he was elected to a fellowship at his college and to 
an Isaac Newton studentship 

He was a man of very quiet disposition, rather inaccessible, except in astro¬ 
nomical matters Even m these lie was reluctant to take part in public dis¬ 
cussions , yet w private c onvcrsation he made it clear that he had very definite 
views, though it was not always an easy matter to elicit them In private 
life he was extremely modest and unassuming, a very faithful friend, always 
cheerful and kindly, and inclined to regard unpleasant events and people from 
a humorous point of view 

His early papers were of outstanding ment One of the first was “ On the 
Rotation of an Elastic Spheroid," published in the ‘ Transactions ’ m 1896 
It was a formal treatment of the calculation of the elastic deformation of a 
homogeneous sphere, and was elicited by the remarkable discovery of the 
variation of latitude made by Chandler, who about the year 1891 had 
completed a laborious and brilliant investigation which showed that there 
was a roughly periodic movement m the earth of the instantaneous axis of 
rotation, a complex movement which he proved to be made up of a super¬ 
position of two motions, one of period 427 days the other of penod one year. 
Euler’s penod of nutation for a ngid earth was 306 days Newcomb had, in 
1892, at the instigation of Kelvin, shown from general considerations that 
the effect of elastic yielding would be to prolong the Eulenan penod to about 
440 days if the ngidity of the earth were equal to that of steel Hough was 
the first to apply the mathematical theory of elasticity to the problem His 
thorough examination of the question proved that Newcomb’s treatment had 
been not quite complete , and his conclusion was that Chandler’s penod, 427 
days, would be appropnate for an earth with a ngidity slightly greater than 
that of steel. The problem is one of enduring interest, on account of the light 
which it throws upon the internal constitution of the earth, and Hough’s 
ptoneenng work upon it, supplemented by later investigations on similar lines, 
has shown how important a datum the length of the penod of variation of 
latitude is for determining the manner and degree m which the earth yields 
to disturbing forces. 

Hough’s memoir “ On the Oscillations of a Rotating Elhpsoidal Shell con¬ 
taining Fluid.” based on his Smith’s Prize Essay, and published in the * Trans- 
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actions ’ in 1895, was also intended to deal with the problem of variation of 
latitude, by a formal proof that Fohe’s suggestion, that a shell containing fluid 
would provide an explanation of Chandler’s period of 427 days could not be 
accepted Hough showed that, if the earth consisted of a ngid shell 
containing a homogeneous fluid, the Eulenan period of 305 days would be 
diminished by an amount which would increase with the sue of the fluid 
nucleus, but that the result might be modified by elasticity of the crust 
Another paper of great geophysical interest was that on the “ Influence 
of Viscosity on Waves and Currents ”—* Proceedings of the London Mathe¬ 
matical Society,’ vol 28 (1897)—in some sense a preliminary, and m some 
sense a supplement, to the papers on tidal theoiy By mathematical analysis, 
which was extremely simple if regard be had to the complexity of the subject. 
Hough showed that, with any reasonable assumptions as to the viscosity of 
sea-water and the nature of bottom friction, the rate of decay of current 
motions must be extremely slow, so that known physical causes would be suffi¬ 
cient to maintain such motions as actually exist Proceeding to estimate the 
influence of friction on the tidal oscillations of the ocean, he arrived at results 
which fully confirmed Darwin's view as to the small influence of friction on 
the lunar fortnightly tide, or any other long-period tide, lunar or solar These 
conclusions were opposed to the views of Laplace 

But the mathematical investigations for which Hough is likely to be best 
remembered are the two papers in which he revised the dynamical theory of the 
tides These were published under the title “ On the Application of Harmonic 
Analysis to the Dynamical Theory of the Tides ” in the ‘ Philosophical Trans¬ 
actions ’ m 1897 and 1898 Laplace had formed the dynamical equations, and 
attempted to integrate them by means of senes, the terms of the senes being the 
functions which were, after him, named “ Laplace’s coefficients ” Later, in 
the hands of Lord Kelvin, they came to be known as “ spherical harmonics ” 
In this attempt Laplace met with comparatively little success, so that Kelvin 
and Darwin had fallen back on a method of integration in terms of power- 
senes Hough was, however, convinced that Laplace’s efforts at the integra¬ 
tion, though unsuccessful, were well directed; for the method of expansion in 
spherical harmonics, if it could be applied effectively, would not only secure 
more rapid convergence, but would also render it possible to take account of 
the self-attraction of the water, thus introducing an important correction of 
the results that could be obtained by expansion in power-senee At the 
same time, he entertained some doubts as to the validity of the approximations 
which Laplace had permitted himself in forming the dynamical equations He 
was thus led to investigate the whole problem from the beginning By a bril¬ 
liant application of some analysis, which had been developed by Pomcar4, 
and already utilised by Bryan, for dealing with the oscillations of rotating 
fluid masses, he succeeded m placing the dynamical equations of the theoiy 
of the tides on a thoroughly sound foundation. Proceeding then to integrate 
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the equations in the case of symmetry about the axis of rotation, for which 
xonol harmonics only are required, he found that the coefficients of the terms 
in the senes are connected by an “ equation of three terms ”—a linear differ¬ 
ence equation of the second order—which is homogeneous m the case of free 
oscillations, but not in the case of forced This equation could be solved by a 
method which had been used for the corresponding equation that arises m the 
theory of integration by power-senes Hough was thus able to determine the 
free oscillations, symmetnoal about the axis of rotation, of an ocean supposed 
to cover the whole globe, for any law of depth which is also symmetrical* In 
the case of uniform depth he gave a complete numencal solution of the problem 
He was also able to obtain by lus method the results that bad been found by 
others in regard to the forced oscillations of symmetnoal type—the tides of 
long penod Further, he adapted the theory to give an account of the free 
steady motions of which the ocean, still with the same reatnction as to sym¬ 
metry, is capable These free steady motions correspond to ocean currents 

in such an ocean But, from a tidal point of view, they have an especial 

importance, first pointed out by the late Lord Rayleigh, because their effect is 
to diminish the calculated amplitudes of the long-period tides below their 
equilibrium values The dynamical theory of the tides, as previously developed, 
had led to the result that, for an ocean covering the globe, these tides must be 
subject to such diminution , and this result had been felt to be disconcerting 
in view of attempts to base an estimate of the rigidity of the earth on observa¬ 
tions of the actual height of the fortnightly tide 
All this theory—the dynamical equations, the symmetnoal oscillations, and 
the theory of ocean currents—was contained in the first of the two papers 
In the second Hough went on to apply the same methods to unsyiumetncal 
oscillations, for which tesseral harmonics are required The analysis is much 
more formidable, but again he found the key—the equation of throe terms 
which had eluded previous attempts at a solution of the problem by expansion 
m senes of sphcncal harmonics—and used it to determine both the free and 
the forced oscillations of unsymmetneal types, of an ocean covenng the whole 
globe, stall, however, with the restnction of symmetry as regards depth The 
forced oscillations represent the actual tides, but the free oscillations are also 
of importance, from a tidal point of view, because of the possibility of resonance 
if there is a free penod near to that of the disturbing forces The possibility 
and the effects of resonance were examined minutely 
Darwin, in stating in the * Encyclopaedia Bntanmca 9 (1911) the dynamical 
theory of the tides, after alluding to Lamb’s setting forth of Laplace’s theory, 
refers to Hough as having undertaken an important revision of Laplace’s 
theory “ He succeeded not only in introducing the effects of the mutual 
gravitation of the ocean, but also in determining the nature and penods of the 
free oscillations of the sea A dynamical problem of this character cannot be 
regarded as fully solved unless we are able not only to discuss the 1 forced ’ 
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oscillations of the system but also the * free ’ Hence we regard Mr Hough's 
work as the most important contribution to the dynamical theory of the tides 
since the time of Laplace We shall accordingly present the theory briefly 
in the form due to Mr Hough ” Darwin then proceeded to set forth the theory 
Apart from the original memoirs in the ‘ Transactions,’ and in addition to 
this account in the ‘ Encyclopedia Bntanmca,’ there is a brief risumi of the 
theory in Volume VI 1 B of the ‘ Encyclopedic der mathematischen Wissen- 
schaften (Leipzig, 1908), m the article “ Bewegung der Hydrosph&re," con¬ 
tributed by Darwin and Hough, and another brief account of the method, 
including some of the more important results, is given m Lamb’s ‘ Hydro* 
dynamics,’ 3rd edition (Cambridge, 1906), and later editions 

In September, 1898, Hough was appointed Chief Assistant at the Cape Observa¬ 
tory, on the recommendation of Sir David Gill, to whom he had been intro¬ 
duced by Sir George Darwin Under Gill a instigation he made a very complete 
discussion of the heliometer tnangulation of the stars near the South Pole, 
and from a combination of this with the results of a photographic tnangulation 
of the same region he deduced very accurate positions of the Btars required in 
the southern observatones 

Hough’s work with the new transit circle obtained by Gill helped to make 
it the most perfect instrument for the purposes of fundamental astronomy 
and resulted in two fundamental catalogues, 1905-1911 and 1912-1916 

In February, 1907, he was appointed H M Astronomer at the Cape on the 
retirement of Sir David Gill, and in this capacity he saw and contributed to an 
enormous output of work of high importance Dr Halm was appointed Chief 
Assistant in 1907, and in conjunction with him Hough earned out a discussion 
of radial velocities obtained with the Victoria telescope, and also a discussion 
of the systematic motions of the Bradley stars. 

His work in regard to the ‘ Astrographic Catalogue ’ was very thorough, and 
a volume was completed giving the Right Ascensions and Declinations of 20,000 
stars, including reference stars and all stars down to 9“ 0 in the Cape Photo¬ 
graphic Durchmusterung of Kapteyn In conjunction with Backlund he 
compiled a senes of fundamental reference stars for use in the ‘ Astrographic 
Catalogue ’—the stars known as “ Hough and Backlund fundamental stare." 

The heliometer observations of the outer planets, instituted by Gill, were 
discussed, as well as the meridian observations of the inner planets 

Hough was a mathematician who turned himself into a practical astronomer. 
Immediately before and after taking his B A degree his special subjects of 
study were Hydrodynamics and Elasticity, and he was thus well equipped 
to undertake those geophysical researches which afterwards made him famous. 
That he did not, m the engrossing pursuit of practical astronomy, lose interest 
in mathematics is evidenced by a remarkable paper, "On certain discontinuities 
connected with penodio orbits," published m the * Acta Mathematics,’ vol 34 
(1901), and reprinted in Sir G H. Darwin's' Scientific Papers,' vol. IV. Darwin 



▼ 


S S Hough 

had supposed that two of his orbits, one a closed oval and the other a figure* 
of-8, were members of the same family, a conclusion which was challenged by 
Poincar6. Hough, by the discovery of a whole new senes of orbits, which he 
descnbed as " retrograde,” was able to trace backwards and forwards the 
history of both of Darwin’s orbits, and to show that they belong to essentially 
distinct famili es 

Altogether he leaves a splendid reoord of work accomplished in a life of only 
52 years He died in England on July 8, 1923, and was buried at Chingford 
Mount Cemetery 

In 1906 Hough married Gertrude Annie, daughter of J H Ijee, of Halstead, 
Essex She had been a student at Newnham College After twelve years of 
married life, Mrs. Hough died of pneumonia, after influenza, m 1918 
Hough became a Fellow of the Society m 1902 He was President of the 
South Afncan Philosophical Society in 1907, and on the reconstruction of that 
Society as the Boyal Society of South Africa he was its first President He 
waB also a Vice-President of the International Astronomical Union, and served 
as Chairman of the Co mmi ttee on Fundamental Astronomy 
The accompanying portrait is reproduced from ‘ The Observatory ’ by the 
courtesy of the Editors 
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James Johnstone Dobbie was bom m Glasgow on August t, 1852, a few months 
earlier than his fellow-townsman future collaboratoT and fnend, William 
Ramsay He was educated at the High School of that uty, and on leaving 
school took up architecture an j i areer, at the same time attending Humanity 
classes m the University However, at the end of three years he abandoned 
his first choire of profession and became a regular student m the Faculty of 
Arts Since he desired to graduate m science as well as m arts, and as there 
was then no science degree at Glasgow, he aW> attended classes m Edinburgh 
where degrees m science were offered Ho graduated as M A of Glasgow m 1875, 
with honours m natural science Ramsay, who had entered the University at 
the age of fourteen, was by that time tutorial assistant to Prof Ferguson in 
the chemistry department He and Dobbie first became acquainted in the 
summer of 1875, and the acquaintance soon ripened into < ollaboration and 
dose friendship During the next three years Dobbie worked partly at home 
and partly abroad, where he studied chemistry with Kolbe and mineralogy 
with Zirkel in Leipzig Ramsay proposed to him m the summer of 1876 a 
joint investigation cm the cinchona alkaloids, the method adopted being 
oxidation by permanganate* They conehianely showed a connection between 
these alkaloids and pyridine bases, having obtained pyridine carboxylic acids 
from qumme, cinchonine and quimdme An account of the work was published 
in the * Transactions of the Chemical Society ’ in 1878 and 1879 Dobbie 
graduated as B Sc of Edinburgh in the former year and as D Sc a year later, 
the work on quinine being made the subject of his thesis 

Dobbie’s interest in mineralogy and geology, which he had studied with 
Archibald Geikie, led to his giving a course of lectures on mineralogy m the 
University of Glasgow during his tenure of the Clark Scholarship which had 
been awarded to him In the Jong vacation of 1879 he and Ramsay went for 
a walking tour m Norway, m the course of which Dobbie made a collection of 
Norwegian minerals, afterwards presented to the College at Bangor, and 
gathered material for a number of papers winch appeared m geological 
magazines 

On Ramsay’s appointment to the Bristol chair in 1880, Dobbie succeeded 
him as assistant m the Chemistry Department, where he continued his work 
on alkaloids lie took part at this time in the establishment of the Scottish 
Section of the Society of Chemical Industry and became its first secretary 

In 1884 Dobbie was appointed to the chair of chemistry m the University 
College of North Wales at Bangor. The first years of his tenure were occupied 
w helping to place the new College on a firm footing, m creating a chemistry 
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department out ot little, and in organising instruction When he was at 
length able to resume research work he attacked, m association with Dr. 
Alexander Lauder, the problem of the alkaloids of Corydalts cava, of which 
they isolated three Their researches, which were published in a senes of 
papers between 1893 and 1902, led to the determination of the constitution 
and relationships of the chief alkaloid, corydaline, and of many of its oxidation 
products and associated compounds 

In 1898 began a fruitful co-operation with W N Hartley, of Dublin, whose 
researches on absorption spectra had pointed a new way of attacking difficult 
problems of the constitution of organic compounds The constitution of 
tautomeric organic substances first engaged the attention of the coll&boraton, 
and they were able to prove, for example, by comparison of the absorption 
spectra of isatm and its methyl derivatives, that the parent substance had 
the lactam, and not the alternative laetun, constitution The method of 
investigation was afterwards applied to a large number of substances, including 
many alkaloids Amongst the numerous papers of this period may be mentioned 
that on the constitution of cotarnme bv Dobbie, Lauder and Tinkler as being 
of special interest and importance 

While at Bangor, Dobbie sliowcd his marked capacity for organisation and 
his interest m problems of education outside his own immediate sphere It 
was owing largely to his efforts that an agricultural department was instituted 
in the College, offering courses which led to a diploma, and later to a degree m 
agriculture A chief part was also played by him in the negotiations which 
led to the foundation of the University of Wales 

He had married, in 1887, Violet daughter of Thomas Chilton, JP, of 
Gresford, Wrexham, and the educational claims of a young family had their 
weight in prompting him to give up his teaching and research work at Bangor, 
and to accept in 1903 the post of Director of the Royal Scottish Museum in 
Edinburgh This important position under the Scottish Education Depart¬ 
ment he held for six years with great success His unfailing tact and wide 
interests enabled bun nicely to balance the claims of competing sections 
of the Museum and to develop its usefulness in various directions By keeping 
in touch with lus former junior collaborators, he still contrived, despite heavy 
official work, to continue investigations on absorption spectra and the alkaloids 
He retained his interest in agricultural education and became Convener of 
the College Committee of the Edinburgh and East of Scotland College of 
Agriculture. 

In 1909, he succeeded Sir T E Thorpe as Principal of the Government 
Laboratory m London. The Laboratory was m process of reorganisation when 
he was appointed and became m 1911 a separate department, with himself 
at the head as Government Chemist It will be readily understood that the 
war period imposed a great strain on this department and on its chief—a 
strain which, m the end, undoubtedly affected his health. 
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Hu investigations, now earned on chiefly with Dr, J J Fox as collabo¬ 
rator, still related mainly to the abnorption spectra of the alkaloids, the general 
conclusion being that alkaloids which possess the same unreduced (benzenoid) 
nucleus have approximately the same absorption spectra, though they may 
otherwise differ considerably m composition and constitution After the 
war, Dobbie found a new interest in applying measurements of absorption 
spectra to the constitution not of complex organic compounds, but to the 
simplest substances of all, the gaseous elements He and Dr Fox published 
their results m three papers in the Proceedings of the Society m 1919-21 They 
found that the elements capable of being easily gasified in silica below a 
temperature of 1,350 deg may be divided into three classes in accordance with 
the liehaviour of their spectra at gradually increasing temperatures - (1) 
Elements whose vapours exercise no absorption or show only a few well-defined 
bands, e g , mercury, zinc, cadmium , (2) elements in which the absorption 
gradually increases as the temperature is raised, c g , phosphorus, arsenic, 
antimony , (3) elements in which the absorption increases with increase of 
temperature and afterwards diminishes, e.g , sulphur, selenium, tellurium, 
the halogens The first group arc monatomic , the second tetratonuc, break¬ 
ing down simply to diatomic molecules as the temperature increases The 
behaviour of the third group is attributed to formation of a certain type of 
complex molecules as the -temperature rises, and subsequent breaking down 
of the polymer at still higher temperatures 
Dobbie was elected to the Fellowship of the Society in 1904, and had con¬ 
ferred upon him the degree of LL D by the University of Glasgow in 1908, 
and of D Sc bv the University of Wales in 1920 In 1915 he received 
the dignity of knighthood He was President of the Institute of Chemistry 
from 1915 to 1917 and of the Chemical Society from 1919 to 1921 
He retired from his position as Government Chemist in 1920, but remained 
in London for a time to continue his valuable service on various public com¬ 
mittees Eventually he went to reside at Fairlie, a village on the Ayrshire 
coast with which his family had long been connected Here he died after a 
short illness on 19th June 1924, being survived by his wife, one son and two 
married daughters His elder son was killed in the war 
While his work was confined to science, teaching, and administration, his 
interests were many Nature, literature, and art alike appealed ttf him 
Methodical without rigidity, tactful yet firm, clear-sighted and judicially 
minded, he was a valuable servant of the public at large, to an intimate 
circle he was a kindly, helpful fnend 
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JOHN EDWARD CAMPBELL-1862-1924 


The death of John Edward Campbell on October I, 1924, was distressingly 
sudden His j>owers were at their full, his health had seemed perfect, and for 
a wonder he was not at the time even working too hard The loss is not only 
irreparable to his own family, but a grievous one to many admiring friends, 
to his College and to fellow-workers at mathematics in Oxford and out of it 

He was born on May 27, 1862, at Lisburn, Co Antrim, where his father, 
John Campbell, M D, the son of an earlier Dr Campbell was m practice 
He once intended to enter the medical profession himself, as a brother did, 
and as his own eldest son lias since done In 1889 he married Sarah, eldest 
daughter of Mr Joseph Hardman, (otton spinner, of Waterhead, Oldham 
She survives him, as do two sons and a daughter Another hoh, a scholar of 
his own College, fell near Ypres m October 1914, only a few days after landing 
as a hastily trained young officer 

After earlier education at home and at the Methodist College, Belfast, he 
•entered Queen’s College, Belfast, where he presently graduated m the Queen’s 
University He always remained a very loyal Ulsterman, m every sense, and 
•expressed warm gratitude to those under whom he studied in his first- University 
Nor did Belfast forget him as he was earning distinction elsewhere It con¬ 
ferred on lum the Honorary Degree of I) Sc m J919 

In 1884 he came from Belfast to Oxford, with a scholarship, which could lie 
held by one a little over the usual age, at the newly revived foundation, Hert¬ 
ford College After getting in succession all the University distinctions open 
to a mathematical man, he became Fellow and Tutor of the same College 
Later, for a good many years, he was also Lecturer of University College 

Of his devotion to duty in Oxford it is impossible to speak too highly, and 
the general affection felt for him can hardly be exaggerated His success 
with pupils was marked, all the more marked because all saw that he was at 
home, mathematically, m regions above them and wondered that he could 
come down to their modest level He possessed capacity for administration 
also, serving his College well Vice-Principal, with Principal’s authority, 
and as Bursar, at times of special need He was a man of singular personal 
charm, cheery, unaffected, trust-inspiring There was no selfishness in him 
Difference of opinion, where principle w r as not at stake, did not worry him. 
He knew how to be sorry without complammg if misfortune or disappointment 
came his way 

His family are anxious that he should not be thought of only as a distin¬ 
guished mathematician who was always at work To them he was also the 
model of a sympathetic and truly Christian father, happy in sharing the interests 
of young people, and always ready to be straightforward with them, as intelligent 
friends, when they needed guidance They felt that he instilled sincerity, 



x Obituary Notices of FeUows deceased. 

courage and fairness by daily example no less than by outspoken advice. His 
relaxations, other than domestic, were social among humble folk in a certain 
poor parish, but besides there was always a favourite book by Soott or Dickens 
or Jane Austen m his pocket, ready to hand for one more reading 

He was elected F R S in 1905 For two years from November, 1918, he 
was President of the London Mathematical Society Quite recently he 
greatly appreciated the honour, a new one for an Oxford man, of being called 
upon to examine for the Cambridge Mathematical Tripos. He was understood 
to have things to tell us for our good from the sister University, but the oppor¬ 
tunity will not come 

As a researcher in, and wnter of, mathematics, he disliked the petty, and 
was all for the general Finding himself, one may almost say by accident of 
environment, a student of geometry, but having all the same a decided bent 
towards differential analysis with a big object, he looked abroad for analysis- 
bearing on geometry which needed making known at home, and began by 
saturating himself with knowledge obtained from Sophus Lie’s “ Transforms^ 
tions-Gruppen ” A first period of great productiveness followed, as to the 
outcome of which Professor Burnside, the best qualified of judges, has kindly 
written the paragraph next following — 

“ Mr Campbell’s interest in the theory of continuous groups was first shown 
in two papers on ‘ A Law of Combination of Operators,’ in vols 28 and 29 
of the * Proc L M S ’ In these papers he deals, from a point of view which 
is essentially his own, with the formal results which are at the base of Lie’s 
theory In a paper published two years later, ‘ On the Theory of Simultaneous 
Partial Differential Equations,’ he develops a system of formulse by which 
it may be determined whether such a system is or is not integrable. His next 
contribution to the subjeot (‘ Proc L.M S ,’ vol 33) was a ‘ Proof of the Third 
Fundamental Theorem in Lie’s Theory ’ The proof given ib essentially simpler 
than Lie’s own, and, though it was subsequently criticised by Engel, it is 
recognised as being substantially complete. In 1903, not very long after the 
date of the last paper, Mr. Campbell’s ‘ Introductory Treatise on Lie’s Theory 
of Finite Continuous Transformation Groups ’ was published. By writing this 
book he put English mathematicians under a lasting debt of gratitude It 
gives a wonderfully dear and complete account of a modem theory which, 
although it already had a literature of its own on the Continent, had, at the 
time when the book was published, attracted little or no attention in thie 
oountry. Moreover, the bode is not, in any sense whatever, a mere compila¬ 
tion from outside sources It is full of points of view and illustrations which 
axe Mr Campbell’s own. The chapters on contact transformations and on 
differential invariants may be specially referred to. The theory in which 
Mr Campbell was so specially interested underlies most of bis mors recent 
work on differential geometry in general, and on that particular branch of 
it connected with Einstein’s gravitation-theory.” 
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The bust sentence in the Above indicates how Campbell was led on to reeearchen 
in tile general differential geometry of surfaces and higher spaces, as associated 
by Gauss and his followers with the analysis of differential quadratic forma, 
and so to another study much pursued in other countries, but much neglected 
here What may be looked upon as the second series of writings with which 
his name will be associated began in 1906 with a long and searching paper, 
“ On fiaoklund’s Transformation and .the Partial Differential Equation 
s = F (<r, y, z) ” (‘ Proc L M.SSer 2. vol. 6) Another paper m the next 
volume introduced an application of quaternion methods to the problem of the 
infinitesimal deformation of a surface, which in later work he followed up by 
considerable use of vectors And quaternions, and by the introduction of a 
notation of his own His second period thus begun, was to last—with a 
break —for the rest of bis life It gave him great pleasure in 1909 to be invited 
by the delegates of the Common University Fund to give a special coune of 
lectures in the University of Oxford on the subject of the differential geometry 
of surfaces which he had now made lus own 

After the war period, during which Campbell lived as one unconscious of 
the existence of mathematics or of anything but his country and dutieB of 
service, he returned with fervour to his differential geometry (as well as hiB 
tutorial work) Now he began to attend, not only to the geometry of surfaces 
in Euclidean space, which had been his mam concern beforehand, but to the 
geometry of quadratic differential forms in higher spaces, and m particular 
to the four-way space of the general theory of relativity Though he never tired 
of confessing that he knew little about Physics, there is no doubt that the 
doctrine of gravitation according to Einstein appealed to him strongly His 
valedictory address as President of the London Mathematical Society in 
November, 1920, is a memorable pronouncement, from a pure mathematician’s 
standpoint, about the wonder that a hypothesis m the study of differential 
geometry, which he found natural, “ should tell us about facts of the universe ” 
The eubjeot of the address was one that he returned to m at least one later 
paper 

A book on differential geometry was naturally expected from him—expected 
by some perhaps ever ainoe his lectures of 1909—and he lived just long enough 
to write such a book It is hoped that this will soon be published It is 
complete, so for as he had intended it to go, except that a contemplated final 
chapter on the connexion of what had preceded with the theory of Einstein is 
only represented among writings that can be found by a fragment, if at all In 
writing the book he ia believed by his friends to have had m view, not to much 
tin extension of knowledge, exoept in the chapters on higher spaces, as the 
enforcement of the usefulness and convenience of novel end neglected methods, 
those of the calculus of tensors and of vector geometry 

It must not be pretended that Campbell’s work is easy reading His analysis 
proceeds steadily, but is inevitably laborious because of his preference for 
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Attacking problems in full generality, and of the small breathing space which 
he allows in the course of protracted investigations Moreover, though when 
making a new start he carefully words an introduction descriptive of the aim 
of what is coming, there is sometimes not quite enough expression of the earlier 
stages of thought by which he has m the first place put the known, as derived 
from authorities or even from his own previous pages, m the form which is 
going to help him on Yet there is a glowing enthusiasm about his confident 
advance which incites to determination in following him He writes with the 
seal of one who has a message to deliver, and the message will be earned on 
His methods in differential geometry will receive the attention which they 
deserve It may be expected that followers will improve on them, but his 
leadership will be recognised, and his actual production is not for the present 
day only 

£ B E 
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